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«Hayka», M., 1978, 312 crp.
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IIPEAUCJIOBAE

B cBasu ¢ ycrexaM B HCCIEJ0BAHUH U MCHOJB30BAHHHM KOoCMHYe-
CKOTO IPOCTPAHCTBA MABHO H3BECTHLIE TOUYHES PENICHUA KJIACCHIOCKOM
sajauyM TpPexX Ted — TOYKH AmOparum OPHBIEKAT K cebe Bce Goabmee
u 6oJibINee BHUMAaHHE.

Hacrosmas kEura noceamena mogpoGHOMY HMCCIETOBAHAIO YCTOM-
YHBOCTH TPEYIOJbHHX TOYeK JHOpanud OrpaHHYeHHOM 3aJadd Tpex
TeJI U DJIEMEHTAM TEODHH ABMKeHEd BONmsE Tod9ek jumGpamun. Bemomo-
TaTeIbHYI, XOTH H 3HAYATENbHYI0, 94CTh KHAIH COCTABJIAET H3JOKe-
HHE TeOopHH YCTOﬁqHBOCTE TaMHJIBTOHOBBIX CHCTEM.

B ocnoBy kmurm moiosken pAfx onyGamkoBaHEEX paGor [53—67]
asTopa. Mcmonb30BaHH TaKAKe HEKOTOPHE Pe3yIbTATH APYIUX aBTOPOB.

MEorme, HaydHbe BOIPOCH, 3aTPOHYTHE B KHHTe, HOONHOKPATHO
obcyxmanmuce ¢ B. A. Capuuesnm, B. B. Beaenxum, A. JI. Bpromo.
Husoe m gobpomenatensuoe yiactme B. B. Bemenxoro so mmorom
€n0CO6CTBOBANIO CAMOMY UOABJIEHHIO 3TOM KHuUrH. HasBanHmM yIeHHM
asTop IiiybGoKo OGaaromaped.

A. Mapkees






BBEJIEHUE

B mociegmee BpeMs B CBA3BH ¢ MHTEHCHBHHM H3yUeHUEM H OCBOe-
HEeM KOCMWIOCKOT0 IPOCTPAHCTBA BHATHTENHHO BO3POC MHTEPEC K 3HA-
MEHATON KJIACCHIeCKOU 3adaue mpex mes (TOUEK), ABMKYIIUXCA HOJ
nefiCTBHeM UX B3AMMHOI'0 FPABHTANHOHHOTO NpuTA;KeHnA. Tak Kak oTa
samaga B o0meM BUIe HeuHTerpupyema, T0 GOMbINON mHTEPeC NpecTas-
Jsier m3yveHne ee YacTHHX pemenmit. B 1767 rogy JI. Jimep [124] o6-
paTHI BHHMAHUE HA TO, 9TO 3a/{a1a TPEX TEJ UMeeT TPH JaCTHHIX peme-
HEs, IS KOTOPHX TPABHTHPYIIHE TOYKM BO BCe BPeMsA IBIKCHHSA
pacmoiio/KeHsl Ha ofHOi npamoii. Yepes mars user, B 1772 1., K. Jla-
rpamK moxasax [148)], uTo cymecTByoT eme ABa YACTHHX pPemeHwsd,
COOTBETCTBYOIAE TAKHM [(BIXMKEHMAM, JIA KOTOPHX TpH Teiaa o0pasy-
0T PABHOCTOPOHHEA TPEYroNbHUK. [[Js IATH 9THX JaCTHHIX DEMeHmi
MPUTATABAIIAS TeJIa ABIMKYTCA MO HMOMOOHHM OPOMTAM OTHOCHTEIH-
HO ¢BOero GapumeHTpa, o6pasysd BO Bce BPEMA NBH/KEHHA HOH3MeH-
HYI0 KOHPUTYpPaAHIO.

3amaga Tpex TeJ B CAyIae MPUTHKOHHA, ONPENEIAEMOT0 HIOTOHOB-
CKOM 3aKoHOM, Hamboaee Ba)KHA MIA KocMogmHAMUKW. Bampehimei
Pa3HOBHAHOCTHIO DTOM 3afaUH ABJIACTCS TAK HABHBACMAS 02PAHUYEHHAA
sadaua mpex mea, KOT[Ia NPEAMONATAGTCA, 9TO OXHO U3 Ted uMeeT GecKo-
HETHO MAalyK Maccy Mg H, CJe0BATENILHO, He OKA3HBAET BIMAHAA HA
HABKEHHE [BYX APYIHX Tex (C Maccamu m, W m,). B orpamwuenmnoil
3afiage Tpex TeNl KOHEUHHIe MACCEL My, U M, ABEKYTCA II0 KeOmaepPoB-
CKEM opbmTaM, ompeneldeMHM 3amaueil npyx Teia. Co MHOTEX TO4ek
3pennsa yHMoOHO M3yYaTh JBIKEHHE Mg B CHCTeMe KOODAWHAT, CBA3AH-
HOH ¢ m; @ m,. B aroil Bpamaromencsa cucTreMe KOOPANHAT YIOMAHYTHM
BHIIIE OATH TOIHHEM PEMeHNAM 3aJaTH TPEX TeJX COOTBETCTBYIOT TOTKA—
HOJOMKEHUA papHOBEeCH:A. Tourm, Jekamue Ha OPAMOM, mpoXxogsamei
gepes m, | m,, o6osnavaor L,, L, u L,, a Touxkm, 06pasyomuae paBHO-
CTOPOHHNE TPEYTOJAbHUKY ¢ TEJIAMA M, U My, 0003Ha9YaI0T 96pe3 L, u L.

I'paBrranmorroe u nentpobesknoe yCKOPeHH, BOBIEACTBYOMIE HA
TeN0, moMemeHHOoe B L;, ypasmosemmsaiorcs. Iloatomy, ecim reno
OeckoHeuHO MAJIOR Macch m, MOMecTATh B L; ¢ Hyaesoi (BO Bpamai-
meica cucTeMe KOOPAMHAT) CKOPOCTBIO, TO OHO OCTAHETCS HemONBUIK-
BEM. Toukm L; 9acTo HA3HBAOT MOYKaMU AUCDAYUL AN AUODAYUOH-
HuMu yewmpaml. TpeyroapHue TOYKA Arbpanu, KpoMe TOTo, HHOTAA
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HA3HIBAKOT JAAZPAHNHCEELIMU TROUKAMU JAUODAYUL WU AQ2DAHICEBLLMU
nepuoduxeckuUMY pewerusmu 3adawu mpex mea.

Crauana, cpasy mociae o0HAPYMKEHHs TOUEK AUODAHH, Ka3ajloch,
9TO OHH UPEJCTABIAIOT TOABKO TeopermiecKuid mHTepec. Ho oTkpu-
tme B 1906 rogy rpymmel acTepompoB, ABWKYIIUXCSA B OKPECTHOCTH
Jarpamiesnx Touexk amGpanunm cucremu Conmne — lOmurep, moka-
3a10 6OABIIYI0 HPAKTHIOCKYI0 NEHHOCTh TOUGK AMOpanus oias Hay-
yepmA ABWHKEHHNH KocMuieckuXx rex B Coanednoit cucreme. C Tex mop
TOIKE NuOpanum cTaldW HPEeMEeTOM IPACTAIBHOTO BHEMAHUA B CBA3HK
¢ HeoO0XOMUMOCTHI0 IIOCTPOSHUA TEOPUH ABIMEHUA ACTEPOUXOB BOIH-
3u ToueK aubpawun L, o L;.

B coBcem memaBsHee BpeMsa mHTEpEeC K TOoYKaM aubpamum 4pesBH-
9afHO BO3POC B CBA3W C IPAKTUIECKUMHA HOTPEOHOCTAME KOCMUIECKHX
neciegosaduii. CymecTByIOT UPOEKTH BaMyCKa MCKYCCTBEHHEX CHYT-
HUKOB B OKpectHOCTH ToUeK amOpammm ColHEIHOH CHCTOMbB H, B Iep-

_BYIO odepens, cucreMmu Jemis — Jlyma. Bcee wame mogueprumaercsa
BaJKHOCTH HEOOHIHHX HUHAMHYECKHAX CBOHCTB TOUSK JHOpAIAHd ¢ acTPO-
JNWHAM#AYECKOH, TeoPA3NIECKOM B HSKCIUIYATAIHOHHOM ToYeK aperns. Tod-
Ky auOpanun Bce 60aAbIOIe HPUBICKAKT BHUMAHAS WHKEHEPOB B CBA3MA ¢
BOBMOKHEIME HHTEDECHHME NPAKTHICCKHMH HMX IPUMOHEHUAMU: AJA
ceasu ¢ JlyHo#t, BeTpedw B oKpecTHOCTH JIYHH U mIaHET, MEKIIA-
HeTHHIX IIEPEBO30K, MCCIEXOBAHHA MAraEuTOCHepH 3emMid U JIf MHO-
THX APYTHEX DeJed.

B npo6aeme nmpomexommenusa u ssoaonua 3eman, ColHua m mia-
HeT TOYKHE Jabpanmu Toke MMET Ooiapumioe sHadenme. Tax HasmBae-
MHE ¢MaJIbIe TeJIa», HHTePEeCYINAe YICHHX B CBASH ¢ PEIIeHIeM KOCMO-
JIOTHIECKHX BOIPOCOB, MOTYT HAKAWJIHBATHCA B TOUKAX Jubpandm.
Tak, manpumep, B 1961 rony mosimanoces coobmenme [100], upmman-
aexamee Hopaniesckomy, 06 OTKPHTHH «TYCKIHX o6daxomomo6-
HHX CIYTHHKOBY» B OKPECTHOCTH TPEYTONBHOH TOUKE JuOpammm L,
cucteMsl Jemaa — Jlyma. 3arem Omito omyGamkosaHo cooGmenue
(101] 06 orkpsiTEE TaKoro e obnaka BGau3u L,.

3agada o TogKax ruOpanmuE MMeeT W CAMOCTOATENHHHHA obImeMexa-
HUTECKHH o MaTeMaTEIecKui naTepec. MHOTOYMCICHHEE HCCIEKOBARNA
IOKAa3aJM, 970 CaMH TOYKH NEOPAOMH # XapaKkTep ABIMKEHHN B #X
OKDPECTHOCTH OYEHEL TECHO CBABAHH C 00mMUM XapaKTEPOM ABWKEHAA
B 3ajaue Tpex Tels, YTO KPailHe BA)KHO, TaK Kak B oOmeEM Buje 3ajaqa
Tpex tex He umpomaTerpmpoBaHa. G o0mereoperHIecKOd TOUKH 3pe-
HUsL B&)KHOCTH 33/[aYy O TOYKAX JuOpaIuy OrpaHnIeHHON 3afaud Tpex
TeJX HOAYEePKHBACTCH €Me TeM, YTO IPH PeIleHUH PANA TPyTHeHmmX
TNPAHIMOAAIBHEX BOOPOCOB O TOYKAX JmOpanun OHAM CO3TAHK HOBHI®
KAYECTBEHHEI®, AHAJIMTHICCKH® M YHCICHHEEC METOMH HCCACHOBAHHSN
CJIIOKHHX HEeNMHEKHHX IaMHIBTOHOBHX CHCTEM, KOTOPH® IPHMEHUME!
H OPHMEHAITCSA BO MHOTWX JPYTHX 33/1a9aX MEXaHMKH B MATeMATHAKH.

Ilo-BapmMoOMy, caMBIMH BajKHBIME BoIpocamMd HeGecHON MeXaHWKW
B 3aaue O TOUYKax JmGpamum SBAAIOTCA BONPOCH 006 ycToifameocT:
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CaMEX TOYOK JUOPANHE H 0 CYI[eCTBOBAHWE, YCTORUYHBOCTH H METONAX
TOCTPOCHHA NEPHOLAISCKUX (M YCHAOBHO-IEPHONMIECKHX) OPOAT B HMX
orpectHocTH. Hekoropse #3 5THX BOHPOCOB A CME;KHEE C HEME 3aja-~
9m paccMOTPeHH B HacTosmel Kamre. Kmura comepsrur 14 rias m [Jo-
IOJHEeHHE.

T'napa 1 sBisieTcs BBOEHOH. 3MeCHh BHBOJATCH yPaBHEHHA ABUKE-
HEA OTPaHEIEHHON 3a]]aIA TPEX TeJ, BO BPAIIAIOMEeHCcA CHCTeMe Koop-
[UHAT HAXOJATCA Toukm ambpamua L; (i = 1, 2, . . ., 5) mw mposoamTCA
aHAMM3 HX YCTOMYMBOCTH B aumHeHHoM npumOmmwxenwmn. Msixosxenne
3THX BOLIPOCOB MAJ0 OTIMYAETCA OT TPagWumoBEHOTO. B 3T0H ke ria-
Be JaHH TaGJaHIE, onpefeldoimue mojoxenne rodex duopagnu 8 Co-
HEYHOI chmcTeMe, W HpPHUBOJCHH FPaPUKM HEKOTOPHX BeIWIWH, Xapak-
TEPU3YOUIUX IOJOKeHAe TOYeK JMOpammy npH NPOH3BOJALHHIX 3HaYe-
gEax napamerpa (0 < p = my/(m; + mg) < 1/2).

Bo BTOpPOif — mATOI [NIaBaX PACCMOTPEOHE 3aJa9H TeOPHHU TaMAJIBTO-
HOBHX CHCTeM M €e IpWioKenunid. Bropas riasa mocBamena JHBGAHNM
TaMumIbTOHOBHM cucTemaMm. IIpmBomsarcsa pesdyiabratel JlamymoBa 06
YCTOMYHMBOCTH JTHHEHHKX TaMEIBTOHOBHX CHCIEM C IOCTOAHHEIME HIN
nepmogudeckumu Kodppunmenramu. J[aA ycTodIMBHX cHCTEM B CIY-
9ae IPOCTHIX KOPHEA XapaKTePUCTAISCKOT0 YPABHEHHUA CTPOATCA KOH-
CTPYKTHBHEE AJATOPUTMHL IPUBEJCGHAS CHCTOME K HODPMAaJIBHEIM KOOD-
muaaram. TyT e npusopmrea teopemMa JlamyHosa — Ilyamkape o
XaPAKTePHCTHISCKOM YPABHEHMH IaM@JIbTOHOBHX CHCTEM H PaccMar-
prBaeTcA 3afada O MADAMETPHYECKOM DPe30HAHCE B TIaMHIBTOHOBHIX
cHCTeMaX, COAep:KallnX MaJHe HepHOAMIeCKue BosMymennsa. B mocne-
gEeM maparpade BTOPOM INIaBkl IOJYIeHH 06JacTH Iapamerpuie-
CKOTO PEe30HAHCA B TEPBOM NPHOIMKEHNH IO MaJoMy HapaMerpy
U OPUBEIEHH HE00XomuMsle PAcdeTHHe HOPMYIIH.

B raase 3 maydaerca yCTONIUBOCTH TaMEIBTOHOBOH CHCTEMEI C
OfHOHK CTemeHbio CBOGOMLI M 27M-HEePHOIAISCKON IO BpeMeEH QYHKIHOR
Tammabroma. K Takoit cucreme mosker OHTH, Haumpumep, IPHUBEJEHA
3afa4a 00 yCTOMYMBOCTE NEPHOFUISCKUX NBWHKOHHH KPYroBOil orpa-
HATEHHON 3ajady TpPeX Ted, OTAWMYHHX 0T Toiek aubpammu. IIpepmo-
jaraercs, 9TO JMHEAPH30BAHHAS CHCTEMA YCTOMYMBA, 4 €€ MYJbTH-
IUIEKATOPHI pa3anunbl. YacTHHE Clydam 2ToM 3a1aTa pACCMATPNBAINCH
B KJIacCHYecKuX mcciefoBanuax Jlepm-Husura @ B HefaBEMX paborax
3urens, Mepmana, Hamenrosa m Mycraxmmesa. B raase 3 paccmar-
pUBAIOTCA KaK HEPE30HAHCHHIA, TaK @ PE30HAHCHEHIA cIydau (Korga
XapaKkTepucTHYeCKue NOKa3aTeadm —- A TaKOBH, urto ymexo kA Oyper
LeJARM TPH OPOU3BOJbHOM meloMm k > 3). Hccaegosanue OCHOBAHO
Ha mpuBefeHnd GyHKIEH ['aMANBTOHA K HOPMAJBLHON opMe M HOCTe-
JywonieM IOPUMeHeHNY TeopeMsl JIALynoBa 0 HEYCTOHIHBOCTH M TEO-
pems: Mosepa o6 wHBapmamTHHX KpuBHX [72]. Ilomydenmst ycaopms
YCTOHYMBOCTH M HEYCTOWIMBOCTH.

B rnase 4 mcclegoBaHa yCTORYMBOCTH ABTOHOMHONR IaMUJIBTOHOBOM
CHCTeMH C ABYMSI CTeNeHsSMH CBOOOAK. 3[ecCh OCHOBHOE BHWMAJHHE



12 BBEJEHUE

YAeAsIeTCA TeM KPHATHISCKHM CIAYIasaM, KOTJa HeHPUMEeHUMa M3BECTHAS
reopema Apmoasga — Mosepa [72]. B cayuae pasomamcos TpeTnero
U YeTBEPTOT0 MHOPAAKOB (KOTHa JacTOTH JHHEAPW30BAHHON CHCTe-
MH CBSASAHH COOTHOIEHHAMA (), = 2®y M ®y = J®, COOTBETCTBEHHO)
[OY4YeHH YCJOBHAS yCTONIEBOCTH B Heycroiunsocru. Ilpu orcyrersmm
pe3soHaHCOB [0 NOPAAKA 2k BKIOYATENBHO TMOJYUSHO YTBEPIKICHHE
o6 ycroitumpoctH, ofoGmaiomee Tteopemy ApHoabga — Mosepa ma
cJydail, KOTJa IPH yIeTe B pasioikeHud QyHKRIuA ['aMUIbTOHA INEHOB
1o mopsagka 2k — 1 B cHcTeMe EMEeTC BHPOKICHNe, CHAMACMOE yUe-
TOM WIGHOB 2K-TO DOPAAKA. 3MeCh e B YeTBEPTOM IIaBe paccMoTpeHa
3ajaga 06 yCTOHYMBOCTA B CIyYae KPATHHX JacTOT (®; = ,). [lomy-
9eHsl YCAOBUA HEYCTONINBOCTH M gopManbHOR yeroiamBoctu. B kon-
Ile IV1aBH OPHBEIECHH pacueTHHe Popmyrsl, Heo0X0quMble A IpHMe-
HEeHHSA MOAYIEHHHX peayIbTATOB B KOHKPETHHX MeXaHHIECKUX
aajagax.

Tunasa 5 mocsaAmena paccMOTPEHAI0O MEHOTOMEPHBIX TaMHUJIBTOHOBEIX
cucTeM. 37ech ANA 2M-HepHOIMYeCKOd IO BPEeMEHH TaMHJIbLTOHOBOR
CHCTEMBI ¢ [IBYMS CTOIeHAMY CBOOOJE IIPH IOMOIMM TeopeMbl UeTaena o
HEeYCTOMIABOCTH JOKAB3AHE YTBEPKACHUA O HEYCTOMIMBOCTU IPH HA-
IV9ME PE30HAHCOB TPETHETO M IETBEPTOTO MOPANKOB H PACCMOTPEHH
pPasauIHEE ACOeKTH 3amadulm 00 YCTOHYMBOCTH [BHKEHHA B MHOLO-
MEpPHHX FaMIJILTOHOBHX cucTeMax. MsmarawnTcs pesyabprarst ApHOIBIA
0 YyCTOMIHBOCTY [jis GONBIIWHCTBA HAYAJBHHX [aHHHX, (opMyIn-
pyercsa | JoxasnBaercs Teopema Bpiono o popmanbroit ycrodduBocTH
TaMIJIBTOHOBHIX CHCTEM, PACCMATDPUBAIOTCI OCHOBHEIE De3yJbTATH
ucecaenosanmii Hexopomesa 06 omenke ckopoctu nuddysum ApHONB-
na [78—81] B MHOroMepEEHX raMEIBTOHOBHIX CHCTeMaX, OGIU3KHX K
HHTOTPHDPYEMEIM.

JLna npakTUIeCKOTO IPUMEHEHUA NONXYISHHHX pPe3ylNbTaTOB HYK-
HO EMETH 9(perTuBHEE CHOCOOK HAXOKNEHUA HOPMAJILHOH dopMu
¢yarmna Famuaprona. Haxommerne mopMaIpHOM GOPMEL B HEABTOHOM-
HOM ciry4ae oco0enHo sarpyaaeno. Eciu, Hanpumep, BOCHOIB30BATHCS
KlIaccuaecKmM npeobpasosagmeM Bupkroda, To 4isa HaXOKACHHAA COOT-
BeTCTBYyWOHIeH mpomssofdamed ¢yHxumm OPHAETCsE CTPOHThH IEePHOAH-
4ecKHMe pellieHrd HEKOTOPOoil cucTeMul quddepeHualbabX YPaBHOHH.
Heobxogumiie mpu 5T0M BHYACICHHS BECEMA TDOMO3IKH.

B rmame 6 Ipe/IaraeTcsa cmoco6 HOpManm3anmud, OTAMIHBIA OT
KJIaCCUYeCKOT'0 M OCHOBAHHHMA HAa IIPEMEHEHAN K 27%-IePHOXMYecKoH
110 £ TAMAIBTOHOBOM CHCTEME METOfla TOIeIHHX orobpaskernmi. Ilpn na-
XOMECHHH TOIOIHOTO 0TOOPAKEHHs MCUOAb3yeTca TOT PaKT, YTo mpe-
obpasoBarme ($a30BOro HPOCTPAHCTBA, OCYIIECTBIAEMOE NBHKCHHAMU
raMHJIbTOHOBOM CHCTOMEI, ABIACTCA KAHOHHIYECKMM M HAXOAHTCA He
camo oToGpasKenme, a ero mpoussogAmas Qynrus S, yLOBIETBOPAI-
masa ypasuermio [ammiasroma — fAxo6m. Ilpu naxompgennn xodpdumm-
€HTOB OIPOU3BORANEH (YHRNUH, KOHETHO, HY;KHO IPONHTETPUPOBATH OT
t = 0 go { = 27 HekoTOPYW cucreMmy OOHKHOBeHHHEX AE(pPeperRnuain-



BBEJIEHUE 13

HHX YPaBHEHHH, HO ¢ fEKCHPOBAHHEKMY (HYIeBRMHA) HA9albHEMA YCIO0-
Busamu. llocne moryuenmns q)ym{mm S BBOJATCH TAKWE KOODAWHATH, B
KOTOPHIX OHA 3AIIMCHBAETCA B IPOCTeHmeH (HopMaabHoi) Gopme. A sarem
00 HOPMAJBHOK (Popme Pymkmumm S Haxomgwrcs HopmalbRasd ¢opma
COOTBeTCTBYIOmMeR (ymaxnua I'aMmapToHA.

B raase 6 Tamske paccMoTpeHsl Pe3oHAHCHHE CIy9ad B IJIA Peao-
HAHCOB TPeTBET0 M UeTBepTOTO IIOPAAKOB [OKA3aHH YTBEPHACHUA
0 HEeYCTONIABOCTA HENOMBM/KHEX TOYEK TOIOIHKX 0TOODasKeHNH, 3a/a-
BAEMHX NePUOKMIECKMMHU [0 BPEMEHH TaMHJILTOHOBHIMH CHCTEMaMM
00N KHOBEHHHX JuddepennnalbHHX ypasaenmi. [lokasaTerbcTBa OCHO-
BaHHl HAa IIEPOHECEHHOM 3/IeCh Ha TOYEUHKIE o0ToOpasKeHNA Teopeme Ue-
TaeBa 0 HEYCTOHIMBOCTH.

B raasax cexpMoil — jecaToil pemaercd 3ajgada 06 ycToddEBOCTH
TPeYroABLHHX TOYEK NHOpanuy OrPAHUICHHOH 3afadn Tpex Texa. B raa-
B6 7 paccMOTpeR caydail miockol Kpyrosoi samagu. Hanboxee cyme-
CTBEHHO© HCCJIeNOBAHHE YCTOMIMBOCTH B 9TOM ciydae PaHbIme OHIIO
nposeneno Jleorrosmaem u [lenpu. B ux paborax [37, 411] gaa peme-
HHA 330298 yYCTOWYMBOCTH IPHMEHSIach Teopema ApHoubna — Mo-
3epa ¥ He GBI MCCAeMOBaHbL T€ CIIy9ad, KOIJla 9Ta TeopeMa HempuMme-
mEMa. B riase 7 mpm moMoIE PesyiabTaToB IMABH 4 Bajgaua o6
YCTOMIMBOCTH TPEYTOJBHHIX TOYEK Jubpanun pelneHa MoaxocTsio. [1o-
Ka3aHo, 4T0 B 00J1acTH YCTOMYHBOCTH B MEDPBOM ITPUOIMKEHAA TOYKH
audpanun AeACTBUTEIHHO YCTOMIMBH IO JIAOYHOBY, 32 HCKIIOYEHH-
eM IBYX 3HaYeHMil TapaMeTpa |, IPH KOTOPHIX UMeeT MeCTo HeyCcToian-
BOCTh. OJTH 3HAYEHHS \; W W, COOTBETCTBYIOT PE30HAHCAM ©; = 2@,
¥ ®; = 30y MEMKAY TaCTOTAMH JIMHEAHON CHCTEMEL.

B xonrge raass 7 paccMOTPEHa YCTOUIMBOCTh TOYEK JUOpanuu upu
KpuTHYecKoM oTHomeHuH Macc Payca. Hasa stroro orHomenma mace
XapaKTePHCTHIECKOE YPDABHEHHE JIMHEHHOH CHCTEMH MMEET YHCTO
MHUMHBE KPATHHE KOPHHE, & TOIKA TNOpanun B IUHEHHOM IPUOIMKeR AN
neycroiramssl. CTpormil HOJMHEAHHN AHAIHAS OKA3AJ, 9T0 HIMEET MECTO
¢dopManLHAA YCTOMYHBOCTE.

I'maBa 8 mocBsumena meclemOBaHMIO TPEYTONBHEX TOIEK Jubpanmn
B OPOCTPAHCTBEHHOH prronou 3ajave. I[onaaaﬂo 9710 IIPH BCEX 3HAYE-
HEAX P H3 00JacTH yCTOMYHBOCTA B JIMHEHHOM npnﬁ.nmicemm nMeer
MeCTO yCTOHYMBOCTD [JIsi GOTBIIAHCTBA HAYATIHHEX YCIOBHHA, 38 HCKIIO-
9JeHHeM /IBYX 3HA4eHMI |, [JIs KOTOPHX B riase 7 JOKa3aHa HeyCrToli-
4uBocTh. Hpome Toro, moKasaHo, IT0 ANA MOYTH BCEX 3HAYCHHA | U3
001acTH yCTONIMBOCTH B JMHEHHOM NPUCIKSHEH TOYKM JHOpanmm
B IPOCTPAHCTBEHHOH KPYTOBOWH 3aaue GopmanbHO ycToidmsH. B 3a-
KJI09eBHre [VIaBH IOKa3ana (opMalbHas yCTONIMBOCTH TPEYTOIBHHX
TOYeK JUOPAIAN OPX KPATAIECKOM OTHOIIEHME Macc Payca.

B raase 9 paccMoTpeHa mIOCKasa JIMOTHYECKAA 3alada. 31eCh 3a-
Hada YPe3BHYANHO YCAOMKHAGTCH, TAK KAK HE3aBUCHMASA NePEMOHHAA
SIBHO BXOJINT B yPaBHEHHUA JABMWKenud. IlepBue MCCACfOBAHHUA yCTOM-
YHBOCTH TPEYrOABHHX TOYeK JUOpalMEm B DIJIMNTHICCKOH B3agade
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Tpex Ten mpuEague;kaT Jlamymosy [48]. Om pacemarpmsai 3ajmady B
nuaeiinoM nprOammenmm. MHoroumcieHHEIe MO3JHEHNINE HMCCIENOBA-
HuA MHOTHX AaBTOPOB TAK)Ke CBA3AHH TOABKO C JIMHEHHOH 3ajaveil
B rmase 9 sagaga ycroiiYmBOCTH PAacCMOTPeHA B CTPOTOM HeJIHHEHHOH
nocraHoBKe. Vcciaegosamme IPOBOAMTCA KAK aHAJAMTHIECKEMHA (OpH
MAJIKX 3HAYCHUAX SKCIEHTPHCATETA €), TAK U TACACHHNME (IPHA Hpons-
BOJHHHIX HapaMerpax e um ) mMerogamu. B obixacra ycroidmsBocTmH B
apHefHOM mpHOAmKennn, moiaydennoi suepsnie [pubm [110], Brime-
JeHH KPUBEE, HA KOTOPHX BHIIOJNHEHH PEe30HAHCHE® COOTHONICHHS
TPeTHero M 9eTBeproro mopsaxos. Iusa 3madenmii mapameTrpos e I U,
IPUHAMIOKAMAUX ITHM KPUBHM, NOKA3aHH Jau00 HEyCTOHIHBOCTE,
w60 yCTONYHBOCTL B KOHEYHOM (HO JOCTATOYHO BEICOKOM) HEIMHOH-
HoM upmbamuenuu. IIpm 3Havennax mapamerpoB, He HpHHAMJIEHA-
HIMX STUM KPHBHM (4 WHOT/AA eme ¥ KPHABHIM, Ha KOTOPHX BHIIOJHEHH
Pe3OHAHCHEE COOTHOMEHHA OATOTO ¥ MECTOT0 HOPATKOB), NOKA3aHE
YCTOHYABOCTL A GONBMIMHCTBA HAYAIBHEIX YCAOBHA U GopMaIbHAA
YCTOAINBOCTE.

CaMHM CAOKHBIM B 3a7aue 00 ycTOMYMBOCTH TPEYTOJBHHX TOYEK
nrGpanud ABJIASTCS CAYIall HPOCTPAHCTBeHHOH NN TAIECKOMT 3a/1auu.
Oxn nceaenyerca Braase 10. [lomnmo yBenmuenns quciia crelenei cBo-
0OfEl H3Y4aeMOi AMHAMAYECKOR CHCTOMH], 3eCh BOSHHKAET eme OfHa
XapaKTepPHAA TOJABKO [IA 9TOH B3agadd OCOOEHHOCTH: MMEeT MeCTO
TORIECTBEHHH (IIPM BCeX ¢ M [\) Pe30HAHC M3-3a PaBEHCTBA IIEPHONA
Ke[JepPOBCKOr0 JIBM;KeHUs OCHOBHHX IPHTATHBAIMINX Tejl W IepHofa
NMVHeAHHX KojeGaHuWid Tejia OeCKOHEYHO MaJIOf MAcCCH II0 HampaBie-
HUIO, IePIeATAKYIAPHOMY INIOCKOCTH X OPOMTEHL

Tony4ernse B raapax 3—9> YCIOBAA YCTOHIMBOCTH H HEYCTOM-
9HBOCTH 37ech HempumeruMul. TpeGyercsa ocoboe mcciaefopaEme, KOTo-
poe B riase 10 mposomATCA mPM HOMOIE BTOPOTO Merofa Jlamymosa.
PesynnTaTel 9TOTO HCCIE0BAHUA HPHMEHAOTCA HPH aHAIMTAIECKOM
M YWCJIEHHOM AHAJIW3€ YCTOHUMBOCTH.

Jlns mocTaToYHO MAJKX 3HAYOHHH ¢ ¥ |4 MoAydeHa 06,1acTh HeyCTOH-
yppoctH. OHa sBIAETCA OYEHL y3Koi oGxactpio. B miockoctm e, b
ofHoi 13 ee TpaHmI ABAseTcsA och Oe, a [PYTolt — KPUBaA, MAIO OTIAHU-

yaromast ot napaGoust € = 3953 )/ p. IIpE NPOM3BBONBHHX € H W HPO-
BONMTCS YHCIeRHoe nccaenosanue. Hosse o6racTn HeycToHImBOCTH HE
o0EapyHEHHL.

T'nasa 11 comepxur m3nomxenne ocHOB Metoma [lempm — Xopu B
TeOPHH BO3BMYIIEHMil TaMEIBLTOHOBHX cucreM. B Hacroamee spems
HA PYCCKOM SI3HIKe HET eme A0CTATOYHO IOXPOGHOTO ONMCAHHA BTOTO
meropna. PaspaboraEEmii cpapEmTeNbHO HefmaBHo [113, 142], on umeer
3HAYHTeJILHEE IPeMMYyIecTsa Iepe] MHPOKO WM3BECTHHIMM KJACCHU-
YeCKEMHM METONAMH, TAKMME Kak, Hampmmep, mpeoGpasopanme bmpk-
roga (7] mma merop [eitmens [9]. [IpaxTadeckoe mocTpoenne KaHOHEAIE-
ckux upeoGpasosanmii B merone Jlenpm — Xopu 0CHOBAHO HA HCIIONb-
soBaamE pAnos Jlm u npeobpasosanmu Jin. [{asa AcHOCTH H3NOMEHNA



BBEJIEHUE 15

B rmase 11 cmavama paccMarpuBalTCA PAXH JIM M HX HEKOTODHE CBO-
cTBa, 4 3aTEM M3JaraeTcs CaM METOJ H ero yHnpoIleHHe, OCYNeCTBIIEH-
moe Kommmom [143, 144]. B xonne raaBsl KpaTko onucana GopMadbHas
TeXHWKA NpuMeHenmda meroga [Jempm — Xopa.

B raase 12 mogpo6HO HMCCIENYIOTCH NIEPHOSUYECKHE NBIHKEHHS,
6IHSKEe K TPeyroJbHHM TOYKaM audpanmm KPYToBOH OrpPaHHYEHHOH
sagaum Tpex Texa. CymmecTBOBAHEME PAcCMATPHBAGMBIX NEPHONHYECKEX
OBIDKEHZH ciIelyeT M3 TeopeMH JlAmyHoBa O ToJXOMOPPHOM HHTET-
paxe [22, 49]. Bo sBefenuu k riaase 12 fana KpaTKas ACTOPAA HCCIe-
AOBAHMI, CBA3AHHHX ¢ NOCTPOCHHEM H AHAJU3OM YCTOAYHBOCTH
OepUONAYeCKUX ABIKEHNH, OIM3KEX K TPeyroJbHEM ToukaM Jubpa-
muy. 3areM IpPeJIaraeTcad HOBHH CHOc00 MX HOCTPOEHHA M al-
TOPATM HCchefoBaHUA HX opOmrambHoil ycrodamsocrm. Ilogpobmo
PACCMOTPEHE! Pa3IudHbe PO3OHAHCHEE CHTYAly, BO3HUKAOIIZe B 3a-
gage of ycroitgmsocTm. B umocnegmem maparpade ruaasel 12 mpumeepe-
HH Pe3yJABTATH YHCIEHHOI'O MCCIENOBAHUA YCTOHYHMBOCTH NEPHOMU-
YeCKHX JBHKEHUM.

Txasa 13 mocBAmena IMcAeHHOMY B AaHATATHIECKOMY HCCAELOBAHIIO
ABHKEHNMSA BOAU3H TPEYrOABHKX TOYEK Jubpauun cucreMul emiuda—Jlyna
¢ YYeTOM FPABUTANHMOHHHIX CONHEYHHX Bosmymenmi. CHauana n3xa-
TaloTcA PEe3yAbTATH YHCICHHOTO aHAAW3a, HPOBEIXEHHOIo B paldorax
Tonnm, Jsosanena = llynsma [176, 177] u cBasagHOrO ¢ paccMorpe-
HHeM BJNAHHUA CONHEYHHX BO3MYMEHHMH Ha ABMKeHme rtena Oecko-
HETHO MaJoi MacChl, NOMEINEHHOro B TO4YKYy L, mau BOIU3N Hee ¢
HYJeBOH MJ¥ MaJlofl OTHOCHTeJIBHON ckopocThio. OkasmBaeTcd, 4To
CONHEYHHIEC BO3MYINGHHMS NPHBONAT K 3HAYATENBHHM (AOXOHAMMUM 0
190 000 xx) oTRIOHEHUAM TEI2 GECKOHETHO MAIOH MACCHL OT TOUKH JUG-
panuu. B rnase 13 npusemero Goiblmoe Koau4ecTBO TPaUKOB, Ha-
IAAKHO WLIIOCTPAPYIOMMX BIUAHAE COJHETHHX BO3MYIMIEHAA W WX 3a-
BHCHMOCTH OT HAYAJbHHX YCIOBHM.

Ocranbnad 9acTh IIaBH 13 DOCBAMEHA PACCMOTPEHHIO 3aJ]a9H O CY-
IECTBOBAHME U YCTOMYMBOCTH IIOPHOAWISCKUX [BWEKeHHA BOausmu L,
¢ YIeTOM COJHEYHHX Bo3MYyuleHuil. Vsnoenne ommpaercs B OCHOBHOM
Ha aHAJIATAYECKHE HCCIeTOBaHUsA, Iposenenusie bpoksmiaom u Hpunr-
nem [106], Iextepom [170] m Kommuom [144]. Ioxasamo, dro Bo
Bpamanomeics CHCTEMe KOODAMHAT CYINEeCTBYIOT YCTOHYHBEIE IEpPHO-
audeckme op6urer; ux ¢opma OaMBKA K SIMANCY ¢ HOJYOCAMHA
145 000 kxu u 71 000 kxm, a mepuox ABMKEHNA UPHUOIU3UTENHHO PaBeH
cunopmieckoMy mecAany (29,53 cym).

B rnase 44 usnomeHsl OCHOBH TEOPHM HACCHBHOIO IBIKEHUA KOC-
MHYEeCKOT0 allapara B OKPECTHOCTH IPAMOIHUHEAHoH TouKuy Jubpangnu
L, cacremnt 3emaa—Jlysa. Cmagasa maercsa moxpoOGHEIA BHEBO ypas-
HOHWIA [BHKEHAA B BUAE, YIOOHOM I IPHMEHEHHUA aCHEMITOTHIECKUX
METOJ0B MCCIEJOBAHWsA, IIPUBOMATCHA ONEHKH CHil, NeHCTBYWIIMX HA
KOCMHAYECKWH aNliapaT, X HaXOMATCH aMINIATY/AH BHHYKIEHHEX KoJe-
6aHmit KocMUIeCKOr0 ammapara BOmusm L,, 0GYCJIOBIEHHHX IpaBATA-
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OUOHHKIMY CONHEYHEIMY BO3MYUICHUSMYA W CHJIAMH CBETOBOI'O HABJICGHW .
3aTeM B KaUeCTBe MOJ@JIH /s ONMCAHASA IBHKeHNA KOCMAIECKOTO AIa-
paTa OPUHEMAETCA NPOCTPAHCTBEHHAA JIIIMNTAYECKAS OTPaHAYCHHAS
3ajava Tpex ren Jemnsa — Jlyna — KocMAUeCKumil anapaT W IPH IOMO-
mu npeoGpasoBaEmsa Bupkroda ¢ mCmonb3oBaHWEM MeToma MAJIOTO
napaMerpa DOCTPOeHA IPUGIMWIKEHHAA TEOPHSA ABIKEHAA KOCMAYECKOT0
annapara 86nusn L,. @opMynsl 9Toii TeOpHMH DPHMEHEHH 3aTeM B 3a-
nave, yunrasaomei sansane Conrna. B mociegmem maparpage ria-
BH 14 MaHb ONEHKH TOYHOCTH HOCTPOCHHOM TEOPHH.

B Jomommenmy ma ocmose pabor 10. B. Barpaxosa [6], B. K. AGa-
naxmaa [1] »m C. T'. Hypasuaesa [25, 184, 185] paccmorpens ToOYKH
auGpanuy B OKPECTHOCTH BPAI[AIOMErocs T'PABATHPYIOMEro 3JIIAIL-
comaa.



TJIABA ¢

TOYKM JNBPAIINN
OrPAHMYEHHON 3AJTAYM TPEX TEJ

§ 1. YpaBHeHnst [BVKeHHs OTPAHHICHHOH 3TN Tpex Ten

yers my, my 1 my — MaccH Tpex MaTepualabEHX Touek S, J m P,
- OBYORYMIHXCSA IO e CTBIEM B3AUMHOT 0 TPABATAIMOHHOTO IPATA/KOHN A,
ompepensaemoro sakonom Heotoma. Bypem cumrats, 9ro m, m m; — .
KOHEYHHIE MACCH (my >>m,), a Maccy mgs NPEXHONOKHAM MAJOH IO
CPaBHEHMIO ¢ MACCAMH My U M,. M3-3a MamocT MaccH Tena P ero Biam-
AHAeM Ha ABWKeHue Tea S m J MO:KHO IpeHeGpeds u, TakuM ob6pasom,
Mbl IpUEeM K OrDAaHMYEHHON 3ajade TPeX Telx, KOTOPas 3aKTITaeTCa
B WMICCJIEOBAHHKM IBUKEHHs Tesaa P 0eCKOHeYHOo MaJoi MAacCH IO Hei-
CTBMEM OpUTsKeHHsA Ted S u J, MaCCH KOTOPHX KOHEGUYHEHL.
Hsmxenne TenaJ orHocHTenbHO Tesma S ompeneNseTcs W3 3amaum
AByX tex. Ilycrs r — paccrosinne mesxny Tenamu S m J, p m ¢ — ma-
paMeTp M 3SKCIEHTPHCHTOT HX KeJIePOBCKOH OPOHTH, V — WCTHH-
Hasg 3HOMAJNHs], ¢ — KOHCTAHTA HHTETPajJa miIomwanei m f — rpasm-
TanmoHHas nocroannag. Torma

P dv ¢
T = T ecoosv ' ¢? = f(my 1 ms) p, 7 (1.1)

B saBrcEMOCTH 0T BeJIMYMHE SKCHEHTPHCHTETA MOKHO PA3IMIaTh CIe-
Aywolque BapHAHTH. 3aa4d TPeX Tejk: TAmepOOJAIecKyl0 orpa-
HUIeHHYI0 3ajavy, Korga opbmra tema J — rumepGona (e > 1);
SIIMOTHIECKYI0 OTPAaHHYGHHYI0 3afavy, Korga opbura tera J —
ainmnc (0 <<e<<C1); KPyroByw OTPAaHHYGHHYK 3a/(adly, B KOTODPOI 0p-
Gmra Tema J — oxpymuocTh (¢ = 0). MomHO Tak®e paccMaTpEBAThH
napabonmieckyio (¢ = 1) m upamonmueinyio (korga Teno J rBmEeT-
¢A IO HPAMOHM, NPoXofAmeH Yepes S) orpaHEICHHRE 33aTH.

Ecnm remo P Geckomeuno Malofr MacCH BO BCE BPEMS IBMMKEHHS
HaXOWTCA B MIOCKOCTH ABIKCHHA TedX S m J, To rOBOPAT, 94TO COOT-
BETCTBYIOMAA OTPAHWICHHAA 3a[[a9a NA0CKAL, eclu ke Telio P B cBoeM
ABIHKEHHH BEIXOAUT M3 IUIOCKOCTH opOmTH Tex S u J, To roopAT o
npoCMpaHcmeen ol OrpaHWICHHOR 3amadge.

Honyaum puddepennumancusie ypapHERUA, ONPEeNSONUE BH-
JKeHme Teja P B orpaBwueHHON 3ajjaue Tpex Te;. Baegem (puc. 1)
cucremy kooppunar Oxyz ¢ HadaxoM B IeHTpe Mace Tead S u J.
Inockocrs Oxy COBMECTHM C IIIOCKOCTHIO OpOMTH Texa J OTHOCH-
teapH0 S. Ock Ox maupasum mo mpamoit SJ B cropomy tema J.
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Kparuaiimuit mosopor ot ocu Ox K ocu Oy coBmafaer ¢ HanpaBjIeHH-
em Bpamesma Ttena J ornocurensHo Teaa S. Ock Oz pomommser
ocm Oz u Oy Mo UPaBOH CHCTEMH KO-
¥ OpIHHAT.
Kupermaeckas smeprua I Ttema P
u cunosasg QyHnua U suamcaswored
7 mo ¢gopMylaMm

T = - my [(& — )+ (F + 2)? + 2,

”"f/” m =z (1.2)
g — fm3<m1 +22). (1.3)

re

*

Puc. 1. K BuBOgy ypaBHe-
HIit JBUKEHNSA. Touroi B (1.2) m ganee obGosHagaercs
pupdepennupoBanme HO BpeMeHm I.
Benwamusr ry u 7, B (1.3) — pacerosanusa Tena P or rea S m J
COOTBETCTBEHHO:

T1:V m +nz2 ) +y* + 27

=) lo— 2 e (1)

Ilpu momomum ¢ymknmu Jlarpamka L = T + U suunmcuBaem gud-
(pepeRIMANTbHNE YPaBHEHUA ABIWKEHNA Tena P
ow
x—Zw——vy—vzx——a?—,
y+2&793—}—'\3:c—&72y:—a£’—, (1.5)

ow

yA T e ——

0z

3necs uepes W obosnauena cmiosaa ¢ynknus (1.3), pasmenenHas Ha
m,. Choemaem B ypasueHusax (1.0) 3aMeHy IeDeMEHHHIX, BBEJCHHYIO
Hexsunom [22]:

=1 y=m, z2=r, (1.6)
re r ompefensiercs hopMyaamu Kemieposckoro asmuenns (1.4). Kpo-
Me TOTO, mepeiileM K HOBOW HE3aBUCHMOI IePeMEHHOH MCTHHHOH aHo-

maaum v. [Ipoussonane mo v o6osmaunm mrpuxamu. Ilomyuaem Taxme
COOTHOIIEHHA:

3= ;—i [(1 4+ ecosv)E -+ ecosvE] (1 4 ecosv)?,
] :%[(1 + ecosv) 1 <+ esinvn], (1.7

. C
v :7(1 -+ ecos v)?,
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. 2 .
V= — ;f sinv(1 + ecos v)?,

1.7)
W (1 tecosvy oW

oz p? a7

r7ie B pyaroun W, Bxoisameii B mpaByo 9acTh HOCIeJHET0 PABEHCTBA,
BEINYHAHH I'; U 'y BHIMCIAAIOTCA 1O Popmyiam

ry = V(§+ ler—';;mz)z_‘_ n? - g%
=) (f— ) e

Ioncrasue sripaxenusa (1.7) B mepsoe ypasHenue cucremsl (1.5),
HONyIuM

; 1 4 1 ow
/’__‘) I______ —_c - 2
&= 1+e'cosv§_ ¢ 1 tecosv 0F °

Ananormgao mpeo6pasyoTcsa OCTaldbHEE ypaBHeHEA cmcreMul (1.5).

B pesyaspraTe moayumM cieqyiomyo cucreMy qagdepernnaabELX ypas-
HEeHRH: .

§—2n" — 1+\eicosv 8= 1+:G°SV a;g’ ’
n' + 28 — 1~i—eicosv n= 1+:COSV adI;IV ’ 19)
g+ 1;;06030\;\, £= 1+:cosv (?/CV !
rfe Temeph
R . (S S

n=VE+pF+w+0 rn=VE+p—1+n*

Ecnm sBectu ¢pynrumo Q mo dopmyie
Q = (& +1?) — e cosvi + W,

T0 ypaBHenRma pBwHemma (1.8) sammmyrcs B Ooxee RoMImakTHOR
dopme:

” r__ 1 0Q

¥—2n= 1 L ecosv OE '
” ’ 1 aQ

v+ 28 = Tecosv 7" (1.10)
" 1 oQ

4 —

T~ T4ecosv of °
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§ 2. Toukn smépayuu — YaCTHBIE PEHICHUA
OTPaHAYCHHOMH 3aAYH TPex Tel

Moxamem, uro ypasuenna (1.10) yaoBierBopAioTcas HEKOTOPHIME
DoCTOAHHEIMHA 3HadenuaMu Kooppuuar Hexsmaa §, m, {. Uz (1.9) —
(1.10) cpasy ciaemyeT, 9TO IIOCTOAHHOE PENICHHE

E=8n=n* L=10* (2.9)

BO3MOKHO TOJIBKO TOrfa, Korga * = 0, a E*um n* ynosaersopsioT
cucTeMe YPaBHEHHI ¢ ABYMA HEH3BECTHHIME

E4+u oW 4 E+u—1 oW -

ry org Ty ary ’ 2.2)
n oW n n ow '
T ory g Oy

Cucrema ypapueHuii (2.2) SKBHBAJEHTHA COBOKYIHOCTH ABYX CHCTEM
YypaBHEHUN:

n= O’

Ebu oW |, Edp—1 aW (2.3)
ry ory + Ty _13‘.*2—:__‘&’

oWy oW

o, T o 54

Ew oW Eip 1 oW (24)
ry or, -+ re ory =—§°

Kampgomy pemenumio cucrem (2.3) — (2.4) coorsercrByeTr B CHCTEM®
rooppunaar O§n{ pasHoBecHoe pemenue ypasmemmit gpmxenus (1.10).
B cucteme xoopgunat OFn{ Touku S n J HemONBEAHKN M PABHOBECHEE
pelreHuA COOTBETCTBYIOT TAKHM UACTHHM ABMKEHHAM Texa P, Koraa
oum sMecte ¢ tejgama S u J o0pasy-
10T HEKOTOPYI0 HEMBMEHHYI0 KoHpH-

rypamnuso.
N PaBHoBecHHE pemeHus ypasHe-
/ \ auit Hexsmna (1.10) wacro wnasu-
. J N o BaiOT Toukamm Jgubpamum. Cymect-
Ly SN\ {0 L7 Lz & BYIOT TONBKO IATH TOYEK AMGpPaNUM.
\ / Tpu us aux, Ly, Ly u Ly, nemar Ha
| npAMo¥, mpoxopgmeir gepes S uJ,
a e ocraabuuie, L, m Ls, oGpasy-
10T ¢ Tenamu S u J PaBHOCTOPOHHHE
Puc. 2. Tpsmonmmefimse w tpe- TPEYTOIBHUKM. CxeMaTmgecKH pac-
YTOJBERE TOYKH MHOpanuu. HDONOMEHNE TOTCK nnbpanmm orpa-
HWICHHOH 3agaum TpeX Tell IoKa-
sago Ha puc. 2. Touxm ambpamum L, L., Ls, m Ly, L; HasmuBaioT
NPAMOAUHELHUMY T MpPeyzoibHumMY TOIKAMH JNEOPAUA COOTBETCT-

BEHHO.

L
R4
2N
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B abCcomioTHON cHCTeMe KOOPAUMHAT TOYKH JUGpPAaLAd COOTBETCT-
BYIOT TAKHMM UaCTHHIM NBWKEHWAM B 3afade TPeX Tel, AJsA KOTOPHX
rpu tena S, J m P onucmBaooT nogo6HEE KemliepoBCKue 0P6UTH 0OTHO-
CHT@JBHO UX 00Imero menrpa macc.

Haiinem Teneps Toukm muGpanum, T. €. PEMEHHUS CHCTEM ypaBHEHHR
(2.3) m(2.4). Paccmorpum crazama cucremy (2.4). Ilogcrasus Bhpa-
menme 1as 0 W/0r, na nepsoro ypasmenms cumcremu (2.4) Bo BTOpOE

YpaBHEHHE, IOJIYIHM
; ow

ar2 - ”’r27 (2.5)
1 Torga U3 nepBoro ypasHeHmsa ciaenyer, 4TO
' ow
= — (L —wr, (2.6).

Bocnounssopasmucs Temeps mumpazkenueM (1.9) pma W, moayunm,
Yro cucreMa ypaBHeHU# (2.4) mMeeT eEHCTBEHHOE BEIECTBEHHOE pe-
mieHue ry = rp = 1. 910 pemenue COOTBETCTBYET TPEYTOIBHHEIM TO9-
ram aubpanun L, u Ls (cm. pue. 2). Toura L, 3agaercss KOOpAUHATAMHA
(1 — 2p)/2, V/'3/2, 0, a rouxa L; mmeer kooppmmmatsr (1 — 2u)/2,
—7/3/2, 0. Ona pacmomoKena CEMMETPHYHO TOUKE Ly OTHOCHTOIBHO-
ocu OE.

Ilpsimonmaeiinse Todkn Aubpanmuy HARAYTCA M3 BTOPOrO ypaBHe-
Buga cucteMH (2.3), koropoe npu 1| = { = 0 samumercsa B TAKOM BHJE:

oy E+w] |£+u 1 _
Oynruna f(E) mempeprisHa u KOHEYHa Ha BCEil BEIECTBEHHON ocH,
KpoMe 3HadeHHmT §, PaBHEHX —}-oo, —pu m 1 — p, roe oma o6pamae1~-
cAB 690KOHG‘IHOCTB Brrancnum npomssoxayo dymxmun f(E). Nmeem

T lE+p—1] ,
dz, =t4+20 =W Egny TR En—y (2-8)
B xammoM m3 Tpex WHTEPBAJOB

Ha KOTOPHIE YHCIOBAs 0Ch PasOMBAETCA TOYKAMH PaspmBa (yHEIEE
f (§), mociegusAs MOHOTOHHO BO3DACTaeT, KaK 9TO BHAHO M3 BHIpPa-
JKeHNA HiasA upomspopuo# (2.8). YaurmBas eme ToT aKT, 4TO UPH
TMOJOKUTEIBHOM €, CTPEeMSI[EMCH K HYJ0, HMET MECTO CAefyimue
npemebHEE COOTHOIICHMA:

lim f(— =) = —lim f(—p —e) = lim f (—p + €) =
_—_—limf(1—pt—s):limf(l—p—}—s):—limf(%):—oo,

moJsydaeM, UT0 B KaKAOM M3 MHTepBaJdoB (2.9) cymecrByer, H HPHTOM
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TOABKO OQHO, pemenme & = &* ypasHemusa (2.7). Itm pemenmsa M
RanT TPH NpAMoJEHeinne Toakd aubpanmm. Ilo crosxmpmeiica Tpa-
OUOUA TOYKa JarOpammm, Je:Kamad B @HTepBaie (—oo, —u), 06o3-
Hataerca dwepes L, Touka amGpammm, JIeKamas B HATepBaje
(—n, 1 — p), oGosmavaerca wepes L, m, HaKOHeL, ToYKa Jaubpa-
nun L, nesxmr B maTepBaie (1 — p, 4-oo).

Hoxramem, 3ze afcnmcca R0l W3 MPAMOJHHEHHHX TOUeK aml-
paguu yHOBIETBOPAECT HEKOTOPOMY auareGpadIecKOMY YPaBHEHHIO
LATOR CTeHEeHN, KOTOPOe JJIA KAKIOM M3 TOYeK AMOpaIEy 3aTACHBACT-
cA I0-CBOEMY.

Honyunm cmawana ypaenenwe fia Touxd Ly OGozmaum depes p
paccrosane or Tourd Ly mo texa S. Torma &€ = —u — p m w3 ypas-

HeHAsA (2.7) moayduaem anre6pamdeckoe ypaBHEHHe NATOH CTEHeHH
OTHOCHTEIBHO P!

P+ 2+ wet+ Qo+ (p—1p2+ 2 —1)p +
+p—1=0. (2.10)

Yrober moaydurs ypaBHeHme iA ToukE L, momommm & = 1 —

— i — p. 37eck Temeph P €CTb PACCTOAHHE OT TOYKH JHOPAMEH 110
rena J. Us (2.7) moxydgaem

0" — (3 — e + B—2u)p® — pp? +2pup — p = 0. (211

M, naxomen, QA IOJYYeHHES YPABHEHHA, ONPeReNANIEro IoJo-
sKeHUe TOIKE nubpanmm Lo, moxoskmm § = 1 — p -+ p, rme p — pac-

croABUe oT TOIKM L, 1o Tena J. YpaBPerue, ompefeinsiomee P, HMeET
BUX ‘

0° + (3 — plo* + (3—2p)p% — pp* — 2pp — . = 04 (2.42)

Kax caexmyer m3 BHIEM3I03KeHHOT0, KaKgoe M3 ypaBHeHHH
(2.10)—(2.12) mMeeT eXUHCTBEHHEI NONOKUTIBHEIN KopeHs. IIpn Ma-
JHX 3HAYeHUAX [I 3HAUYEHUS KOPHeH MOYKHO HaiTH B BHAe PHIOB.
3HaYeHHs KOODAMHATH &y, OIpejeisAomeil modokeHAe TPAMOMMHEH-
Holt Tourd Ambpamum Ly, MomeT GHITH JIETKO BHYHCICHO (CM., HAIIpH-
mep, [22]). Ilonygarres ciaegymomue pas3iIoRKeHHA:

b= (B () 2 ()

bt () R ) - B e
5
§3=_1—T§-p——...

N3 (2.13) BagHO, KAK H3MEHAETCA [IOJIOKEHAS IPAMOJIAHEMHNX TOUSK
Jabpanum, KOTa MeHBIIAS W3 ABYX KOHEYHHX MAacC YMCHBINAETCH.
Tourka L, mepeMmemaercs cleBa HAaOpPaBo, NPHOJMKAACE K CBOEMY
IIpeNeIbHOMY IOJOMKEHHI0, COBIafialomieMy ¢ TeiaoM J MeHBIIeH Mac-
CH m,. Ilomomxennme Toaxn L, TakIKe CTPEMATCA COBIACTD C MO OKeHAECM
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tena J, HO 9TO CTpeMileHHe IPOHCXONWT cOpaBa HajeBo. Touka amG-
panuy L; Opm yMeublneHHE p HepeMeIlaeTCA CI€BA HAaOpaBo, CTpe-
MACH K CBOEMY IPeJeNbHOMY IIOJI0KeHHNI0, HaXOMANIeMYCA Ha eHHnY-
HOM DAaCCTOAHHA cieBa OT Texa Ooabpmell MacCH. m;.

Ypapuerusa (2.10)—(2.12) Do3BoJAAIT TaKKe OUEHATH PACCTOAHUSA
or Touer Jubpagmm A0 Tex S u J OPH HPOH3BOJLHEIX SHAYCHHAX [I.
O6osmaunm uwepes F; (p) meBme wacru ypasmermii (2.10)—(2.12),
OUpeleIAIAX NOXOKeHAsA ToueK Jaubpanmm L, OTHOCHTEILHO
Tex S m J. MiMefor MecTO COOTHOINEHHEA

F,(0) = —p <0, Fy(1—p) = (1—2p) (1 — p + p?) >0,
Fy (0) = —p <0, Fy(1)=7(1 —p) >0, (2.14)
Fy(0) =p —1 <0, Fg (1) = Tp > 0.

Coorromenus (2.14) moKasHBawT, 9T PACCTOAHE TOUYeK auOpanuy L,
7 Ly coorsercreenso or Tex J um S mpm Beex p (0 <p < Y/p) nemar
B murepsane (0, 1). Touxka aubpanmm L; pacmoioskeHa Me;RAY IeH-
tpoM Macc Tex S u J u reqom J menbmeir Macch. OTMermM eme ode-
BUAHEH daxT, 9T0 TouKa JubOpanum L, coBmajaer ¢ IEHTPOM MAcCC Tel
S m J B ToM cilyuae, KOTJa HX MacChl paBHH (U = 1/,).

Ha pme. 3 mpeacrasiensr rpadmm abemuee &, (B =1, 2, 3),
COOTBETCTBYIOIMX ToukaMm Jubpanmm Ly, B 3aBHCHMOCTH OT M. STn
rpadEK7 TOTYIeHE C IOMOMbIO YHCIEHHOTO PelleHusa ypasHenus (2.7)
npd mpousBOABHHX p m3 mETepBana (0, Y,).

& 5 &
7 2r 2
457 “r s
1 / Il 1=/ 1 1
4 425 PR PR %

Puc. 3. Kopau ypasmeHns (2.7) xak Gynxoud p.

Ecau 8 Coxmeunmoif cmcreMe YYUTEHIBATH TOJBKO HPHTAIKEHHES
ColHIA ¥ OTHOH U3 IJAHET, TO KAKHOH miranere OYAYT COOTBETCTBO-
BaTh TPH HPAMOJMHEHHEX TOYKH anGpanmu. Takum obpasom, Teiao
GecKOHETHO MaJOH MaccH, momaB B 00y H3 DTUX TOUEK Jambpamuu
C HYJNEBOH OTHOCHTENDbHOM CKOPOCTBIO, BCO BPeMA NBHTANOCH OH IO
BIAMICY, MOJ00HOMY 3JIIHICY COOTBETCTBYIOMEHd IJIaHeTH, M OCTa-
Bajoch OH HA IPAMOil, mpoxomamei wepes sty miaamery um Coxmme.
B peaibHO#l CHTYanMM HAJ0, KOHEYHO, YIYUTHBATH M MAJKeE BO3MY-
meHus OT APYrux ILIaHeT.
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Tagauna 1
IIprTATABAIOMAE TeaAa PaccroAHHEe TOUKHM Ly ot rena S
. p-10+8
S ' J Ly L, Ls
] Comane | Mepxypuit 0,0163399 | 0,996214 1,003795| 1—0,0000001
| Conmne |Bemepa 0,2447738 | 0,990684| 1,009373| 1—0,00000142
| Commne | 3emus 0,3003433 | 0,99003 | 1,010037] 1—0,00000175
| Conmne |3emus -+ Jlynma 0,3040429 | 0,989989| 1,010078] 1—0,00000178
_Conmpme |Mapc 0,0323834 | 0,995246| 1,004769] 1—0,00000019
| Conrne | FOunrep 95,3843512 | 0,93332 | 1,069784] 1—0,000556
Conmne |Carypu 28,5632676 | 0,955039] 1,04635 | 1—0,000167
1 Cennne | VYpam 4,3725405 | (,975773| 1,024624] 1—0,000026
Conmne | Heortyw 5,2938063 | 0,974193] 1,026258 1—0,000031
4 Counmne | Iayrom 0,2499994 | 0,990619( 1,00944 | 1—0,0000014 -
3emiis Jiyma 1215,06683 0,849065) 1,167833| 1—0,007088

Tourn mubpauum A pasamaunx Teg CoIHEYHOM CHCTEMBI Ipen-
cTaBJeHE B Taba. 1.

3a egmauny paccTosHud B Tabi. 1 NpHHATA JAMHA COOTBETCTBYIO-
MEro pagayca-BeKTopa Teja MeHbUIEH MAaCCH OTHOCHTENBHO Teda S
‘Goapmeit Macchl. HTEPECHO OTMETHTD, ITO TOUKA Jubparmmm L, u L,
I BCeX NIIaHET PACHOJNOKEHH 3HAYUTEIbHO Hajblle, YeM OpPOUTHL
cOyTHEKOB aTmX maamer. Hampmmep, nas cmcremer Commme — demius
toaxnd aabpanun L, u L, nexxar or 3eMiIm Ha pacCTOAHUH, IPEBOCXO-
AANleM paccTosHEme MeRIY 3emieir n JIyHo#i IpuMepHO B YeTHIpe pasa.

§ 3. 06 yeroiiumsocTn ToYER JAOPAIMH

B srom maparpade paccMoTpEM YCTOHIMBOCTH TOUEK JHOpamuu
B KPYroBoil orpammueHHo# 3amaue tpex Tex. llomHoe mccxemoBamue
‘yeroiumBoeTH Gymer mpoBeleHo B riaBax 7.u 8, a 3Wech MH OCTaHO-
BEMCA TOJBKO HA J0KAa3aTelIbCTBE MaBHO H3BECTHOTO YTBep)KI[e—
mua [22]: B kpyrozoi OTrpaHmICHHOH 3aKaTe TPeX Tell NPAMOIUHEHHbE
‘TOUKH JHOPANEE HEYCTOHYABH, & TPEYTOJBEEE — YCTOWYUBH B Hep-
‘BOM MPEGIMKERNH, ecId OTHOIEHHe Mace Tek S H-J JOCTATOYHO Malo;
©0Jiee TOYHO, €CHW BHIIOJIHEOHO CJASAYIONee HEPABEHCTBO:

0 <27p (1 —p) <1. 3.1)

IIpm e = 0 ypaBHeHMsA BO3MYHIEHHOTO ABW)KCHHA, JHHeaPABOBAH-
HEe B OKPECTHOCTH NPAMOIHHCHHARIX TOIEK Jm6pamm Ly(k =1,2,3),
HMET CIeRYIONAA BHN:

§" — 2" — (1 + 2a1)8 = 0, ,
n" + 28 — (1 —a)n =0, (3.2)
&+ ax =0,
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rae

1—p w
W= T (3.3)

n

ri=|&+pl ro=|&+p—1| k=1,2,3).

A 1mHelHbe yDaBHEHHWS, COOTBETCTBYIONIHE TPEYTOJBHEIM TOYKAM
ambpanum L,, sammmyTcsa Tak:

gn_zn/_,_z_g_(_'_”k%ﬁu_gp)»,]:()’ (k= 4, 5).

W 28— — (22 1 oy o, (3.4)
N =0

Bynmem, monb3oBaThes ciegylomuMu TeopeMamu JlanyroBa 06 yCTOl-
YEBOCTH IO mepBomy npubamwwenmio [49], KoTopile IpEBOAUM 3leCH
0e3 HoxasarenbCTBa.

Teopeva 1. Ecau cpedu xopuel xapaxmepucmuyeckoz0 YpasHEHUR
CUCNEMBL NEPEO20 NPUCAUNCEHUL UMEEMCS TOMA 06l 00UH € NOAOHCUMEAb-
HOIl. 6euyecmeen ol wacmblo, MO HegosMyuyernoe JsudceHue Heycmoliuueo
‘npu 410600 6vi60pe YaeHoe NOPAOKA 6HLUUE NEPEOzo 8 0u¢'gﬁepenqua.4bnbzx
YPABHEHUAT BOSMYULEHHO20 OGUNCCHUSR.

Teopema 2. Ecau zapaxmepucmutieckoe ypasHeHue CUCTMEMb NEPE0O
RPUbAUNCEHUS HE UMEEm KODHEN ¢ NOAOHCUMECALHHMU BEUeCMEEHHVMUL
YACMAMU, HO UMEEM KODHU C 8EUECNEEHHBMU YACAMU, PASHHIMU HYAIO,
Mo UAEHV SWCWUL NOPAOKOS 6 YDPABHEHUAL B03MYUWECHNO020 O6UNCEHUS
MONHCHO 6WOpamb mak, wmobbl NOAYYUMb RO ICEAAHUIO KaK YCmotuu-
60cmb, MAK U HeYcmoluueocms.

XapaKTepHCTHIECKOE YPABHEHHE CHCTEME IEPBOTO IIPHOIMKEHHA
(3.2) pacmamaercs ma jaBa YPaBHEHHA: OJHO KBaJipaTHOE, COOTBET-
CTBYWINEe NPOCTPAHCTBeHHOH uepemenHoit [, a Apyroe GmkBajpat-
HOe, COOTBETCTBYIONee mepeMeHHEIM &, 7).

HKeagparnoe ypaBmemme samuchiBaercss B BHUJe

M fa=0 (3.5)

H EMeeT mapy UHCTO MHHMHX KOPHe# = i} @, TaK Kak BeIHIHH&
ax ToNokuTedbHA (cM. (3.3)).
Burpanparnoe ypasnennme sanmchBaercs B BEAe PaBeHCTBa HYIIO

OlIPeesiMTEdaA BToporo oopAAKa
A2 —(1- 2a;,) - 26

- e = O

PackpuBas 3T0T ompefenmTeNh, MOAyYaeM

MA@2-—-agn+0—a)(d +2¢)=0 (k=1,2,3). (3.6)
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Jlerko morasarh, 9ro ypasmemde (3.6) mid rammgoil TOUKH JEOpaNBH

L, L, m L; amMeer [BA BelECTBEHALIX W [BAa YUCTO MHHEMHX KOPHA.
B camom peme, 91068 mOKa3aTh 3TO, AOCTATOYHO YOEIHTHCS B TOM,

gro BeamumHa 1 — g, maa xakgoro £ = 1,2 m®w 3 orpumareassa.
Huas rouknm L, »10 cpasy cremyerus (3.3), Tark kak 0 <<r; <1 m

0 <r, <<1.

( Haa Touxm L, Berpasmm, ciaegys [89], p wepes r, us ypasmenns

2.12):

rg + 3r;‘ —+ 3rg
r;—}-ng—{—r;—i—Zrz—l—l
IlogcraBuB 70 BhIpasieHme B pasHocth 1 — @, m yuTs, 9T0 B paccMma-
TpUBaeMOM caydae ry = 1 -+ ry, momxydmm

(rg —1) (rgv—i- 3ry +3)
ok )4+ 23 +rit2m,+1)

l,;l,:

1— (3.7)

JTa BeIHMYHMHA OTPUIATENbHA, TAK KaK 37eCh ry << 1 (cM. mpemsay-
muit maparpad).

Hasa 1ouxn Lz MOMKHO BOCIOJb30BaThCA ypaBmemmeMm (2.10)
yurd, 9T0 B 3TOM ciydae ry = 1 - r,, nasa pasHoctu 1 — a3 moayaum
BHIpayKeHHEe, aHajdormiuoe (3.7), B KOTOpOM HAX0 TONBKO I'y 3aMEHUTH
Ha r;. A Tak Kak 3mech r; << 1, to Beamunmna 1 — ag mas TouKH Lg
Oymer oTpHIaTeiAbHA.

Taxum o6pasoM, ypaBueHwe (3.6), paccMaTrpuBaeMoe KaK KBajpat-
HOEe OTHOCHTEJIHHO A%, HMeeT ONHH UOJOKATEJLHHYE KOPEHL M OXWH
orprnareibHEA. CileoBaTe pHO, JIA KaKI0H OPAMONHHEHHON TOIKA
aubpammm Ly (K =1, 2, 3) xapaxrtepmcrmieckoe ypasuenme (3.6)
'MMeeT YeTHPe KODPHS BUAA o, +if, Ile & u p — BelmecTBEHHEE Be-
JMYEHL, oTAmIHEe oT HyiA. Orciofa, corxacHo Teopeme JlamyHosa
00 ycTOHYHBOCTH IO HepBOMY LIpHOJIHKEHHIO, caenyer Heyc'ron'm—
BOCTH NPAMOJHHEHHEIX TOYEK nnﬁpamm KPYroBoif orpamiveHHoR
3aga9d TPex Tedl.

X apaKTepHCTHYECKOE YPABHEHHe CHCTeMH IIePBOT0 NPHOIMKeHHA
(3.4) nas TpeyroabHHX Touek nubpaumm Ly m L, TosKe pacmamaerca
Ha KBaJIpaTHOE, COOTBETCTBYKIIee IlePeMeHHOH { W mMewigee Ba
9HACTO MHUMHX KOPHA i, m GHKBagparHoe

27
7\,4—[-7\,2—|-T}L(1—-}L)=0, (3.8
COOTBETCTBYIOINEe IepPeMeHHHM &, 1.
Ecan .
2Tp (1 — p) > 1, (3.9)

T0 ypasrenne (3.8) mMeer IBe mapH KOMIJIEKCHHX KODHEH W, CIeHOBa-
TeJABHO, JIBA W3 STHX TeTHPeX KOPHeH 3aBefloMO GYAYT MMETh MONOKE-
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TeJbHKE BemecTBenntie yactu. Ilostomy, coriaacHo Teopeme Jlanynosa,
Opu BHIOJHEHHM yciaoBuA (3.9) rpeyrojbHHEe TOUYKHA JmHOpamumu Hey-
CTOHYABHI. ,

Ecam ke Bmmonnemo mepasenctBo 0 <<27p (1 — p) <1, To0
ypasHerme (3.8) mMeeT WeTHpe Pa3iMYHBX YHCTO MHAMHX KODHA H
TOYKA JHOPALHWE yCTOWYMBH B nepsom upmbamskenmu. Ilommocteio
Bompoc 006 yCTOHYMBOCTE B 5TOM cliydae He MOKeT OHTH pelleH pac-
CMOTpeHHeM nmBelinoli 3agaum. Cormacno Teopeme JlsamyrHosa o6
yCTO#YUBOCTH 0 TEPBOMY HPAGIMKEHUIO CTPOTOE PelleHre BO3MOKHO
JUNGs OpHA ydeTe HeJHHEHHHX WIEHOB B YPABHEHHAX BO3SMYIIEHHOTO
OBUKEHHA. ) ‘

Ecam, makomenm, 27y (1 — p) = 1, ro ypasuemme (3.8) mmeer
[iBe IapH KPATHEX 9MCTO MEUMHX KopHelt =+ i )/ 2/2. UI B aroM caygae
yiHe Her YCTOMUYMBOCTM B JHMHEMHOM IpPHOJMIKEHNH, Tak Kak (CM.,
asanpumep, [89]) o6mee pemenne cucreMur (3.4) nepBoro NpuGIMKEHEA
CO/IeP’KAT HEOTPAHWIEHHO DPacTyIue CO BpPeMeHeM cjlaraeMhle BEAA

v sin—lgv n vcos—}-fz—2 v.B nenmneiinoit 3amave, ofEaKo, TOYKH JHO-
pauum MOTYyT CTaTh YCTOHYUBHIMAH.

Cnyuam, Korma 3agada o0 YCTOMIHBOCTH TaMHILTOHOBHIX CHCTEM
He pemiaeTcsi THHeHHRM mpmOamkenueM, GYAYT HMCCIeTOBAHLI B IIO-.
cilepyiomux riaaBax. Ilpm mccaemosanumu Mu 9acTo 6yaeM HCIONE30-
BaTh TEODEME BTOPOT0 MeTofa JIANYyHOBA TEOPHH YCTOHIUBOCTH
nsmwxenusa. IIpuseneM 3fech HeKOTOPHE O pefiejieHnA B cHoPMYTAPYeM
HeOOXOAMMEe B JalipHeHmeM TeopeMHl. J[0KazaTeqbCTBO DTHX TEOPEM.
MOKHO HailiTH, Hampmmep, B [51, 95].

IIycrs ampdepennmanbEbie YpaBHOHHA ABHMKEHHA HMEOT BUJ

dx,

—(ﬁ = X," (t, Ty« o oy l'n) (l = 1, 2, .oy n), (3.10)}

e ¢yHkuuE X;, HaOpUMeDP, AaHAIUTAIHE OTHOCHTEIALHO Xy, . . ., &y
¥ HempepHBHH 1o ! B o6iactm

t>ty, |z ]|<<h (3.11).
IIpenmoaoum, qu X,;(00,...,00=0. Torna cucrema (3.10).
momyckaer dvacTHoe pemenme x; = 0 (i =1,2,..., n), xroropoe.

OyneM HasHEBaTh Hegoamywennbim. [Iyetb B MOMERT BpeMenn £, paBHHER
ty, ; = &9, ¥ Oymem paccMaTpHBaTh ABHKeHHme Upm ¢ > ¢,. Torna.
z; (!) Ha3HBaeTCA GoMywjenHuM OsusceHuem, a ypaBHerua (3.10) —
YDABHEHUAMYU 6OSMYWEHHO20 OBUNCEHUL.

Paccmorpam ¢ymrmmo V (¢, z4, . .., Z,), oOpefleieABYI0 B obaa-.
cra (3.11). Ilycry ¢yrknma V nuddepennmupyema. Torma ee moa-
HasA IPOMBBOAHAA IO BPEMEHH B CHJIY YPaBHCHEH BO3MYHIEHHOIG,
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ABMKEHHAA 3alulieTcsd TaK:

'A% av - av .
LUBE AT Za_ziXi' (3.12)

i=1

Onpenenenue. Ecam ynxnusa V u ee mpoussoguas (3.12)
HeIlpePHIBHEL W ONHO3HAYHH B obxaact: (3.11) u ecnim omE Tommect-
BEHHO PaBHBL HYJIO UpU &y = ... = 2, = 0, 10 ¢yurnuio V maszw:-
BaoT Pynryuel Janynosa.

Onpenmenenue. He sapmcamas or ¢ pynxmua Jlanymosa V
Ha3bIBACTCA 3Hakoonpedesentoil (0UpeneeHHO-NOI0KATeIPHON AN
OIlpe/leIeHHO-OTPUI{ATeNbHOM), eCAH OHA IIpH

lxll<h (i=1,2,...,n),

riae h — JOCTaTOYHO MaXoe MOJOKATEJIHHOE YHCIO0, MOKET IIPHUHH-
MaTh 3HA9eHOA TOJLKO OJHOTO 8HAKA W 00pamaeTcA B HYIb TOJBKO
upm z;, = 2 = ... =a, = 0.

Onpepmeanenue @ysknus JlanyHosa V, sBHO s3aBucsmas
OT {, HA3BIBACTCH ONPEOCACHHO-ROAOHCUMEALHOL, ecadm oHa B o0xa-
cta (3.11) npm £, mocratouHo GONBIOM M & JOCTATOYHO MAJIOM yAO-
BJIETBOPAET HEPABEHCTBY

V{t, zy .o 02) >WHlay, ..., x),

rge W — ompenenieHHO-LIOMOKATEIbHAA QYHKITS.
Onpepngenennme @yexknua V HasHBAETCA 3HAKOROCMOAHHOL,

ecim B obmacrz (3.11) mpm ¢, nocrarouno GoabmioM m A 10CTaTOIHO

MaloM OHa NDPHHEMAeT 3HAYEHHASA TOJILKO ONHOTO ONpeleleHHOTO

3HaKa, HO MoskerT o6pamaTbcs B HYAh W IPH X7+ ... -+ 25 == 0.
Oopegenenmume. Dyuxnua V, He ABIAOMAaACA BE 3HAKO-
OLIpefle/IeHHOH, HN 3HAKONOCTOSAHHOW, HABHBAETCHA 3HAKONEDEMEHHOLL.
Onpenenenme. IoBopsar, uro dPyuxmua V (¢, 2y, ..., Zn)
HNONYCKAeT GECKOHEYHO ML ebicluuli npedes, ecau OIA M060ro momo-
JKUTEJBHOTO YHCJIA € MOJKHO HAUTH [APYroe IOJOKHTEIBHOEC YHCIO

8 rarkoe, uro mpm BCex smauenuax (, Ty, . . ., L), YEOBIETBOPANOIMUX
HEDaBEHCTBAM
t>ty, |z;|<<O i=1,2,...,n),
OymeT BHIOAHATHCH HEPABEHCTBO
NV @z, .. z)|<e.

Teopema (Teopema JIsinynosa 06 ycroiiumsoctn). Ecau cyujecmsyem
sHakoonpedesennasn @Gynryus V, 0aa romopoll npoussodnasn 6 cusy
YPABHEHULL 603MYUEHH020 O8UINCEHUR eCMb BYHKYUS SHAKONOCTMOAHKAS,
SHAKA, NPOMUBONOAOHH020 ¢ V, uan moxucdecmeenno obpaujaemcs
6 HY1b, MO Heso3myuennoe deuzcerue ycmoinuso.
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Teopema (reopema JlauyHosa o meycroitumsoctu). Ecau cyuye-
cmeyem donyckarowas Geckoneuno maavii ewcwuli npedes Gynkyus
V(t, zy, . . ., %), npouseodnas komopol 6 cuiy ypasweHull 603Mmy-
UEHH020 Jsudcenua ecmv GYHKEYUL sHaAKoonpedeseHnan, a cama @yrk-
yus V 6 o6aacmu (3.11) npu t, docmamouno 6oavwuz w b docmamouro
MAABLL MONCEM RPUBUMAMD SHOLEHUL 020 XHe SHAKE, YMO U RPou3-
600Has, MO HesosMylyenHnoe OBUNCEHUE HEYCMOLHUEO.

Onpenmenxenne. Obaacmvio V > 0 nasmBaerca ogHA U3
ofnacrefl OKpPeCTHOCTH HAYaja KOOPAMHAT

Ixi|<h1

KOTopad orpammdeHa nosepxuoctbio V = 0 u B xotopoit ¢pynrmma V
OPUHAMAET TOJBKO LOJOKUTENbHEE 3HAUEHHA.

Teopema (Teopema Yeraesa o neycroituusocrm). Ecau cyuecmeyem
dynryus 'V (¢, 24, . . ., x,) makas, wmo

a) npu ckoab yeodno 60abWLUX t 8 CKOAL Ye00HO MAA0T OKPecCmHOCMLL
Hauara koopdunam cyujecmeyem obaacmv V > 0;

6) ¢ obuacmu V >0 gynryus V oepanuuena;

B) ¢ o6aacmu V > 0 npoussodnas dV/dt ¢ cuay ypasnenuii 6osmy-
WenHo20 OBUICEHUS NOAOHCUMEALHA, NRpUteM 048 6CEX 3HAYEHWE
U, Zyy o ooy Ty, COAZAHHBME  coommoutenuem V (t, zy, . . ., T) > a,
20e o — Kakoe-HUGYOb NOAOHCUMEABHOE UUCAO, GHNOAHACMCA HETaseH-
cmeo dV/dt > B, e0e B — moxce Hekomopoe nosoNCUMEALHOE YUCAO, MO
HEBO3MYULeHH0e O8UNCEHUEe HeycmOoluugo.

Onpenenenne. @Dynaruuo V, yooBIeTBOPAKNMYI HOCIHeM-
Hell TeopeMe, HasHBaWT gyHryuel Yemaesa.
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TAMKJILTOHOBBI CHCTEMBI JINHEMHBIX
TNOOEPEHI{UAJIBHBIX YPABHEHMI

§ ‘1. YeroiiunBocTh JMHEiiHBIX TAMAIBTOHOBHIX CHETEM
‘¢ MOCTOAHHBIMEA KOd(ipu THeHTAMHA

Jduddepennuansuse ypaBueHus BO3MYIMEHHOTO IBUMKEHHA, K Pac-
CMOTPEHNI0O KOTODHIX OPUBOXHUT 3afada 00 yCTOWYUBOCTH JBUWKEHHA,
Kak [paBHJIO, HeJuHeAHH. VX wumcciefoBaEme HAYHHAETCA OGHIIHO
€ aHaQJIHE3a COOTBETCTBYIOIEH CHCTeMH ypaBHeHHWH mepBOro npubim-
sxends. DymeM paccmarpmBarh TOIBKO Te cirydad, Korfa mmfdepen-
OUaJdbHbe YPAaBHEHUA [EePBOr0 OPHOJIMKEHHA NUHEHHEIE.

Hrax, nycrs 3agaHa raMRIbBTOHOBA CHUCTEMA JHHEHHHX Huddepen-
TUAJBHBIX ypaBHeHm?i

d

df = THx, XT=(21,... T, Tnigs - - o Zon)- (1:1)

Ilepemennme I, M Zp,; — KAHOHWYECKHU COUPAKEHHEIE (Z; — KOOP-

JAUHATH, ZIp,;x — UMIOYJIBCH) B COOTBETCTBYIOOIEH MeXaHHMIECKOH 3a-
nade. Marpuma I mopsangka 2rn mmeer Bup

0 E, .

‘:"—E 0 (P =T1"= — I, 2= — Ey, det [ =1), (1.2)

n

rne E, — egunuunas marpuua mopagka k. 3maxkoMm «m» ofosHmadeHa
ONepaIus TPAHCHOHHPOBAHUS MATPHIEL. Uepes H B cucreme ypasme-
.ami (1.1) ofosHavena BeIeCTBeHHAS CHMMETDPHYECKAA MAaTpPHIA IO-
. pagka 2n. O=a am6Go IIOCTOSAHHA, au6o ABIAETCS HeMPEePHBHOMH,
2n-nepHoANYECKOH mo f.

[Iycrs marpuia H B cacteme ypaBuennmii (1.1) mocrosnra. [uas pe-
MeHHA BOOpoca 00 yCToHYMBOCTH PAaCCMOTPHM XapaKTepHCTHYECKOe
ypaBHeHHE ‘

‘ p (M) = det IH — AE,,) = 0. (1.3)

IToxkaskeM, UTOo xapakrTepucTHdecKHi MHOrowiern p (L) — dgerHas
(i)YHKIIHH A. -,HJIH 9TOTO0 PacCMOTPHM CJeAYIOMYK IeNO0IKY PaBEeHCTB:
p (M) = det (IH — AE,,) = det (TH — AE,,)" = det (H'[* — AE,,) =
— det (— HI — AE,,) = det (I2HI -+ ALEy,I) = det I (IH + AE,,) [ =
= det [ det, (IH - AE,,) det I = 1-det (IH - AEsn)-1 = p(— ).
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Taxmm o6pasoM, ypaBuenue (1.3) coxep;KHT TOIBKO YeTHHE CTEIEHH A.
IToatoMy, eciid ¥y HEro ecTh KOpeHsb A = @, AMEIIAA OTPAIATEIHHYIO
BEMECTBeHHYI0 HacTh, TO obs3arteabHo OGylaer u KOpPeHL A = —a
¢ IOJOKHTEeNbHON BemecTBeHHON dacThio, a 3Hagdr, cucrema (1.1)
(a BMecTe ¢ Heit W HeBO3MYMEHHOE JBHeHHe) HeyCTOHIHBA.

ME moayYmam, ciaeqoBaTeNbHO, TAaKoe YCJIOBHE YCTOHIHBOCTH
cucreMsl (1.1): pus ycroiamBoctu cucremu (1.1) HeoGxommmo, ITOOK
KODHY - XapaKTepPHCTHYECKOTO YPaBHeHMA OHLUIM YHCTO MHEMEIMH.
10 ycmosme Gymer u [OCTATOIHEM, €CIH FONOIHATEIHHO IOTPeGOBATE.
aro6s Martpuma IH mpuBoxmiack K AHArOHAIbHOM d)opMe [51].

Ho Oygmer sm npz BLINOJHEHHH ITHX YCIOBHA YCTOMYHBO HEBO3-
MYIMIEHHOS ABU;KEHHME — 3aBUCHT OT 4JIeHOB 00jiee BEHICOKOTO MOPARKA
B HEeJWHEHHHX YPABHEHHAX BO3SMYLICHHOTO TBHKOHHA.

BrumonEEMOCTh He0GXOQWMEIX H JOCTATOYHHIX YCIOBHH yCToHIM
Boct cucreMmur (1.1) rapamTmpoBaHa B TOM YacTHOM CJIydae, KOrja
coorsercTBylomasn ¢ymkrua [lammabroma H 3HaxoompejejeHHA.
Torma, upuuas ee 3a ¢pynknuo Janyrosa V u yursa, gro H = const,
Ha OCHOBAHHE TeOPeMHl JIAnyHOBa NMOJYYAM BEEBOJ 06 yCTOHYHBOCTH
cucremur (1.1). B arToM caywae xapaxrTepHCTHYECKOE YPABHEHHE
BCerja HMMeeT TOJHKO YHCTO MHHMBIE KODHH ¥ HE3aBUCHMO OT HX
kparaoctr Marpuma IH o0ss3aTenbHo TPUBOAUTCA K THATOHAJBHOH
dopme. -

B cayuae smarooupemenemmoctm H HeBosMymenHoe [BHKeHHE
ABTOHOMHOM TaMHJIBTOHOBOM CHCTEMEl OYAeT YCTOWIHMBHIM M B CTPOTOH
HelWHeWHo# mocTanoRKe 3amaum. [loaToMy HiIA moNHOTO pelIeRmS
BOOpOCa 00 YCTOHYMBOCTE HEBO3MYINEHHOTO [BH/KEHUT B 3TOM cIydae
HOCTATOIHO PaccMOTpenms mumedmoit cmeremul (1.1) miaum kBamparmd-
Hoit wactn ¢ymxnmmm I'amnabroma. Ho ypasnenme (1.3) MoseT mMeTh.
IMCTO MHEMHE KODHE U TOI/la, KOIZla QymKnusA Tammabrona me Gyzer
sHaroonpenenennoir. Taroi 6y11eT HAIpUMED, CAeAyoImasd CHCTeMa
nudPepeHnuaNbHEX ypaBHeHHH TepBOro npn6nnme}ma.

d:c dz,

(1me,$=eww% (k=1,2). (1.4)
Xapamepncm‘lecnoe ypaBHenme cucTeMH (1.4) mMeeT Be mapH TUCTO
MHAMHX KOpHe#l +io; m ic,. CoorBercreyomas Marpuna IH mpm-
BOAMa K pAmaroHaabHOW  Qopme, a ¢ymxkmma TammiasroHa

H=go@+d —goa+d (>0

He ABJIACTCA 3HaKoompe/eneHHOA. B aToM ciywae nis pemenmsa 3a-
Raum 06 YCTOHIMBOCTH HEBOZMYIEHHOTO JABMKCHHSA HETOCTATOYHO
paccMorpenas JHHeiHOH cmcremn (1.4) m HeoGxommmMo IPOBOAHTH

aHA/IW3 OONHOM HEAMHEeHHOX CHCTEMH YDaBHEHHA BO3MYNIEHHOTO
RBHKEHHAS.
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§ 2. Hopmasmuasa ¢opMa aBTOHOMHOH cUcCTeMbI JIMHEHHBIX
TAMWIHTOHOBBIX YPABHEHWI B CJIy4ae HPOCTHIX
YMCTO MHHMBIX KOpPHEi XapaKTepHCTHICCKOTO ypaBHEHmN

IIpomomxum mecaeopanne JTuHEHHON crcTeMH fuddepeAnnaIbHEX
ypasuernii (1.1). Ilpeanomosxum, 9T0 COOTBETCTBYIOMEe el XapaKTepH-
crmaeckoe ypapHeHHe (1.3) HMeeT TONBKO HPOCTHIE YHCTO MHUMELE
xopun. O6o3HaunM HX Uepe3 Ay = Oy, Apyy = —ic, (K =1,2,...
..., n). JHAKN BeNIeCTBEHHHIX BEJHMYUH ) IOKa He (UKCApYeM.
Omm Gynyr oupenenens Hmxe. Haiifem BemecrsenHoe ImHeitHoe Ka-
HOHEYeCKoe mpeobpasoBanme z; — y; (f = 1, 2, . . ., 2n), npusons-
mee cmcreMy (1.1) k HopmaabHOH Qopme. Hopmaavhol @Gopmoii
cucteMsl ypaBmHenuwi (1.1) Mul BasmBaeM Taryio cucreMy gaddepen-
LUaJbHEIX YPaBHeHUM, KOTOpO# cooTBeTcTBYyeT GyHENuA [amMmib-
TOHA, PaBHAA aare6pawdecKod CyMMe TaMHJIBTOHHAHOB 72 JMHEHHHX,
HE CBSBAHHEIX MEKAY c0GOH OCHHUIIATODOB:

1 n
o= TZG" W3 4 20 2.1)
k=1

Perienne 3afagu o HoxydeHur HOPMAJAbHON GOPMEL JIXHEHHOH CUCTEME
(1.1) Heo6xooUMO UpPH HCCACHOBAHHU YCTOMIMBOCTH HEJIWHEHHEIX
ypaBHEHHH BO3MYIIEHHOTO [BIKEHHMA, NPH aHaAW3e HeIMHeHHHX
rounebaHnii, IPA NOCTPOEHHN NpHOIWKEHHBIX pelleHHH HeJHHEMHEIX
raMHJBTOHOBHIX CHCTEM, I[le B XKavecTBe HEPBOT0 NIPHOIMKeHHS
6eperca o6ruHO pelmenue JmHelnon 3amavu. llosTomy Kpaiime ema-
TeJIbHO BHOUDATh TaKHe KOOPHAUHATH, B KOTODPHIX peNIeHNe JWHeHHOH
3ala9M 3aUHECHBajlochk Ob Hambosee mpocro. Ilpocreiimel Bemect-
BeHHOH (opmoit ypasuennmit (1.1) m 6yzer HopMaiabpHasa gopma.

O6mas- 3amaua 06 anreGpawvecKUX CBOMCTBAX AMHEHHHX CHCTEM
raMHIbTOHOBHX NudepeHINATBHNX YPABHOHUH HCCIAEXOBAHA TOCTATOT-
no moxpoGuo [15, 28, 49, 90, 98, 109, 145, 149, 154, 157, 179—183].
Huns cucreM ¢ mocrosEEnMY KoddPunmentamu B paborax [15, 28, 98]
DOMyYeHH KOHCTPYKTHBHBIE MeTONL HopManmsanmuu. Mu paccMorpmm
3ajlady IOJYYeHHS HODMAalXbHOM (OopMH HMHAYe, YeM B YHOMAHYTHIX
paGorax [15, 28, 98], n moxysmm anroput™ HOpMAaJIM3ANUMA, KOTOPHIA
Oymer BecbMa IPOCTHM, TAK KaK eT0 IPUMEHeHHe CBOIHTCA TOILKO
K HaXOQKEeHmio coOCTBeHHHX BeKTOpoB Marpurer IH.

BeeneM ofioznauenme YT = (Y1, . . «» Yny, Ynigs - - -1 Yon). TOTJA,
yanteiBasa (2.1), monydmM, 4ro HOpPMaJbHAs popMa AuHelHOE cHCTe-
Mu (1.1) sammmerca B BHAe CHefyOMed raMHEILTOHOBOA CHCTEMH
YPpaBHEHHUH: '

dy
LR (2.2)

e H* — BelleCTBEHHAsA MOHArOHAaJbHAA MaTpHia, AMArOHAJBbHAhIE
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o * *
dMeMEHTH KOTOPOH ONDENIeIeHH PABEHCTBAME Ak = Ainik nik = O

(k=1,2,...,n). Ilepexox or HepeMEHHHX X K NepeMEHHKIM y
3a{ajlEM C IOMONIHI0 MaTpPUOH A B BEJE PaBeHCTBA
x = Ay. (2.3)

s (1.1) m (2.2)—(2.3) momyuaem, uro MaTpEma A HOMKHA YRoO-
BJIETBOPATH CJHEAYOIMEMY MATPHIHOMY YPaBHEHHIO: ‘

AIH* —=THA. ' ’ (2.4)

HKpome rToro, mna kamommumoct:m mpeoGpasosamma (2.3) matpumy A
umem cmmmuaexkrmieckoi [16], T. e. oma RosxEa ymoBaeTBOPATH
ele OfAHOMY MATPDHYHOMY YpPaBHEHHIO

ATIA =L (2.5)

Pemenne Marpuusoro ypasmenma (2.4) He eguaEcTBeHHO. UTOGHI
HailTH HOpMalu3yioliee npeolpasopaume, HaXo M3 OeCIECICHHOTO
MHOKECTBA pelleHH# MaTpHYHOro ypasHeHHA (2.4) BuGparh xoTd GH
OTHO BeMeCTBEHHO®, YHAOBJAETBOpAKINEe ypaBHeHHIO (2.5). "

Pemenme A ypasnemus (2.4) 6ynem mckate B Buge A = BC, rxe
marpuna C ompefesena paBeHCTBOM

C — u iE, E,
T —iE, E,

. (2.6)

Honcrasus B ypaBrenue (2.4) BMecTo A ero srpaskende depes B u C,
HOOXYYHM CJHeLyllee YPaBHeHHe AJIA HAXOAEHHA MaTpums B:

BD — IHB, @)

rpe D — nmaromanbnas ¢opma Marpuum IH. J{aa ee nmmaronaias-
HHX 3JIeMEHTOB HMEIT MeCTO PaBeHCTBA Oy = — ik, nyk = 0%
(k =1,2,..., n). TakaM o6pasom, Teneps Hago HaliTm MaTpERy B,
npuBogamyio Marpuny IH mcxommo#t cmcremnr ypasmenmit (1.1)
K puaromansHoi ¢opme. Oma crpomtcsa ciepytomum obpasom [17].
Ee cron6mamm mossxEm Ghirb coGCTBeHHHE BekToph Marpmusr IH.
Uwmenno, nycrs m-ii croaberm mMarpmms B Gymer co6CTBEHHBIM BEKTO-
POM €,,, COOTBETCTBYIOIMM COGCTBEHHOMY YHCIAY iG,, a (r + m)-i
cTonber; GyfeT BEKTOPOM €,,,,, COOTBETCTBYIOMHM co6CTBEHHOMY 9HC-
Y Apin — i0, (m=1,2,..., n).

Co6cTBeHHEE BEKTODH ONPENENANTCA € TOYHOCTHIO 0 TOCTOSAH-
Horo MuO:MTeNd. IlpuMeM 5T0T MHOKHTENEL BeleCTBOHHKM M ONMHA-
KOBHIM VL1 BEKTOPOB €, M €,,,,. HpoMe Toro, cooTBeTCTBYIOMEE KOM-
OIOHEeHTH OTHX BEKTOPOB BhI6epeM KOMIJIEKCHO CONpsSKeHHHIMMH.
Taxoit BhiGop cobcrBenERX BEKTODOR 00ecrmeumBaeT BemeCTBEHEHOCTH
marpuusl A. IIpomsBoasubie MEOKHTEIN COGCTBEHHRIX BEKTOPOB ompe-
AeNAOTCA W3 YCHOBHA HX HOPMHDOBKHM, KOTOpOe HHEke GyHeT IOXY-
4eHo M3 ycaoBHA (2.5) KaHOHHYIHOCTH upeo6pasoBamRus (2.3).

2 A. II. Mapkees
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ITogcrasus Brpanienne A = BC B ypanﬁenne (2.5), moayumm
C'B*IBC = L. (2.8)

Paccmorpum mogpo6ro Mmarpmny B'IB, koropyo pas  KpaTKOCTH
o6oznaumm wepe3d F. JaemeHrT fy, 9Toi MaTpPHOH, KAK HETPYNHO HpO-
BEDHTH, DaBHAETCA CKAJAPHOMY HOPOH3BEICHWIO BEKTOPoB e, m le;:

frr = (ex, Iey). (2.9)
Ho rak Kag mId TOGHX ABYX BeKTOpOB a @ b cnmpaBefnmBo paBeHCTBO
(8, Tb) = — (Ia, b), 2.10)

To oTciofia ciaenyer, 4ro Marpmma F — xococmmMerpmueckas. Pac-
cMoTpEM Jaiabpme CTPYykTypy Martpmnuel F. Jokarkem, wuro fy, = O,
ecam |l — k| n.

Ilns poxasaTelancTBa PacCMOTPEM OYEBHIHOE DABEHCTBO

(e I2Hey) = (e, HI%)). (2.11)

IlepenmmeM 5T0 PaBEHCTBO, HPe0GpPasys ero JEBYI H OPaBYI YacTH.
Nmeem

(ex, I2He)) = (I'H’ey, Ie)),
(ey, IIHe,) = — (IHey, 1e;),
(e, IMe)) = — (Myey, Iep).
ITocennee paBeHCTBO MOJKHO IepeNHCATh B BHIE
(A + M)fy = 0. (2.12)

Tak Kak COrJIacHO YHOPANOYCHHI COGCTBEHHHIX THCEJ, BBEICHHOMY
opu mocTpoermm Matpanu B, Beamamra Ay 4+ A; = 0 TONBKO B

caydae |l — k| =mn, ro m3 (2.12) caemyer, ut0 f); = 0, ecam
|l — k| 5= n. Takum obpasom, marpuna F mmeer Takyio cTpykrypy:
el s o] o1

—G ’ e

rie G — OAuaroHaJpHAA MAaTPHOA LOPALKA .7 C DIEMEHTAMH
& = (e, le,y). Hu onqme ms snementoB gy, He paBHAeTCA HYyMIO,
TAK KAK B IPOTHBHOM CIyJae ompefenmrerxs MaTpunu F pasmamca Gu
gymo. Ho

det F = det B" det I det B = (det B)2 =% 0,

TaR Kak Marpuna B cocraBiena m3 coOCTBEHHEIX BEKTODOB, COOTBET-
CTBYINHX pasImIueiM co0cTBemnniM wuciam Marpumm IH.

ITycts r, B 8, — AelicTBATENbHAA KM MHUMAA 4acTA COOCTBEHHOTQ
BEKTOPA €;, COOTBETCTBYIOIEro coGCTBEeHEOMY dmcay A, Toraa, yum-
THIBAA KOMIJIEKCHYI0 CONDPSIKEeHHOCTH COOTBETCTBYIOIIMX KOMIIOHEHT
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BEKTOPOB €; H €,.;, HOAYIEM [iA 3JeMeHToB MaTtpumun G Takme
BHDaKeHHA

gkk — - 2i (l'k, Isk) (k = 1, 2, ce ey n)- (2-14)

Temepr us pasencrsa (2.8) moxyumm Takoe ycrosue, o0ecneInBamee
CHMIOJIEKTHIHOCTE MATPHAME A:

4 (ry, Isy) = 4. (2.15)

Pasencrpo (2.15) aBxsercs, ¢ ofHOH CTOPOHE, YCAOBAEM HOPMHPOBKH
COGCTBEHHOTO BEKTOpPA €, & C JAPYrofi—— ycIOoBEHEeM HIIA BHOOpa
3HaKa 0y B ¢yuknuu Iammasrona (2.1). HefictBuTensno, UpupaBHAB
B ypaBuernn IHe; = ioye, NelCTBATEJBHYI0 M MHEMYIO 9aCTH, IOIY-
9UM TAKYI0 CHCTEMY YVPaBHEHHUH JIIA Ty # S

IHrk = —— OySg, IHSk = OyTy. (2.16)

lipn onmoBpeMeHHOM M3MeHEHWH 3HAKOB O M KOMIOHEHT BEKTOPa Ty
cucteMa ypaBHennii (2.16) ne msMenserca. 3HaK Ke CKaJIAPHOTO NMpPO-
n3BefieHua (ry, Is;) msmensercs ma mpormBomososkmmi. I[losTomy
paBencTBY (2.15) Mo)kHO Bcerga ymoBIEeTBODHTh BHOOPOM B3HAKa Oy
B rammiabToHEane (2.1) m coorBercTBYHOWmER ROPMEDPOBKOM CoGCTBEH~
HOTO BEKTOpa €. ,

IlpousBenss HeKOTOPHE BHUMCIEHHS, WONYIAM, 9T0 CHAMIJAEKTHIE-
cKad Marpmma A HopMaJmayiomero npeoGpa3oBaHMA HEBHPOKJIEH-
HajA, BelecTBeHHas B k-M ee croabmoM Gymer BekTop —2s,
a (n + k)-M — Bexrop 2r.

§ 3. O0mue ceejeHAA O JIMHEHHBIX CHETEMAX
¢ mepHopmuecKUME Ko3pduumenTamn

Paccmorpum ammeiinyio cucremy

P, o

rie A (f)—HenpepnBHas, 2n-nepuofAHYeCcKas 0o ¢ MaTpuna. [lokaskeM,
creftya [21], Teopemy g crpykType obmero pemenua cmeremm (3.1).

Teopema (Dioxke). Jas cucmemn (3.1) gyndamenmanvrasn Mampuya
pewenul X (t), nopmuposannasn ycaosuen X (0) = E,, npedcmasuma

é eude
X () = Y (t) eBt, (3.2)

ede mampuya B — nocmoannasn, a Y — nenpepusno dugdeperyu-
pyemas, 2mn-nepuoduxeckas no t. '

Alis HoKasaTeABCTBA 3aMETAM Hpeie BCETO, 9TO TaK Kak X (f) —
dyEnamenTanpbHaA MATpPENA pemeHuii ypasEemEs (3.1), To B cmIy

2%
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2n-neprogAYHOCTH MaTpunu A (f) dyHMaMeRTaabHOM OygeT TaRKe
matpana X (I 4 2m). A 9T0 3HAYET, ITO CIOPABEJUIEBO pABEHCTBO

X (¢ 4+ 27) = X () C, (3.3)

rae C — mocroansas Marpuma. Ilonoxms B (3.3) t = 0, momywmm,
aro C = X (2n). Takmm obpasom,

X (t + 2n) = X () X (2n).

Ouesupsao, aro det X (2n) = 0. 3uagmr, X (2n), Kak BCAKaA HOBH-
posxTeHHaA MaTpuna, mpepcrasama [17] B Bupe

X (2n) = B, (3.4)

Tenmeps noxOREM
Y(t)=X(t)eB (3.5)

® mposepnM, uTo Y (f) — 2n-mepHopmyeckas marpmia. HMmeem

Y (¢ 4+ 27) = X (¢ + 2m) e-2B-Bt — X () X (27) 2B Bt =
= X ()X (2n) X (2n) eBt = Y (¢).

Taxam obpasoM, Y (¢) 2n-nepmopmuna, a u3 (3.5), KpoMe TOro, BATHO,
4970 OHa HeupepwBHO Aupdepennmpyema. MUz (3.5) caexyer eme, dro
dyunamenranrraa mMatpuna X (f) mpexcraBEMa B Bmme (3.2). 3ro m
IoxasuBaer Teopemy Daoke.

Cnegyer orMeTHTh, 4TO MaTpumH Y (f) m B, BooGme rosopsa,
rommiekcHue [32].

Has nanpHedmero BBeeM HEKOTOpPHEe ONpeleleHMA. CchTBemme
gmcaa A; MaTpunu B, T. e. KODHE ypaBHeHESA

det (B — AE,) = 0, - (3.6)

HABHBAIOTCH IAPAKMEPUCMUNECKUML noxasamesamu cucmexms (3.1).
CoGcrBennne wncaa p; Matpunit X (2m), T. «  <OpDHH ypaBHeHHA

det (X (2rn) — pE,) = 0, (3.7

HaBHBAIOTCA Myabmunaukamopany cucmemn (3.1).
QueBEIHO, ITO
27TA. 5
p=e""7 (3-8)
BH

1 . .
M= Inp = (nlo;| +iargpy + i2kn]  (3.9)

k=0, +1, £2,...).

Hs IMOoCeAHEer0 PaBeHCTBA BHIHO, YTO 3HAYOHAA XAPAKTePHCTHISCKMX
) MOKasaTeNeH OIIpEAeNAIOTCA MO BHAYCHHAM MYJIBTHIUVIMKATOPOB HEOH-
HO3HAYHO.
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IlpnBenem eme Ges moKasaTeabCTBA CJEAyIOIME JBa YTBEpKAe-
s [51] o xapaxrepmcrmuweckom ypasmemmm (3.7): 1) xapaxTe-
PHCTHYECKOe ypaBHeHHe He 3aBHCHT or BHOOpa (yHZaMeHTAIbLHOK
MATPHIH peImeHuii, 2) XapaKTePHCTAYECKOe YpaBHeHHE He M3MEHATCSA,
ecad cucreMy (3.1) HOgBeprHYTH HEBHIPOIKICHHOMY JMHEAHOMY Hpe-
06pasoBannio ¢ 27-HepHOAWICCKAMA KOdPPEIUOHTAMHE.

Teneps paccmoTpEM 3ajady © OPHBOMMMOCTH CHCTeMH (3. 1)

Cucrema (3.1) HasmBaerca npueodumoii, ecam CyIeCTBYeT 3aMEHA
ePeMEeHERIX

=L()y (3.10)

Takag, 4ro cucrema (3.1) mpeofpasyerca B cmcreMy ¢ HOCTOAHHEIME
roapunmentamu, a 2n-meprofmIeckass marpuna L (£) — mempepusHO
napdepeHnEpyeMasn, OTpAHAYCHHAS OPH BCeX [, M TAKUME He CBOM-
crBamu obxagaeT o6patran Marpuna L (f). HMeer mMecro cremyomasn
reopema Jlamywosa [49]: aunelinas cucmema (3.1) ¢ nenpepwisnoii
nepuoduueckoli mampuyeti A (t) npusoduna.

Jlnsa pmokasaTenbCcTBa TeopeMH JIANyHOBa HIpHMEM 3a MATPHIY

L (¢) opeobpasosarusa (3.10) marpuny Y (f), ompemeneHnyo paBeH-
crBoM (3.5). Oma HETPePEIBHO mupdepeHOEIpyeMa W OrpaHAYCHA IPH
Bcex { BMecTe CO cBoell ofparHoit. OcraeTCd TOIBKO NOKA3aTh, 4TO
npeo6pa3oBaHHaA CHCTeMa GyAeT CHCTEMOH ¢ MOCTOAHHHIME K03(pdm-
OHeHTaM®. B 3TOM Jerko yOeguThCH, HOJCTABHB

x = X () e Bty (3.11)
B (3.1). Ilpom3Bens BHKIARKHE, HOXYIEM
d
= =By. (3.12)

Taram 06pa3oM, xXapaKTepHCTHIeCKHe HOKA3aTedd A; CyTh KODHH
XaPaKTePUCTHICCKOTO YPABHEHHS npeoOpasoBaHHOM C]Z[CTeMBI (3.12).

flcno, uro 3ajaqu;m 00 yCTOMIMBOCTH CHCTEM (3 1) u (3.12) sxsuBa-
JIGHTHEL. Hoammy H3 OPOBENEeHHHX DPACCMOTPEHMIA CllefyeT, ITO CHCTe-
Ma (3.1) ycrofiumBa TOTZIAa H TOABKO TOTAa, KOTAAa BCe ee MYJILTHILIM-
KaTODH HPWHAIeKAT BAMKHYTOMY RMHHYHOMY Kpyry |p|<C 1,
HpuveM B CIy9aé CyMeCTBOBAHMA KPATHHX MYJIBTHILIMKATODOB, J€-

Aamuax Ha)/ OKpYyHOCTH | p | =1, marpama X (2r) nopumBommTeHs K
AaaroHaJdbHOHE (opme.

§ 4. Yeroiimmsoers sHmEelH HX raMBRILTOHOBHIX CHCTEM
¢ nepmopmvYecknMu Ko>PPaqmenTamu

Paccmorpum 3amady 06 ycTORYMBOCTE TaMHJIETOHOBOM cHCTe-
mar (1.1). Camraem, wro H — mempepmBHAsm, 2m- -IePHOJMIeCKAS
no f, BemeCTBeHHAA CHMMeTpMYeCKas MaTpuma. 3agada of ycroifam-
BOCTH JIHHeHHHIX IAMWIBTOHOBHX cHCTeM 0Gnxapmaer panoM coemagpu-
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9ecKuX 0cofeHHOCTel mo CpaBHEHHWIO ¢ 3afaded o6 ycroiumpocra 00-
IM@X JUHEHHHX CHCTeM, KOTOpHE GHIIHM PacCMOTDEHH B IpeNbAyIHmeM
maparpage. OTH 0COGEHHOCTH BHITEKAIOT U3 TeopeMH JlgamymoBa —
Ilyankape 0 XapakKTepHCTHYECKOM YPaBHEHHW TaMHUJIBTOHOBHX CH-
cTeM ¢ HepHOf@YecKAMEH KodpdmmmenTamm. Heckombko Bmmke ML
copMymrEpyeM B HOKasKeM 3Ty TeopeMy, a IPeBapHTEALHO PaccMo-
TPEM TaK Ha3HBaeMble BO3BDAaTHHE yPaBHEHHA.
YpapreHze

f(Z)anzn+alz—1+~"+an=O (a0#01 z=x+zz)1)

Ha3HBAETCA 6036DAMHbM, eCIN eT0 K0d(PPUNEEenTH, PABHOOTCTOAMHAL
OT KpalHHMX 9JIeHOB, PAaBHH MeXAy coGoi, T. e. B sammem (4.1)
Ay = Qp_.

Jias BO3BpAaTHOTO yPAaBHEHHA CHPaBeNIHBO TOKIECTBO

1 1

f (7) =51@) (@0, (4.2)
u, HaoGopoT, ecay BHIoXHEHO (4.2), To ypaBHeHHe (4.1) BozBpaTHOe.
W3 (4.2) cremyer, 910 BO3BpaTHOe ypaBHeHHe HEYeTHOH cremend ob:A-
3aTeIBHO HMeeT cBoEM KopHeM wmcio z = —1. Ecam n — gernoe
9UCE0, TO NPH MOMOMY HIOJCTAHOBKE

W=zt

n
BO3BpaTHOE ypaBHEHHE CBOIUTCA K YPaBHCHUK) CTremenn 5 OTHOCH-

TEABHO W.

VMeroT MecTo caegylomme Jerko nposepsemee [21] cBoficra kop-
Heit BO3BPATHOr0 YpaBHEHUA: eCAM y YPaBHEHHA eCTh KOpeHb z = 1,
TO KPaTHOCTH €r0 YeTHAA; eCId ecTh KopeHb z = —1, TO ero kpar-
HOCTh 9eTHAsA LIPH YeTHOM 7 M HedeTHAS NPH HEYeTHOM n; eCIH ypaB-
HeHHe IMeeT KOPeHb 2z 7= =1, To 0HO MMeeT TaKKe H B3aUMHO 00paT-
HHIT KOpeHb z; = 1/z; Toi# 3e KpaTHOCTH.

Teopema Jisnynosa—Ilyankape. Ecau mampuya H (f) auneinoi
eamuavmonoeots cucmemit (1.1) — 2n-nepuoduueckas no t, mo rapax-
mepucmuuecroe ypasHenue

f(p) = det (X (27) — pEgn) = 0 (4.3)

— gosgpammoe. .

HJorkaszaTeabCTBoO. Bo-mepBx, AOKaKeM, 4TO MAaTpPHNA
dyagamenTanpHuX pemennmii X (f) — CAMIUIEKTHYECKas, T. e. CHpa-
BeIABO TOMECTBO

XX =L (4.4)

B camoMm nene, upm t = 0 paBsencrBo (4.4), o9eBEEHO, CHPaBEIIABO,
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4 BRYUCJIWB HOPOH3BOXHYIO npaBoﬁ ero 49actd, HOOJy9IHM

T
d(xd"'tIX) - dditlx + X7[ % — X"H'I'IX + XI2HX —

= X"H(—1?)X + X"I?HX = X"HX — X'"HX = (.

IToaromy paBeHCTBO (4.4) cupaBegnuBo IpH BCex i.
Bo-BTopnx, ormernm, 410 M3 TeopeMH JIMYBHIIA O COXpPAaHEHHHA
dazosoro obwema [16] caenyer, uto det X (2n) = 1.

Temeps MOMHO IpPOBepHTH, 4TO ypaBHenme (4.3) — BosBpaTHOe.
Nmveem '

i (p) = det (X — pE) = det X (E — pX1) — det (E — pI*X"I) =
— det I"* det/(E — pX®) det I = det (E — pX)* —
— det (E — pX) — p det (x — %E) — ponf (Jp_> )

3uayuT, XapaKTepHCTHIECKoe ypaBHeHHMe (4.3) — BosBpaTHOE, H
treopema JlamynoBa — Ilyaukape pgoxasama.
YraskeM BasKHeHmHe CHELCTBASA 3TOH TEOPEMHI:

" 1) nmpeiiBaa rammabpTOHOBa cmcrema (1.1) ycroiiumBa Torma m
TOIBKO TOIZA, KOTAA BCe €e MYJIbTHILIMKATODH ; PACIOJNOKEHH Ha
eARAYHON OKpyxHOCTH |p | = 1 m Martpuma ' X (2n) upmBommres
K [aroHAIbHOH ¢dopwme; o

2) MyJAbTHILIEKATOPH P; U 1/p; EMEIOT OMHAKOBYI0 KPATHOCTD;
J) ecaum xapaKTepHCIHUecKoe ypaBHeBme (4.3) HMeeT KOpPeHB
o =1mmp = —1, 70 9TH KOPHE EMEIT YETHYI0 KPaTHOCTb.

§ 5. Hopmasmszanusi raMuIbTOHOBOI CHCTEMbI JIAHEHHBIX
ypapHednii ¢ nmepumogmieckmMa kodpduanentTamm

Paccmorpum cHOBa cmeremy (1.1) ¢ HelpephBHOE HepHOTAIECKOR
marpuueii H (¢). Coriacao Teopeme Jlanymosa cucrema (1.1) mpmBo-
nmma. CoOTBETCTBYMOMIAasa 3aMeHa HePeMEHHBIX MOjKeT GHITH 3alHCaHa
B Bufe (3.11). Ho samena mepememHRX, npuBopsmas cucremy (1.1)
K cHCTeMe JHHEHHEIX ypaBHEHWH C IOCTOSHHHKIMA Ko3(QdrHmmeETaMH,
onpeneaserca Mmarpumeit H (f) meommosamaumo. B arom maparpade
HOCTPOEH  QJrOPUTM  OTHICKAHHMA  JUHEHAOr0  BemleCTBEHHOIO,
2n-0epHOKHEIECKOT0 U0 {, KAHOHWIECKOT0 Npeo0pasoBaHUA, OIPABONA-
mlero cacreMy AuddepernuanbENX ypaBHeHHMH (1.1) K HOpMaabHOK
dopme. Bynem npepmosnaraTs, 9T0 XapaKTepHCTHICCKHEE TOKA3ATONH A
cuctemsl (1.1) — wmcro MHuMEe, Ay = i0y, & BCe MyJBTHILIMKATOPH
pr = exp (i2n0%), Pnux = px (¢ =1,2,...,n) pasmmuss. Yepra
0603Ha9aeT KOMIUIEKCHO CONDSKeHHYI0 BeIWYHHY. ’

Kak z B crydae, Korma B cucreme (1.1) marpuma H (¢) nocroanna,
MH HashBaeM HODMalbHOH (opmoir cmcremur (1.1) Taxyno cmeremy
YpaBEEHWH ¢ IOCTOAHHLIMA Ko3dPHumuenTaMm, KOTOPOHA COOTBETCTBYET
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dyuxnua lamansrona Bupa (2.1). 3amava HOpMATH3aOUA JHHEHKHKIX
KaHOHAYECKHAX CHCTeM ¢ TepHONMIecCKAMH KoddpdHumenTamu HCYep-
OoaBaome ma3ydena B paGorax [109, 157, 179—182]. Iloxasamo, uro
HOpManH3yoImee Ipeofpa3oBaEEe MOKHO BHODATh BelECTBEHHLIM H
2n-mepumopmueckEM mo ¢. Jua n = 1 B [53] morasano, xak mpaxrmve-
CKH IOJAy4YMTh Takoe IpeoGpasoBanme. Temeps paccMOTpHEM, Cie-
nys [54], sagawy HopManH3aLuu A IPOM3BONBLHOTO n. PeaymbraThl
OpefCTaBEM TaK, YTOOH HX OHIIO YyROOHO NPAMEHATH LIpPHA pemeﬂnn
KOHKDPETHHX MeXaHMYeCKHX 3ajad.

Hycrs X (¢) — pyEAaMeHTANBHAA MATPHLA — pEMEHHE CHCTe-
mu (1.1). Hopmanmayomee npeoGpasoBanme

x= Ny (5.1)
TMpPefCTaBUM KaK IOCHeTOBATEIbHOCTh ABYX 3aMeH IepeMeHHHX
x = X (t) Ae-Biz, (5.2)
z = Cy; (5.3)
amecs B — gmaronannHas MaTpuma, Yy KOTODOH DIEMEHTH OIIPEXEI6HE
paBeHCTBAME by = ~— buyp nek = i0y (K =1,2,...,n). Marpuna C mmeer
sry (2.6).

ITpeoGpazopamne (5.2) npusopur cmeremy (1.1) kK pmaromanspHOR
dopme

dz
2 — Bz (5.4)

Mocne upmmenerua mnpeoGpasosaHma (5.3) cucrema ypaBHeHEE (5.4)
nprobperaeT HopManbeHylo ¢gopmy ¢ Qymxmuedt I'avmaproma (2.1). ITo-
CTOAHHEYI0 MaTprmy A B dopmyne (5.2) mogbepeM Tak, 4roGH mpeob-
pasoBaHue (5.1) OHJIO BemeCTBEHHEIM, YERBAJICHTHHIM, KAHOHUIECKHM .
2n-meproggUecKuM 1o I.

IIpeoGpasosarne (5.3), Kak HETPYAHO HOPOBEPHTH, ABJIAETCH KAHO-
HEueckMM ¢ BaldeHTHOCTHIO 2i. Kpome Toro, mMarpmum X (f) m
e Bt — cummnextmaeckme. [as X () 910 morasaHO B § 4, a CEMILIEK-
tuapocTh e-Bf oueumma. Tarwmm ofpasoM, arobm mpeobpasopanme (5.1)
OHO0 KOHOHWMYECKMM M YHHBaleHTHHM, HeoGXogmmMo M mocrarouso [16],
qr06m Marpama A Onia 060GIMeHHO-CEMIUICKTHISCKOR ¢ BAJIEHTHOCTHIO
1/2i, T. e. JO.IKHO BHIOJHATHCA PABEHCTBO

1
T
[Manee, u3 ycnopHA 2-TepHOMYHOCTH HOPMANM3YIOMEro mpeos-

pasosanus (5.1):
X (27) Ae-27BC = X (0) AE,,,C
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DQIyYaeM MATPHYHOE ypaBHEHME JJISi OmpefeldeHUs A
[ .

.

ATX (2n) A = 7B, 2B — P . (5.6)

o
Marprna e?*B saeasercs pgmaroHaibHOH @gopMoit Marpumu X (27). Y Ma-
Tpuns A, opmeogamed X (2m) K numaromanbHOR $opme, j-H cromber
ecTb COOCTBeHHHIH BEKTOD €j, COOTBETCTBYIONWH MYJILTEILIAKATOPY
p; G=1,2,...,2n). Ee momno mnpexcraButs B BEge A = LD,
rie L — raroe-n1m6o pemenne ypaBuenumsa (5.6), a D — pamaronmaanp-
Hag MATpUIa HOpANKA 21, YIEMEHTH KOTOpoil mogbepeM Tak, YToGH
YAOBAETBOPUTH ycaoBuio (9.3).

Kpowme roro, 6yxeM camTaTh, 970 9JeMEHTH MAaTpUIE D — BemecT-
BeHHBI® WACHA B dpipnip = ik, 2 COOCTBEHHHE BOKTODH €4 H
e; — KOMILUIGKCHO compsiKeHHHe (K = 1, 2,. .., n). 310 obecmeun-
BaeT BemeCTBEHHOCTh HOPMAINBYIOIIEr0 HpeoOpasoBAHHA.

IHoxasxeM, Kak maiita Mmarpany D. Iloncrasass A = LD B paBeH-
crBo (5.5) m yumTHBasA, uro DT = D, moxywaem

DL'ILD — L. (5.7

Teneps o6osnaurm Matpunmy LIL uwepes F. Ee onements fy; Brrumc-
asiorea mo gopmyne (2.9). Amamormupo § 2 mosydaeM, YTO MaTpHIa
F — rococummerpugeckas.

JAnsa panpHelimero aHanu3a ee CTPYKTYPH JOKaMKeM CleXyroIiee
yTBepHIeHHEEe: €CIH IPOHM3BefcHMEe COOCTBEHHBIX YUCEN Oy H P; CHM-
nIeKTAYecKoil Marpunn X He PaBHO eIHHHNE, TO COOTBOTCTBYIOIIHAE
cofcrBeHHEE BEKTODH € | €; YIOBIeTBOPAIOT PABEHCTBY (e, le;) = 0.

Jlna poxasaTeqnpCTBa CHAYajla 3aMeTEM, 9TO IO OIPEXEICHHI0
CEMMeTPHYeCKOH MATPUIOE JiA N00HX BeKTOpoB a u b mMeer Mecro
PaBEHCTBO

(IXa, Xb) = (X"IXa, b).

Haiee, HCHOXB3YA CHMIVIEKTHYHOCTH MATpmmbl X, HOIydaeM
(IXa, Xb) = (Ia, b). IlogcraBme B mOCIefHEee PaBEHCTBO a = e,
" b = e;, moayumm

(IXey, Xe;)) = (Iey, €;). (5.8)
Ho Xe; = pje; (j =1, 2,. .., 2n), moaroMy paBeHcTBO (5.8) MOKHO
mepemucaTh Tax: |
' (oxp1 — 1) (ex, Tey) = 0,

® ecad pxp; 7 1, To HeoGXomuMo, 9TOOH CKaNApHOEe HpPOH3BefeHHEe
(ex, Ie;) paBEAIOCH HyTO.!
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Takum obpasom, marpuma L'IL sammcuBaerca B mmge (2.13),
W JJIEMEHTH gj; Marpmou G, Bxogamed B (2.13), smumciagiorcsa mo
dopmynam (2.14). M3 pasencrsa (5.7) momydaeM Temephr ypaBHeHHE
IS HAXOKIEHAs! dJIeMeHTOB MaTpuns D

4dik (vx, Isg) = 1. ] (5.9)

Ilocienaee ypaBHeHHe HMeeT JeHCTBATENBHOE peUIeHHEe, eCIH Beau-
yuHa (ry, Isy) MomoskmTEeNbHA, Yero BCerga MOKHO MOGHTLCSA COOTBET-
cTBylOmEM BHOOpOM 3HaKa 0y B pyHkmuwm Iamuiastona (2.1). B camom
meme, B3 ypaBHeHHA Xeyx = pye; WMeeM CHCTeMY YPaBHEHWHE OTHO-
CHTOJBHO JeHCTBATEIBHOH Iy M MHEMOA S, YacTei# BEKTODa €'

(X — cos 2o, E,,) vy 1 sin 25048y, = 0,

— sin 2n0yry + (X — cos 204 E,y,) s = 0. (5.10)

Cuctema ypaBrennit (5.10) He E3MeRseTcd IPU OTHOBpPEeMeHHOM H3Me-
HeHAH 3HAKA O M 3HAKA KOMIOHEHT BEKTOPA Iy. SHAK JKe CRAJAPHOTO
mpousBefieRAA (Ty, Is;) H3MeHAeTCA Ha IPOTHBOLOOKHKIA.

Taxum o6pasom, MH Hamurm Matpumy D. Marpuma mopmanamsyio-
mero npeoGpazosanua (5.1) mMeer BHS

N = X (t) LDe-BiC.
ITocie mekoTOpHX Hpeo6pa3oBaHW ee MOKHO HpPEACTaBATL B BHIE

OTpOoU3BEJIeHHA TPEX BEIIECTBOHHEIX MAaTpHI
N=X()PQ(). (5.11)

B mocaenmeit ¢gopmyne uepes P oGosmaueHa mocroaHHAam MaTpHIA,

y Koropoii k-# cronbern ects BekTOp —2diySy, a (n - k)-i cTonbem ——
BEKTOp 2diTy (K = 1, 2, . . ., n). Matpmna Q (¢) umeer Bupg

cos Kt —sin Kt

Q ()= sin K¢ cos Ktl

sin o, ©0S 54

sin K¢ = , cosKi= .

sin cnt cos G, t

§ 6. 3agava o mapamerpmuecKoM pesomance. Jlmmeitnnie
TAMAILTOHOBBI CHCTEMEI, CORep:Kamfie MaJIbIi nmapamerp

B xoHKpeTHHIX MexammdeckHmX 3sajautax Marpuma M (¢) cmeremm
(1.1) obrraHo0 3aBHCHT OT OXHOTO MJIH HECKOJBKAX MapaMeTpoB. 3ajada
0 mapaMeTpHIeCcKOM pesoHance Aia cucteMsl (1.1) cocromt B ompeneie-
HEM TeX BSHAYeHHH mapaMeTpoB, HPH KOTODHX XapaKTEPHCTHIEC-
Koe ypapHeHZe cucTeMH (1.1) mMeeT KODHH ¢ MOAyJIAMH, 6OXbLIIEME
eMHHIE.
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dra Bajmavya moppobHo m3ydema B pabGorax A. M. Jlaoynosa,
M. T'. Kpefma, B. A. fixy6osmua, B. M. Crapskmackoro, 1. M. Texs-
danga m B. B. Jlugcroro, [(*. Mosepa u ap. Hoxyuenuwe pesyasrars
M3JI03KeHH B MoHorpadumu [97], roe npusefena u o6mupHas 6ubanorpa-
¢ 00 YyCTONYMBOCTH JMHEAHEIX CHCTEM C IepHOARIeCKIMU Koddduru-
eHTaMH. 37eCh MW OTPAHMIHEMCS PACCMOTPEHNEM 3a7aul O IapaMerpH-
YECKOM pe3oHaHce MiA TeX YACTHHX €JIydaeB, KOTOPHE THIHYHH s
PACCMATPHBAEMEX Jlajlee KOHKPETHRIX B3ajad HeOecHOH MeXaHAKH.
Bynem mpeaunoaarars, 49ro ¢yuxmus ammastona H, coorBercTBYIO-
miast cmcreme (1.1), mmeer Buy

H =H,+ eH, + eHy + ..., 6.1)
rie H, H, ...-— ®KBafipaTmuHee ($OpPMLI mepeMEeHHHX &, Za, . . -
«.ry Lop, pHIEM KODPPUITEERTH GopMH H ( 1OCTOAHHEH, 8 KO3QPAIMEeHTH
¢opm H,, H,, . . . — HempepHBHEE, BemleCTBeHHHE GYHEKOMHA I ¢ 00-

MEM TeprofoM 2.

IIpesxne geM mepexofuTs K 3aKade 0 mMapaMeTPUIECKOM pe3oHAHCe,
PACCMOTPHM 3aBHCHMOCTH MYJIBTAMIUKATOPOB (M XapaKTePUCTHICCKHX
moKasareseit) or mapamerpa e. Tax kax ¢ymxmma Tammasrora (6.1)
IPeIoIaraeTcs aHAIATHISCKOH OTHOCHTENBHO €, TO IIPaBHE YaCTH
cucremur (1.1) rarsxe amanmrmusel. Torpa, Kak W3BecTHO, J0Goe pe-
merue X (1; ) cucremur (1.1), AnA KoTOpoOro HavadLHOE 3HaUeHHE HE
3aBHCHT OT &, Oy[eT aHAIWTHIECKAM OTHOCHTEeILbHO £. B gacrHOCTH,
aHAJTATHIeCKMMHA GYAYT 9JIIeMeHTH Z;; (1; &) pyHRaMeHTaIbHO# MaTPUIH
pemennit X (Z; ). Orciofa moxrysaeM caenyiomymo Teopemy A. M. Jlamy-
HOBa: ecau npagvie wacmu cucmems (1.1) anoiumunns, omrocumenbHo
&, mo Koagppuyuenmu raparmepucmurecrozo ypasnenus (4.3) 6ydym
anasumuueckumu GYHEYUAML &, npuien 064a4CMb UL AHAAUMUYHOCIMU
cosnadaem ¢ 06.4acmuvly ARAAUMULHOCMU npasux wacmetl cucmemst (1.1).

Ho npm srom MmyunsTunamrarops (A XapaKTepUCTHIECKHE ITOKABATE-
in) He 005A3aTeIbHO AHANATAYHE. B caMoMm felte, pacCMOTPUM Xapakre-
pucrudeckoe ypasHeHHe (4.3):

o) =" a4 fap 1 =0, (6.2)

rne kKo3(pEIEeHTH a, — aHajdmTAIecKue OJynrnum €. W nycrs
p* — xaroit-niuGo xopess ypasuenms (6.2) mpm & = 0. Ecam ox e
ABIAETCA KPAaTHHM M, cliefoBaTeasHo, df (p*)/dp* = 0, To Ha ocHOBa-
HUH TeOPeMH 0 HeABHOM (YHKIWA mpH JOCTATOIHO MAJIOM €, OTIHIHOM
OT HYJA, CYMECTBYeT OJMHCTBeHHHH KopeHb P (&), IIA KOTOPOTO
p (0) = p*. Ilpu atom p (g) — aHaTHTHIECKAsA QYHKIHWA € A AHAJIKTH-
9eH COOTBETCTBYIOIMI XapaKTePECTHYECKUA MOKA3aTellb, B TOM Ke
cIydae,) KOTIa 0*— KpATHHI KOPEHE M, CiIefoBaTeldbHo, df (p*)/dp* =
= 0, 3ajzada O 3aBHCEMOCTE KOpHell ypasHeHMS oT & mpH & == 0
craroBurca 6osee caoxnoi. Ecau kopens p* umeer KpaTHOCTD, PABHYIO
m, 1o ypasuenne (6.2) upu £ == 0 mmeer [20] m wopme#t, o6pamaro-
muxcsa npu € = 0 B p*. W 9w KopHE aHAAMTHYHE OTHOCHTEIHHO
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els rpe 1 < &k < m. ABajnormunas 3aBHCHMOCTH OT & GylmeT HMEThb
MeCTO W [IIA XapaKTePHCTUYeCKAX mnokasaredei. OTmeTmM, 4To Hesa-
BHCHMO OT KpPaTHOCTH KOpHA p* mpm € = 0 KopEm ypasmemma (6.2)
npu € # 0, BO BCAKOM CiIydae, HENIPEPHBHH IO E.

Teneps pacemorpmm cucteMy (1.1) mpm € = 0. 3ro Gyner cmcrema
¢ mocToaEEHMY Koadpdunmentamu. ITycts A — KopeHb ee xapaxrepmc-
THYeCKOTO ypaBHeHHA. lloaydmM YCAOBHA aHAJATEIHOCTE MYJb-
tAnaakaTopoB cucreMsl (1.1) mpu & = 0.

MyasTEOIEKATOD © XapakTepHCTAYeCcKoro ypapHenma (4.3)
cucremnl (1.1) ¢ 2n-nepmopmveckmmm kosdpdmunmenTamm npm & = 0
umeeT BEA P = exp (2aA). Coraacmo teopeme Jlamymosa — Ilyamxka-
pe (cM. § 4), BMecTe ¢ MyJABTHRIHMKATOPOM p=exp (27A) cymecTByeT
MyASTHIARKATOD p = exp (—2mA). Orcioma moyygaeM, dTO Xapak-
TepHCTHYeCKoe YypapHenme (4.3) mpm & = ( mMeer kKparHHe KOpDHH
B TOM H TOJIBKO B TOM CJIy4ae KOIJIa BHIIOJHAETCSA COOTHOUIIGHME

kkiM:iN (k,l‘——-l,z,...,n;N=0,i—1,i2,...).
: (6.3)

TaxmM ofpasoM, ecam kKoprm A; (j=1,2,..., 2n) xapakrepmcra-
geckoro ypasHenusa cucremul (1.1) npm € == 0 He C¢BSA3aHH COOTHO-
mermsimu (6.3), T0 ee MYJIBTENAMKATOPH npm & % ( aHAAMTHIHE
OTHOCHTEABHO €.

OrMeTEM, YTO IPH HEKOTODPHX MIOHOJHUTENBLHHIX YCIOBHAX
C. H. [lamasoBnM mokasana [52] aHaimTHIHOCTE MYJABTHOIRKATOPOB
¥ Op¥ BHOOJHEHHMA paBeHcTB (6.3).

JlomyctaM, 9TO XapakTepHCTHYeCKoe ypapHeHme cmcreMu (1.1)
upu & = 0 mMeeT KOpeHS A; ¢ OTIIMIHOI OT HYJIA BeIECTBEHHON JaCThIO.
Torpa, cormacuo § 1, ono mMeer KOpeHbL — A; M, ClIefoBaTelbHO,
¥ XapaKTepyCcTEYECKOr0 YpPaBHEHHA 00A3aTeNbHO ecTh XoTA 6Ll ofuH
KOPeHb ¢ HOJOKATEIBHOH BemMECTBEHHOA dacThio. A BHAaYHT, NpH
MQJIBIX 3HAYCHHAX €, OTIRYHHX OT HYJNfA, XapAKTePHCTHHECKOE YpaE-
Henme (4.3) mMeer KopHEM ¢ MOmyiaME, GOJpmIAME eIEHEHOL. B aroM
caydae 3afada 0 HapaMeTPHYECKOM pe30HAaHCe, KaK BUIHM, OPOCTA H
HEMHTEePECHA.

ITycts Teneps npu ¢ = O xapaKTepHCTHYECKOe YPaBHEHAE CACTEMHE
(1.1) mMeeT TONBLKO 9MCTO MHHMHE KODHH —+icy(k =1, 2,..., n).
Torma ypasuenne (4.3) mpu ¢ = 0 mMeeT TOABKO TaKHe KOPHH, MOAYJIH
KOTOpHX DAaBHH emuHANe. M3yumM moBefieHEe MYJIBTHIIHKATOPOB
OpH MajiHx €, OTIWYHHX OT HYJIA.

Cmavaza pacCMOTPEM HpoCTedmmil caydad, xorga upm & =0
HeT KPATHHX MYJBTAINIAKATOPOB, T. €. KOIAa, coriacro (6.3), Bu-
MOJHSIOTCH HEPaBeHCTBA

o +0,%N (k,1=1,2,...,n N=0,+1,42,...). (6.4)

fIcHo, 4TO B 9TOM cIydae, B CHIY HOHPEDPHBHOCTA MYJILTANIHKATODOB,
OHH OCTAHVTCA HEeKPATHHIMH U IpH HOCTATOYHO MAJHX E,
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HKpome T0T0, NPH HOCTATOUHO MAJKX & MYJIbTHIIMKATODA HO MOT'YT
HMETh MOAYJH, OojibmiHe eNMHANE. JITOT BHBOJ, ABIAETCA HIPOCTHIM
caencreueM u3 Teopemu Jiamymosa — Ilyankape o xapakrepucTEZec-
KoM ypaBHeHHE (4.3). Cornacso 3TOH TeopeMe, MYJIbTHIIEKATOPHI
PACIIOJIOKEHH CHMMETPHYHO OTHOCHTEJBHO EWHAYHOH OKPY;KHOCTH.
IIpu MamHX 3HaYeHHWAX € OHH HEe MOTYT COATH C OKDPY’KHOCTH, He Hapy-
IIMB YKa3aHHOM CHAMMETDHH.
HeiicTBuTenbHO, paceMoT-

PHM A HATAAJHOCTH CIY- A
gaii n = 2. Xapaxrepucra-
gJecKoe ypasHeHme (4.3) Oy- )y
neT ypaBHeHneM YeTBepTora
mopapgka. Ilyers p; (j =1, e
2,3,4) — ero xopmEH mpH
= 0. BynmeM maobpaskatp 4
AX HAa KOMIJIEKCHO# mioc-
Koctu p (puc. 4). Ilycrs upm  Prc. 4. IIpocTie u KparHie MyJILTHILIEKATO-
MaJIlX € ONWH u3 KOpHeﬁ, PH Ha eNUHMIHOU OKPY/RKHOCTH.
HAIPHMEDP P, COUIEN ¢ OKPY/KHOCTH M CTad 10 MOAYJi0 GoJbpNie efu-
puns. J3-3a BemecrBemmocTm MaTtpunu X (2m; 2) KOMIJIEKCHO

CONPAKEHHBA KODeHh P HEOGXOMUMO CMECTHICH OH B TO9KY,
CEMMETPHIHYI0 OTHOCHTEJLHO BEMIECTBEHHOE ocM. A TaK Kak
9HCJI0 BCeX KOpHEeH paBHO 9YeTHpeM, TO y KOpDHA (O, He OKa3ajloch
6 ofpaTHOr0 mO BeJWYHHE, 9YTO IPOTHBOPEYHT TeopeMe Jlamy-
HoBa — Ilyamkape.

Taxmm o6paszoM, ecam npu & = () OTCYTCTBYWOT KpaTHHE MYJILTH-
OJAKATOPH HJIH, 9TO TO 7Ke, BEUIOJHANTCAH yeiaoBus (6.4), To raMmian-
ToHOBa cucteMa (1.1) mpm & = 0 ycroiiumpa, ecam Bexmuuna | €| qocra-
TOYHO MaJa. _

Ecmu sxe npm & = Q cymectBYOT KpaTHHe MYJbTHIIHKATOPHI,
pacuojio;keHHble B HEKOTOPO# Touke A eAMHMIHOA OKPY/KHOCTH
(puc. 4), To npm & 5= 0 oBm MoryT, BooOme roBops, COUTH C OKPYK-
Hocte. IIpm aToM OHE MOryT pacmoJORHTBCH, KaK M300paskeHoO Ha
puc. 4, B CHMMETDHA MYJIbTHEIVIMKATOPOB OTHOCHUTEJBHO eIMAMIHON
oKpymHOCTE He Oymer mapymena. Ho cmemenue mysnsrannmeatopos
¢ eIMHAYHOM OKPYKHOCTHE mporcxoauT ue Beeraa [33], u, cnenosarens-
HO, B ¢/Iy94ae XPaTHHX MYJIbTUIIBKATOPOB cucreMa (1.1) He o6a3aTens-
HO HeycroiumBa mpm & 7= (. PaccmoTpmm stor BOmpoc mojpoGmee.

llpenmonoxum, 4d9TO XapaKTepECTAYECKHE NOKA3ATENH i0, HpH
¢ = 0 TakoBH, 9TO CpeAd BeJWIMH G, HeT KparHmx. Torma gyRkmmio
H, B (6.1) mpa nomomu jEEeiiHOM KaHOHMYECKOH 3aMEHL HePeMERHHRX
MOKHO IpHBECTH (cM. § 2) K CyMMe raMWIBTOHHAHOB He CBSSAHHBLIX
APYT ¢ APYTOM OCHIIIATOPOB, 1 pyEknnaA Mamuasrona (6.1) sammmercs

n

B BHAE 1 .
H= Tzck(yk+y§+n)+8H1+32Hﬂ+"" (6.5)

k=1
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rge H,, H,, ... — xBajgpatmyasie QOPMH HOBHX LEDPEMEHHEIX ¥y,
Y21+ « + » Yzn C HOOPEDHBHEIMHA, 27-IEPHOJMYECKEMHA 1O ¢ Koaddmmu-
enramu. OueBdHAHO, 4TO 3a74aYM O TAPAMETPHYECKOM pESOHAHCE B
CTAPHIX ¥ HOBHIX NMepeMeRHHX 3KBUBajJeHTHH. Ho Temeps masa wmac
CYHIECTREHHO, YTO BEIWIHHH Oy B (6.4) MMeT BmoJHe omperedcHHBL
3HAK, HOJYYeHHHA B uporecce HopManmsanmam H .

Nmeer mecto Teopema Hpeiina — Iexsdanaa — Jlmgexoro [97],
KOTOpaA B Hamux 0003HavYeHUAX (opMyImpyercd TaK.

Teopema. [Jas docmamouno MAIRT € AUHEUHAL CUCMEMA € 2AMUABIMO-
nuanom (6.5) ycmotivusa mozda u moavko mozda, Ko2da eeAUNUHBL O
He C6A3AHBL COOMHOUWEHUAMLU

o +o =N (k1=1,2,..., 1 N=-1,+2,...). (6.6)

NupMu cnopamu, 3HaK MuHYC B cooTHomeHmu (6.4) MoxHO Omy-
CTHTH, & IPH BHOOJHeHHA Xotd Gbi ofHOro M3 paseHCTB (6.6) Bcerma
MO:KHO Tax momoGpare H,, H,,... B (6.5), 910 coorBeTcTByIOmAasn
amEHeiHaA cucrema Gyner Heyctodumsa. Ymemo N B (6.6) oramumo ot
HylIA, TAK KaK CPeNX BeJHUYHMH O HET KPATHHX.

§ 7. Haxo'knenme ofiacreii mapaMeTpuueckoro [e30HAHCA
B HEPBOM NPHOIMKEHHAN 10 MAJIOMY LAPAMETPY

IlycTs Bemuuns ¢ B raMuasToHHAHE (6.5) 3aBECAT OH HEKOTOPOIO
mapamerpa o. W mycth nmpm sHaveHMHM o, DABHOM G, B H3ydaeMoil
MeXaHHTECKOH CHCTOMe BOSHHKACT NAPAMEINpUuecKul: pesonanc, T. e.
BHIIOJNIHAETCA XOTA OB ONHO U3 COOTHOUIEHHI

O (@) + 0, (@g) =N (kI =12,...,m;N=+41+42,...). (1.1)
Korma coornomenwue (7.1) BomommsercAa maa k == [, T. e. Korga
200, = N, (7.2)

TOBOPAT O NPOCIMOM PE30HAHCE; IaPaMeTPUYECKHH Pe3OHAHC, A KOTO-
poro B (7.1) k = I, masuBaloT xomburayuonnsm. B aTom maparpade
MH IOKajKeM, 9T0, KAK IIPH IPOCTOM, TAK M HpPH KOMOMHAIMOHHOM
pesoHaHCAX, Hpd J0GOM CKOJb YIOJHO MAJNOM 3HAUGHHH & MOJKET
CyIIecTBOBATH 06/acTh HEYCTOHYHBOCTH, M B HJIOCKOCTH O, & Hailifem
ee TPAHHNH C TOTHOCTHIO [0 IEPBOM CTEmEHH mapameTpa €.

Byneum mpexnosarars, 9T0 BHIOJBEAETCA TOJLKO OXHO U3 PEBOHAH-
capix cootHomenmiA (7.1). M Tak Kak B 5TOM COOTHOUIEHHE YYaCTBYIOT
He Gosee ABYX d9acTOT, TO, 0e3 orpaHMYEeHHSA OOIMHOCTH, 3afayy O
IapaMeTpHIecKoM pe3oHaHCe Oy/eM PacCMATPHBATE A MOX aHHIECKHX
CHCTEM ¢ {BYMA cTereHAME ¢Bo6omabl. Kcam On 9ucio cremeneit cBoGosl
6ruio Gomsme nByX, To mepemenswie y; (j 7= k, I, n + k, n + 1) morau
GHITH NCKIOYeHH W3 H, Ipm noMomu KAHOHHYECKOH 3aMEHH IIE€PeMeH-
HEX. JT0 Gyler BEAHO B3 MPOBOTAMOTrO HWKe amaiumsa (dmero (7.13)
JJIA ONHOWIEHOB, comepxamux y; (j %= k, L, n 4+ k, n - 1), me Gyner
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OEJHM, TaK KAaK CYMECTBYeT TOABKO OJHO DPE30HAHCHOE COOTHOIIEHHE
(7.1) u oHO CBA3HBAET TOABKO YACTOTH Oy H C)).
ITycte B (6.5) xBapmparmumasa ¢opma H, sammcana B BHJe

H, = vgz P o (8) Y192 45 s (v=vi+ va+pr+ ) (7.3)

B (7.3) vg, px — measie HeoTpunaTeapEse YnHCHAa. Bynem canTaTsh, 9T0
GyEkm@ER  Ayyup, (£) B mX npeacrasuennm B Bafe paAnos Oypre He
coflep/aT HyJeBHX TapMOHWK. B mpormBHOM caydae vactb [y, He
3aBUCAMYI0 OT ¢, MBI BKiItouuad 6x1 B H . Hafimem o6imacTs m3aMeReHAA
mapaMeTpa o BGJAMSH ero Pe30OHAHCHOIO 3HAYCHHA oy, IJIA KOTOPOH
JHHEHHAs CHCTeMa

ayy oH Qo _ 0H

(k =1, 2),

dt Oy’ dt Ay
cooTBercTByIOMan dynknuu I'ammanrona (6.5), meycroituua. Bynem
CYHATATH, UTO OHPH O0 = 0., BEIOJHEHH HEPaBEHCTBA
d (s, +¢))
—A— 0 (k1=1,2)

BremeM KOMIIEKCHO CcONpsA;KeHHH® KAHOHMYECKHE IePeMEHHEE
Qi Py COOTHOUIEHHAMH

s = ¥s + iy, G2 =¥ + iy (7.4)
P1 =Yg — Y, P2 =Ys— Y.

BanentHocTs KaHOHMIECKOTO npeobpasopanms (7.4) pasna 2i. Hopmit
ramuasTonnan pasen 2iH, rme H ects ¢pymrnmsa I'amuastoma (6.5),
BHpPa;KeHHAA depes gy, px no dopmyuam (7.4). Pasznaras eme oy (@)
B DA B OKPECTHOCTH Ug, IONYIAM

. . , . d d
2iH = i6y1 (ao) q1p1 -+ 03 (0o) goP2 + i (@ — ap) (WGJ ¢1P1 + WG: Q2P2> +
o) Gnund @R 4. (1)
V=2
Touxamnm B (7.5) 0603HaYEHE WICHH He HUKe BTOPOI0 MOPAZKA OTHOCH-

TEeIbHO BEJINYAH € A & — Qg. HO3PPUUMEBTH @y, CBABAHH COOTHO-
IMeHAAMEA

Qvpgps = — al’-xllﬂlvz'

flpne BHparkeHHT KOoQPUUAEHTOB Gyyyuyu, Yepes KoddduumenTE:
ramMuapToENaBa (6.4) TakOBH:

1 . 1 .
Q2000 = 5 [R10101 £ (Poogo — h2ooo)] y  Qo200== 5 [ho101 +l(hoooa—ho2oo)],

1
Q00 = - [ (B1001 + Po110) + i (Boo11 — Pa100)],
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1 .
Q1001 = 3 [(B1001 — Po110) -+ & (B1100 + Poorr)] (7-6)
010 = I (B2000 + hoo20)s  @or01 = i (Poz00 -+ hooo2)-

ChnenaeM KAaHOHAYECKYI0 3aMEHY NEDPEeMeHHHIX gy, Py ~> (k, Pk
no popmyaam

’ 8S . GAY
qx = D = 57— (1.7

‘TAe TPOU3BOAAMAA PYHRIUA S mMeer Bl

S = aiPr+ qapa + &W = ipy + aPa & 3 Wviss () 410371 P

QYIKOAE Wyyyy, TOAGepeM 2m-NOPHOAUMYECKAME M TAKHAMH, 9TO0H
B HOBOM TaMIJIBTOHAaHEe TIE€HH HOPAZKA € NPHHAIA N0 BO3MOKHOCTH
Hanboaee mpocroi Bun. M3 (7.7) mony1aem ABHHIA BHA 1peobpasoBanus
@xs Px — Qk, Pk C TOTHOCTBIO IO WIEHOB IOPAIKA &:

. ow W
(Ik’—‘-(Ik—STv Pk—Pk+8 (7.8)
Py 0%

rae B pyuxuue W nepevernsne ¢y, ¢, 3aMeHOHH Ha 1, g2 B mepeMenHBIX
gk, Pk HoBas ¢yExmmsa [avunbproma H’' seumciserca mo ¢opmyie
{161

—H+%, (7.9)

rae H ects pynrous (7.5), BHpaJKEHHAS depes gk, Pr MO opMyram
(7.8). U3 (7.5) m (7.8) — (7.9) noaydaeM TaKoe BHpa;KeHHe A
COBOKYNHOCTH YieHOB H', mpomopnuoHalLHKX HepBOHl CTeneHH &:

2 v () 419 PP = DW + F, v () 45021 P,

(7.10)
rae depes D oGozHadeH omepaTop

, , 0 , 0 . , 0 , 0 2
D= wl(qlﬁ—plg;r)-k wg(qzaq; pzapé)—l— 2. (141)

ITpupasuas B Tompecrse (7.10) xoaddummenTn mpm q1 ’q;"p{“p :

noayduM auddepeHEnuaIbHOe YDABHEHAS JIIA Wy,

dw ,
——ﬂm—' + i [0 (Ve — p1) + 02 (Vs — K2)] Wywanips = Guvaptapts — Ovvsiiapas

(7.12)

PaccMoTpuM aT0 ypaBHeHHe moxpoGHO. {18 npocToTH 3anucH Y PYHK-
TR Wy giss @ vivaugis T G, He OYyAeM mmcaTh HHIOKCH W BBeJeM
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o6osHaTenme
b =0y (vi —py) + 02 (v2 — po). (7.13)
N3 o6mero pemenns ypapmenns (7.12):

t
w(t) = w(0)e®t | e-ibt S eidx (¢’ — a) da

0

caenyer, 9ro eciam dmcro b He Gymer HelXHM, TO np: JW00H GYHKOHR
a’ pemenne w (1) 6yner 2R-MePAOTAICCKEM, €CIH

o
S e’ (a — a’) dzx

w(0) = 2

1—¢i2

B stom cayuae, ciaemoBaTeanHo, MO;KHO moaoHTh a’ = 0. Ecim ke
agcno b — memoe, To mpm a’ = 0 mepwWomHEYeCKoe pemeHHE YpaB-
uenud (7.12), BooGme roesops, He cymecTByeT. YToGH OHO CYIECTBOBa-
J10, CJEeTyeT HOJOMKATD

I_ —ibt
a’__ce‘lt,

rIe
278
L evta(tyd 744
c=-2;5e a(t) dt, (7.14)
0
¥ mepumoxMIecKoe peimenue ypasHeHHA (7.13) Gynmer mmers BHK
t

w (¢) = w (0) et 4- g-ivt S (c — ae®*)dx

]

npu npousBoxbHoM 3Halennu w (0). B mobGom omydae koadhdmmmenT
npoussoaameit yHKIuE S CBASAHH COOTHOINGHHEM

Wyspps = == Wpgigvives

a HOTOMY HOBHE HEDEMeHHHO (i, Py, KAK BTO JErKo HPOBEPATH NpH
nmoMomu (7.8), 6GynyT KOMIJIEKCHO COIPSKEBHEIMU.

IIpoBena Taxoe mccuegopanne ypapuenus (7.12), pacemorpuM cay-
9aif KOMOMHADHOHHOTO pe3oHAHCA G, (¢t,) + O3 (ay) = N. Oynknusa
Tammnrrona (7.9) B 3TOM Carydae MoKeT OHTH IPHBE[CHA ONHCAHHHM
BEOTIEe COOCOOOM K BHAY

doy doy .

H' = ioy (ag) 9P, -+ 103 (00) 4, + i (@ — 0o) (72 437, + T2 037) +
+ & (cr100e™ Ngq, + Coon1e*N! pp)+ ... (1.15)
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rae
an

1 : 1
C1100 = 5 S eNtay100 (8) dt,  Coony = T
b

e_iNfaoou. (t) dt (7-16)

ce~Y

(€1100 = — Too11)-

Teneps BBeJIeM BeINECTBeHHHE NePEeMEeHHHE 'y, @ COOTHOMEHHAME
. 5— ig , = i -
@, =V 2%, p =V 2re % (7.17)
i
ITpeoGpasosanme (7.17) ABAAETCH KAHOHHIGCKHEM C BAJEHTHOCTHIO TR
B nepeMenEHIX 1, @ ¢yurnua IamuasToHa 6ymeT HMeTh BUL,

H = 01 (ao) 71 + 03 (a) s+ (@ — 00) (ot 11 + T2 rs) -+

+ &V 11rs [1100 €08 (@1 + @2 — NE) + PBrygo sin ((Pl + o — N+ ...
(7.18)

Benmunun ag9 B Py100 BHpamalorea depes KoaddmmueHTH Pypsne,
cooTBeTCTBYIOmMHEe /N-ii TapMOHHKe HEeKOTOPOH JWHeHHOH KOMOHHAI[HH
OYHROEA Ayyaw, (f), BXORAMEX B HCXOAHNWA ramuabrordad (6.4).
Wcnoasaya (7.6), moaydaeM miast HEX TaKHe BRIPAyKCHUA:

20

G1100 = % S [(Roo11 — F1100) €08 IVt - (hyg01 - hor1o) sin Ni] df,
[

an (1.19)
Biroo = o S [(B1001 + Po110) €OS Nt — (Roo11 — P1100) Sin VE] dt.

CrenaeM eme oflHy KaHOHHYECKYI0 BaMEHY HePEMEHHBIX T, Qr—> Ry, Pj:

r, = Ry, rs = Ry, 7.90
@1 = 0y (@)t + ¥y, @2 = 03 (%)t + P2 + 6, (7.20)
rie
SN0 = —Oy10/8, €050 = PBise/0, & = ¥V alio + Bioo-

Torga mameneHre mepeMeHHEIX Ry, Py 6yaeT onmchBathesa aupdepen-
IHAJEHRMH ypaBneHn;{m, sagaBaeMEMu QyHKIEe# I'aMBiarpToHA

= (a — ao) (dal R]_ + da, Rg) + ) ‘/ R]_Rg sin (¢13+ 'ng) + ves (7.21)

Brmumen cootsercTByomue nuddepernraibine ypaBHeHAA, mpeHed-
peras WIEHAMH BHIIE IePBOT0 MOPAXKA OTHOCHTENBHO € M (A—dy):

dR dRy
_d_t_l = W = —ed ) RyRycos (Py + Pa),

d(llhd‘i‘ Pa) — (a__ o )M + = 2 1;1/_*_}22 sin (1[31 -+ 'lle)

(1.22)
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OueBE/IHO, 9TO B NEPBOM mpuONMKeHHE 10 € 3ajlada 06 ycroigmpocTu
OTHOCHTENBHO Y B HCXONHOHA chcreMe ¢ ¢yHKIWed 'ammasronma (6.4)
SKBHBAJIEHTHA 3ajave o6 ycTodiuBOCTH OTHOCHTENABHO R, m R, B cmc-
reme (7.22). Ilokamem, 9to B mepBoM npubiamkeHnmE mo & o6aacts
IapaMeTpmyecKoro pesoHaHCAa 3aJaercs HepaBeHCTBaMM

L + o< a<ag+; 0

W I d (01 + 6)
dag day

(7.23)

H YTO eCJH TH HEDPaBEHCTBA He BRIOJHAWTCH, To cmereMa (7.22)
ycToiuHBa.
JHeficTBuTeIbHO, BTOPOE YTBED:KIACHHE CJHEIYyeT K3 TOT0, 9TO
dyBEROEA
V = (R, — R,)* + H*

ABJIseTCA WHTErpasoM cucteMul (7.22), KOTOpHIH Kak JieTKO IpoBe-
puTh, GyHeT 3HAKOOHpeHeNeHHHIM, ecadm HepapesctBa (7.23) He BH-
noaasiored. CremoBaTenbHo, coriacHo Teopeme JlamyHoBa, cucteMa
(7.22) ycroitamBa. YTBEp/KIEeHAE O HOYCTOAYMBOCTY CJIEAYeT U3 Cyme-
CTBOBAaHHA MDY BHIIOJHEHUN HepaBeHCTB (7.23) sKCHOHEHUAAIBHO Pac-
TYIEro co BpeMeHeM pemieHms cucteMnl (7.22):

Py -+ Py = 4 arcsind, Ry (¢) = Ry (t) = R, (0)e2d V1% (7.24)
(b a"—“od(51+52))
8 dog

Ciry4ail mpocTOro mapaMeTpmIecKoro PesoHaHCa PacCMaTPHBAETCH
aHajormuHO. IIycTs, HanprMep, BuIONHsAETCA COOTHOMEHHE 20, (0ty) =
= . Torma ofmacts mapaMeTpHIeCKOr0 pPE30HAHCA B NEPBOM
npubId;KeHAH HO & 3aaeTcss HePaBEHCTBAMH

——ﬁ—:_;—+“o<a<ao+

dag

ed
T (7.25)
o, |

rie temeps § = Vaw,o + PBioos, 2 BEAMIHEL %2000  P2goo BEIPAMKAIT-
cs 9epe3 KoYPUOEeHTH HCXONHOIO TaMWJIBTOHWMAaHA 1O (opMyiaam
25
1 ¢ .
%2000 = 5 S [(hoozo — P2000) c0S Nt + hyo10 sin Nt] dt,
H
: (7.26
.1 .
Bagoo = o S [21010 €08 Nt — (Rgo20 — F2000) SiD INE] dt.
o



I'JABA 3

YCTONYMBOCTDb HOJIOKEHHN
PABHOBECHA T'AMWWIBTOHOBBIX CHCTEM
C O{HO!1 CTENNEHBIO CBOBOJABI

§ 1. Ipeobpazosanue Bmpxroda

B o70ii raaBe maydaeTcA YCTOHYMBOCTH HOJIOKEHHA pPaBHOBECHA
TaMBJIBTOHOBHX CHCTEM ¢ OHO#M cTeneHslo cBoboasr. Ilpexmosaraercs,
qr0 ¢ynrnua ammasrona H aHaIuTHYHA OTHOCHTENBHO KOODAMHAT
H EMOYJBLCOB B JIOCTATOYHO MAJIO¥ OKPECTHOCTH IIOJOKEHEsA paBHOBE-
cEsi (COBIAJAKIIEro ¢ HAaJaJoM KOODAHMHAT) ¥ 27-TEPHOAHYHA LO
He3aBHCHMONA mnepemenHo#l — Bpemerm !. PaccmaTpmBaercA TOJNBKO
TOT CJIy%ail, KOI7a JEHEaPHsOBAHHAA CHCTEMa YCTOHYHBA (TaK Ha3blBae-
MEH  saaunmuseckull cayuaill).

Ilpm mcenenopanuu ¢yEKnEA ['aMuabTOHA ¢ HOMOMBIO KAHOHHIEC-
Koli 3aMeHH mepeMeHHHX , HocAmeii HasBaBne npeobpasosarus Bupkzopa
[7], 6yaeT npUBOAMTECA B OKPECTHOCTH HAUaJia KOOPAUHAT K HEKOTOpOMY
npocTeiiniemMy BERY (K HopMaJabpHO# opMe) A B 3aBECAMOCTH OT COOTHO-
meHmi Memny KosgdummenTamut HOpPMadbHOA opMH GYAYT clelaHH
BRIBOJB 00 YCTOMYABOCTH MM HOYCTOHNTHBOCTY 1010 KeHAS PaBHOBECHA.
PaccmotpuM upeoGpasosanme Bapxroda moapobro, mpeamonaras, IT0
H3yuaeMan [@HAMUIECKas CHCTeMa HMeeT n cTemeHel cBoGomm. Mrak,
OYCTh A3Y9aeTCA KaHOHHIeCKad cucTeMa guddepernuaibHREX ypaBHeRni

aq; oH . dp; aH .
._dt—::-b-g’ W”——--——bq—" (1—1,2,...,n), ('1'1)
rie H — amanmTE9ecKad QYHKOUA OTHOCATENBHO ¢;, p; (i =1,2,...,n).

Ilpemmonaraerca, 9to oHa a0 HempepeBHA M 27-IEPHOAMYHA IO
¢, 1u6o ot t e 3apment. Hawamo koopamsar ¢; =p; =0(i =1,2,...,n)
ABJIAETCSH MOJOReHNEM PABHOBECH, TaK UTO pasioskeHwe H HmaumHaer-
¢A ¢ KBagpaTHIHHX WICHOB

H=H,+Hs+H,+..., 1.2)

rae H; — OJHOPOJUEA MHOIOWIEH CTENeHN &k OTHOCHTENBHO KOOPAMHAT
¢; ¥ EMIYIBCOB D;.

Ecim mpepmonoxmTh, 9T0 JUHeapm3oBaHHas cucreMa (1.1) ycroid-
4@Ba, a ee MYJIBTHIIMKATOPH DPas3imiHH, TO 63 orpaHmueHnsA oOmuHo-
cra (eM. §§2 m 5 raaBH 2) MOKBO CIATATD, 4T0 H, mMeeT HOpMAJIBHYIO

dopmy

Hi=+ Y,0;(@+ p). (1.3)

=1
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Tor ¢axr, 9T0 MYJILTHIVIAKATOPH JHHEHHOM cncremm PasAHYHLI,
03HavYaeT, YTO XapaKTepuCTHYeCKAe noKazarenn + io; (j = 1,2,..., n)
TAKOBH, 4TO B CHCTEME OTCYTCTBYIOT PE3OHAHCH [0 BTOPOTO HOPANKA
BRIIOYATEIRHO, T. €. IHCIO

mG, + Myoy -+ . . . + MO FEO (mod 1) (1.4)
OPH OEJIHX YHACIaX Mm;, YAOBJETBODAIOIMX HEePaBeHCTBAM
[my| +me|+ ...+ |m| =k k=1,2. ({15

B caydae asToHOMHOE crcteMms 3HaK 5= 0 (mod 1) B (1.4) mamo 3ame-
HOTL Ha 3HaK =% 0.
B cucTeMe (1.1) cpmemaeM KaHOHWYECKYI0 3aMEHY . nepeMeHHBIX

qi, pi —> qipi npE nomMomm Gopmyr

: X
G=qt 7 Pi=Pitgg

i

P (1=1,2,...,m), (1.6)

Tle BEMECTBEHRYI0 OJHOPORHYIO TpeThedl CTeNneHd o ¢;, p; PYHKIHIO
S35 (g:, pi, £) monEITaeMes noxo6paTh TaK, q’roﬁm oHa Gnia 2n-mepmopn-
YeCKOM no {, a B HOBHX NepPeMeHHHX ql, p, ¢yaxmus I'ammabroHa He
cofiepaja OH YIEHOB TPETHETO IOPANKA OTHOCHTENBHO §i, Di-
QOyarnua H, Mosker GHTH 3anBCaHa B BH/E
Hs = N By gV gonpt. . iy 1.7y
vyt =8 1 tndh "o "

rie KO3QPHOUEHTH /i, yn JIHGO DOCTOAHHH, JuG0 2m-mepHo-

AWYHH IO . BeARWYAHE vy, - . ., by, — HEIbe HeOTPHNATEIbHEE JUCIIA.
@Oyarnmo S, mneM B Buge, agaxorayHoM (1.7):

S5 = 2 Sy g3 np i 1.8
v TRTIN SO AL LTI ) .
V1+---+p~n=3 1 L "ol n ( )l
rie pojiae:Kamue BHOOPY XO3PPUIMEHTH Sy,,.., pn JEOO HOCTOAH-
HH (6CHH IOCTOSAHHH KOBQQHUIHWEHTH ly,,..., pn), AB60 25-mepmopmu-
HH IO ¢ (ecid 2n-mepHOAUIHH 00 § KOdPOUIHEHTH Ay,, ..., in)-
Cootnomenns (1.6), paccMaTrpuBaeMble KaK YPaBHEHHA OTHOCATEIb-

10 ¢;, p; (i=1,2,..., n), DOKA3NBAKT, 9TO BeJHIEHH ¢, D;
(R4 OCHOBAHHHW TEOPEMH O Hes#BROH QYHKIWHU) IPH KOCTATOYHO MAJEIX
g, pi (=1,2, ..., n) 6yAyT aHAIATHYCCKUME QYHKIHAME B OKpecT-
HOCTE Havaja KooppmHaT ¢; = p; = 0. Orcioma cimegyer, 910
. 083(g; Py ¥) ., 983(ai Py 1)
qi:qi_T+"" pi=pi+-—a—q;-—+..., (1.9)

rjie HeBHIMCAHEHE WICHH MMEOT NOPANOK BEHIIE BTOPOr0 OTHOCHTENb-
HO ¢;, D'
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HosBuit ramuinsrorman H' (gi, pi, t) Buanciserca mo dgopmyxne [16]

853(4; Py 1)
= H(qp p.p t) + _35T‘—'7 (110)

rfie mpaBas vacTb gopmyas (1.10) Bupaskaercs gepes gi, p; mo Gopmy-
JaM KaHOHMIecKoi samenk mepemenuux (1.9). Ilomcrasms (1.2), (1.3)
a(1.9) s npaBym gacte (1. 10) MONYIUM

:72 q'2+p2)+2 (p %—q; Z‘;?)Jr

= j=1

+ H3 (ql’ p@’ t) + 8t

(1.11)

B (1.41) S; =S5 (g, pi, 8), a HEBHIIMCAHHEIe WICHE MMEIOT HOPAIOK,
He MEHBIIHA IeTBEPTOLO OTHOCHTEILHO ¢i, Di.

Yrobw B yExnme amanbrosa /' He COEepKaJoch WIEHOB TpPeTb-

ero MOPAJKA q;, P;, HYKHO 1OTPe60OBATH BHIONHOHWA CJEHYIOMETo
TOMIeCTBA:

n

- , 35, , 38, 083(g; Py t)
H3=ch(pjas ’3 3>+H3(q1ap11t)+"—3_t_—~=—0~
i=1 (1.12)
Yro6u m3 (1.12) Hajitem KOdPPHHUEHTH Sy,,.., pn OYHKIEE Sg, yHoOHO
mepeliTH K KOMIUIGKCHHM NepeMeHHEM. llonosxmm
u._=q;.+ip;, vj=q;—ip; Gj=1,2,...,n). (1.13)

3necwr uepes i o6osHaueHa MHEMMasa efmmEmna (2 = —1).
Herpynao mposepuTb, 9T To:kAecTBO (1.12) B KOMmIeKcHO comps-
JEHHHX IePeMeHHHX Uj;, U; mepenumeTcs B BHJe

n
. as, 2 J—
7’5:0(1}783 ]au3)+H(u +v’u12iv3;t>+053 0, (4.14)

i=1

rre

BgreneM oGo3znaueHns

H3(u;~-;vf, uj;”f;t)z g, ., u..utmi oPe, (1.15)

Sa(uj'}‘vj’uj;_vj_;t)z Z fo

5 uy' .. et Uhe, (1.16)
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3mecs guyy ... ,¢n A fy, ..., pn — KOMIJIEKCHEIE Ko3(dHUmMenTH,
KOTOPEIE CBA3AHH ¢ KODOPHIACBTAME Ay, . .., ttn B Sy, ..., pn IPH
HOMOINA JHHEHHOH cECcTeMH anre0pamiecKHX YDAaBHCHHH ¢ HEBHPOH-
meEHO# Matpuneit. IlpmpaprmBas B Toskgectie (1.14) mymo xoaddm-

umenT mpE uy'. . . ®h vl | | Pn, momywmm ammeiimoe mu@depen-

IHaJbHOEe ypaBHEHME AN HAXOKIEHHA fy,.. , un

dfv,,.-.,u,. .

— g Tl v) b el =
(1.17)

Ilyers mexomnas ¢pyaxnoua ammasrora (1.2) He 3aBHCHT 0T BpeMe-
mu. Torga Bmecro nmddepennmmansHoro ypasaenud (1.17), gasa maxo-
KACHHA [y, .. un HMOIYIEM alirebpamveckoe ypaBHeHHE

[0'1(1*1—\’1)+ vt O M —Va)fve .., pn =g .., e (1.18)
CopaBeiigBH CIENYIOMHME COOTHOTICHH:

lpl_vll+---+||‘»n_vn|<”1+v1+---+}‘m+ vp = 3.

(1.19)

Takum o6pasoM, ecam BeIWYAHH Cy,. . ., Op HE CBA3AHH PE30HAH-

CHEIMH COOTHONICHHUSIME [0 TPETHeT0 HOPSAAKA BKIIOYATENBLHO, T. €.
ecau

mo; 4+ ...+ mo,#=0mpr0<<|my |+ ...+ |m,| <3, (1.20)
TO, BHODaB BeJNHMYMHH fy,, . . ., pn COTIACHO HOPMYTaM

/ _ igvl,..., By

Vpeoby T o (M —vy) F.. o0, (B, — V) ]

monyiuM HoByw ¢yEkmmo [ammintoma H' takoit, 4ro B Hei Gymyr
OTCYTCTBOBATH WIEHH TPETHETO HOPAAKA IO ¢;', p;'.

Ecam B (1.16) Gymer cpesaHa 3aMeHa NIepeMeHHEX, ofparHas
(1.13), To npupeM X BeImecTBeHHOH 3aMeHe mepeMeHHEX (1.9).

MosxaO0 GHIO GH DODHTATHCS AHAJIOTHIHHM 06pasoM IPH IOMOMHE
KAHOHEYECKOW 3aMeHH IIepeMeHHHX YERITOKHATH WIEHH 4deTBepTOR
CTENeHN B TaMHJBTOHWAHe. JTO, ONHAKO, HE YHACTCA CAENATH, B B HO-
BOM raMHEJIBTOHHAHE OCTAHYTCA HEKOTODHE WIGHH, HMMEIOINHe BIOJHE
oIpefieIeHHYI0 CTPYKTYpY.

Ecim seamuwsm o,,. .., Op, He YHOBAETBOPAIT HE OJHOMY H3
PEe30HAHCHHIX COOTHOIIGHWiT 0 9YeTBEPTOro MOPAAKA BKIOYHTENLHO,

T. €.

moy + ...+ M0 =0 mpr 0<<|m,y |+ ... 4+ |m,|<< 4 (1.21)

TO B raMuabToRHaHe [ 4 MOKHO YHHAUYTOXHTh BCE€ OJHOYICGHH YeT-
BepTOro mopAAKa, KpoMe TeX, KOTODEEe Cojiep:KaT U; A4 V; B OfUHA-
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KOBHX cremeHsx. JlelicrBuTesinHO, ypasHemme (1.18) mepaspemmmo,

ecnum py = v (k=1,2,..., n). Torna s
H' uj—}—v]. u; —v;
4 2 2
OCTaHEeTCS COBOKYIHOCTH OiHOYIACHOB BHA
Vi v
uv1) ... (ugon) . 1.22
v1+...+vn=2gv1"“’vﬂ' V1""’Vn( 1 1) ( nUn) ( )

B nepeMenHEX ¢;', p;/ 3Ta COBOKYIHOCT ONHOWICHOB B [y’ mMeeT BHJ

2 2% 2 /2
Oy, (@ -+ Py ). (g + D) (1.23)
Oyt ene 00, =2 !
Tf€ gy ..., a, — BEMECTBEHHHE BEJWIHHH.

U, Boo6me, AiA aBTOHOMHEOA raMIIBTOHOBOHA CHCTEMH CIIPaBeAJIABO
clenypomee yrepsende. Ecim wacTroTn Koae0aHmil ©; JmHeiHOM
CHCTEMH He CBSA3aHE PE30HAHCHHIME COOTHOWIGHHAMHA /10 HOpAAKa NV
BRJIIOYATENABHO, T. €.

moy+ ... Fmon=0mpr 0 <|my|+ ...+ |m <N, (1.24)

TO CYImecTBYeT BENIECTBEHHOe KAaHOHWYeCKoe NpeolpasoBaHHe ¢; =
=gi+...,p; =Ppi-+ ...,B3a0aBaeM0e CXOJSAMAMHACA B OKPECTHO-
CTH HAYaJa KOODAHHAT psAfaMd, Takoe, 9To pyHkrmsa I'ammiabromHa
{1.2), Bupaskennas 4epes ¢';, p’;, AIMeeT HOPMAIBHYIO popMy

H(g,p)=H(ry ..., -+ 8 (@ p), (1.25)

rne B — muBorouner crememn: [N/2] otBOCHTENBEO Ty,. . . , To M H —

CXONAMMECA PAJ 1[0 CTENEHAM ¢;, pPi, HAUMHAOMUACA C WIEHOB
uopagka N + 1:

qi =V 2r;sing;, pi = V 2r;cosg; (i=1,2,...,n). (1.26)

970 yTBEpKACHAE HETPYHAHO TOKA3aTh METOJ0M MATEMATHYECKOM HHAYK-
mam. OTMeTEM, 9UTO MOCTOSAHHEE Koa{dunuments Muorownena H (ry,...
...y Ty) He 3ABACAT OT OPAAKA [N HOPMaJIH30BAHHKX WICHOBH OTCIOCO6A
npusefenns pynxnnd (1.2) k HopmansBoit dopme (1.25): orm ABAAIOT-
¢f MEBApUWAHTAME FaMmiIbTOHHAaHA (1.2) OTHOCHTENHHO KAHOHHYECKHX
npeo6paszopammit [11, 12, 29].

Ilns cayuas 2m-mepuopmaeckoir mo ¢ Gynknmm Tammiprona (1.2)
pe3yibTaTH apadormyHu. CymecTBOBaHHE 27-NePHONMIECKOTO pele-
unA ypasHenmA Buga (1.17) 6uo HaMm yie mOZpPOOHO HCCAENOBAHO
(cM. ypasrerme (7.12) Bropoii raass). BuBok, KoTOpEHE HOIYIAIOTCA
B 3TOM CJIydYae, aHAJOTHIHE TOALKO 9TO CHOPMYIHPOBAHHKM JIA CIY-
gas asroHoMmHo#M cmcremu. Toxnko B (1.24) smax # 0 Hajo 3ameHHTH
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nasHak==0 (mod 1), a Hopmanmayomee mpeobpasopanme B PyHKIHUA
H 6ynyr 2n-mepmopwdeckmmu mO i.

Ecim Benmumsm o; TakoBH, uTo ycioua (1.24) sumommswrcs
npu a00HX CKoxb yrogao 6onsmmx N, To mpeoGpasoBanne Bupkroga
MO;KHO IDPEMEHHTH JJIA HopMaiusanus ¢ysknmm IammisrToHa BO
BCeX mOpsARKax. M Toraa HOpMalM30BAaHHHN TaMHJIbTOHHAH Oyaer
3aBHCETH TOJDbKO OT mepeMeHHHX I (j = 1, 2,. . . , n), KoTopue 6yAyT
HETerpajdaMu npeobpasosanHoit cmcteme. Ho KamoHWYeckKoe Ipeob-
pasosaame bBuprroda, HopMadm3yoIiee IaMHJIBTOHHAH BO BceX
nopangkax, Gymer, Kak mpasmio, pacxomsmmmes [11, 12, 29, 30].
IToatoMy m wHTErpaNH r'; 6yAYT GOPMANBHEIME, T. €. OB IPEACTABAANT-
CA B BAJE PACXONAIAXCA PAJOB 1O ¢;, P;.

B panpmeiimeM Mu o6nuHo GygeM DPOBORAATH HOPMAJH3ALHUIO
¢ynxnua I'aMuIbTOHA JHIIb [0 KOHEYHOTO (M Jajke CPaBHUTEIBHO
HEeBLICOKOTO) mopAfnKa. Tak 4ro, KaK OpaBmiio, IPHMeHAEMOe HaMH
npeoGpaszoBaBne Bupkroda 6yner aHAINTHYECKUM.

§ 2. Teopema Mozepa 06 WHBAPHAHTHBIX KPHBBIX

B sroM naparpajge paccMOTpEM OQHY FEOMETPHUECKYI) TeopeMy
Mosepa {72, 73], cymecrsennyio paa -ganbHeiimero. JTa TeopeMa
OTHOCHTCA K OTO0pajKeHWAM TIOCKOTO KOJBNA, COXPaHAIMHAM
promans. Ilpusenem dopmynmposry Teopemu Mosepa. Ilyers 3agano
npeoGpasoBaHne AefcTBATENLHHX NepeMeHEHX 0, o — 05, py:

6 =0 +vlalp) +Fp, 8, p1=p +1vG0p, 8. (1)

310 npeobpasopanne ompeneneno B Koxbne 0 <<a< p< b(b—a> 1),
HO He ofasarenbo orobpamaer ero B cebs. B oroGpamennm (2.1)
Y — DOCTOAHHHN DNOJNOKATEIBHHN NapaMeTp, He IPeBOCXOIAMMU
enunmnil. Ilycrs oto6pakenne (2.1) obxamaer cBoficTBaMu:
1) moGaa samrmyras Kpueag p = f(0) = f(0 - 2x), Gmmskaa
K okpymuoct: (T. e. f (0) mMauma), mepecekaerca co csomMm o0pasom;
2) miA HEKOTOPO# mOCTOAHHOM ¢y > 1

0< o< 28 <o

3) dyukuuu F u G, nMeo1ine HenpepHBHEE TPOA3BOAHEIE 0 OPAN-
Ka I (I = 333) sruaoumTenbHO, YHOBIETBOPANT IS HEKOTOPOTO MOJ0-
mureabroro 6 = § (e, ¢g) (6 — O mpm & — 0) HepaBerCcTBAM

[Flo +1Gle<<d, |a|i+|Fli +16]1<c,
rae HopMa | F |, onpegensercs paBeECTBOM

mHTF (o, 0)
W y mytme<k

(mepemennme p, O msmemawrca B obumactm ompemererma F (p, 0)).

| F | = sup
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B reopeme Mosepa yrmepsxngaercsa, 9T0 IPH BHIOJHEHHH YCIOBHEH
1) — 3) ANA Kammoro ® TaKOro, UTO

a(ate< = <ad)—e

| no — 2nm | > yen: (m, n — peanie uncna, n = 0), cymecrsyer
HHBAapHAHTHAA IDH orobpasenun (2.4 ) xpmsaa ¢ (w), Koropas B
mapaMeTpHIecKoi ¢gopMe mmeeT BHL

=0 +p@®), p=po+4q(®)

rae| ph +| g1 < e. IlpeoGpasosanme, HHJYUPOBAHEOE HA HHBAPH-
AaHTHOM KDHBOM, 3ajgaerca paseHcTBoM 0, = 6' 4 ya (p,), THe
v (po) = ©. Oynxnem F, G, p, g EMEOT IepHOX 27 IO YIAOBHM
IepeMEHHEIM.

TaxuM o6pasom, reopema Mosepa 06 oro6pasxennu (2.1) ycranasan-
BaeT CYN(ECTBOBAHH® GOCKOHEYHOTO YHCIA HHBAPDHAHTHHX KPHBHX,
aeamux B Koabne 0 << a < p <{ b. ITHMI MEBAPHAHTHHMY KPUBHMHU
Koasuo 0 << a < p < b pasGmsaerca Ha GeCKOHETHO® IWCIO KOJIEN,
orobpamanomuxca npu uomoma (2.1) Ha cebsa, ©, CIENOBATEIBHO,
o0pass BCOX TOYEK, JKAMMUX BHYTPH STHX KOJeIl, OrPAHAIMBAIOTCH
npu BceX mrepamuax orobpamenma (2.1). aa ganbEeiimero moaesHo
OTMeTHATH, ITO yCIOoBHE TeopeMsl Mosepa 0 mepeceYeHHA KPUBOA H ee
ofpasa, 09eBHAHO, BHIOJIHeHO, ecam orobpamenme (2.1) coxpamser
[0 anb.

§ 3. Teopema Apuoinga—Mosepa 06 ycroitunsocTn
raMAJHLTOHOBOM CHCTEMHI C ONHOH CTEHEHBIO CBOGOIBI
B O0UleM DILIANTHICCKOM CIIyuae

Pacemorpmm I‘aMHJILTOHOBy cacreMy oOnKHOBeHHHX paupdepen-
IUaILHEIX YPABHEHHA

dz  OH dy oH

S T i 2 @)
IIycts maZamo KoopamHar £ = y = ( ABIAETCA HOJOKEHHEM PaBHO-
pecHdA sroit cmeremsl, a ¢ymkmms I'amuastoma H — amaiamruveckas
B oKpectHOCTH £ = ¥ = 0 M 2n-mepmofmuHa mo I:

H = Zl Hk (.'lf, Y, t)’ Hk = E iy, vy (t) xv!y’v’v
k=

Vi+ve=k

u,, v (£ + 20) = @y v, (1), (3.2)

B (3.2) v, 1 v, — 1eJ1EIe HEOTPHIATENbHBIC YUCIA, (y,, v, ({)— HOOPEPHIB-
uue pyaknum I.

PaccMorpuM 3afady 06 YCTOMYMBOCTH MHONOKEHHA PaBHOBECHA

= y = 0. [Ipeamomnomum, 970 ITNHEAPA30OBAHHASA CACTEMA Yy CTOAYHBA,
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a ee XapaKTOPHCTHUECKHE MOKA3ATeAHM — iA TaKOBH, 4TO BeJIWIHHA
k) me Gyner mexsm gmeaom npuk = 1,2, . . . , 2n(n — TPOA3BOABHOO
nenoe aacao). Torna mpm momomu npeobpasosanua Buprroga mMoxHO
BHODPATh TAKMe KOOPEHMHATH W MMIYJILCH I, Y, 910 pyEKmmsa lammrs-
ToHA (3.2) sanmmmerca B BUAE

H=MJcp® +... +c +H (2,5, 8) @r=2*4+y?). (3.3)
3necy H' — amanumTHYecKas OTHOCUTEIBHO Z,Y OYHKOHs], HMEIMAn
o z, y mopAAok, He Mempmmii, dem 2n - 1. Kpome toro, H' 2n-ne-
pmonmuHAa IO £.

O0mpM SJIIAOTAYECKAM CIAydaeM HA3HBAKT CIy9ail, KOTJa Cpemda
TNOCTOABHHX Cy,. . - , C, €CTH OTAHIHAA 0T HyAA. Coraacao Apwonnmy
a1 Mosepy [2, 3, 72], B ofmeM >IIMOTEYECKOM CIYyIae IONOMKCHHE
pasHoBecua z =y = 0 cumcremn (3.1) ycroiiumso mo Jlamymosy.

Ecan aucio kA 6ymer neasiM, To, Boobme roBops, pyaxiimo 'aMvans-
rona (3.2) B Buge (3.3) sanmcarh HeJIb3s, a IIOJIO;KEHWE PABHOBECHS
Mmosker OHTH HeycrodumBuM. Hmme Oynmer mccmemosama 8amada 00
YCTOWIMBOCTH B PESBOHAHCHHX CHY4YadAX, Korga wmcao kA — mexoe
upm k > 3. Muorme wacTHHE ciIyTam HEYCTOMYMBOCTM B STOH 3afade
paccmorpers B paborax Jlesm-Umsmra [151], 3ureas (28}, Mepmana
[71], Kamenxosa [31], Mycraxumesa [74]. OcroBHoOI pesyibTar mpose-
HAEHHOTO B 3TOM [7IaBe HCCIOIOBAHUS COCTONT B YTBEDMEACHNH 06 yeTOM-
quBoCTH (IPM BHIOOJNHEHEN HEKOTODOTO HOPaBEHCTBA) B CIydYae Peso-
HAHCOB YETHOTO HopAxKa (1aciao k — getHoe). Hpome Toro, upu moMo-
m# BTOPOTO Merofa JIamyHOBAa MHONyYeHH KPHUTepMH HEYCTOHIH-
BOCTH IPH PE30HAHCAaX MPOMBBOJBHOTO Nopanka. Ilpm m3noKeHum
MH B OCHOBHOM cJexyemM paGore [53].

§ 4. Jlumefinan nopmaimsanus

Bynem mccaegosath yCTONIABOCTE IIOJOKEHUsT PABHOBECHS CHCTE-
Mot (3.1) BEYTPE 06IacTH YCTOMINBOCTE CHCTEMH €6 IePBOTO (JInHeHHO-
ro) mpmbamwmeHus. ITo o3HATaeT, UTO UHCAO 2A,— memedoe. us
maabHeiimero morpefyercsa BeIeCcTBEHHOe, KAHOHWIECKOE, 2N-HEPUO-
IMYecKoe Mo I, TUHEAnoe no z, § npeobpasosanue , ¥ ~ ¢, p TaMHIb-

roHmaHa (3.2) K Takoil ¢opMe, KOTHA €r0 KBAgpPaTHIHAA JaCTh HMeeT
BUJ

1
Hy = 5 M(g*+ p?)-
3agava HopManu3anuyu JMHEHHOA TaMHIBTOHOBOI CHCTEMHL C . CTe-
meusaMu cBoGomEl paccMoTpenHs B riaase 2. Hopmanmsamus cmcreMul ¢
OIHOM CTENEHbI0 CBOGONH 0CO0EHHO mpocTa u Gymer s3jech HPOBEIeRa

CIIOCO6OM, OTJIMYHBIM OT HM3JIO0MEHROI0 BO BTOPOﬁ riaase.-

JlmneapusoBaHRas cucteMa (3.1) umeeT ABa AHHEHHO HE3ABHCHMEIX
pemenus

a; = @; (t)e™', By =, (1) ™ (F =1, 2), (4.1)
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rge Ay = — Ay = — A, a mepmoxHYeCKA® (YHKOuE @y, py YHEOBIE-
TBOPAIOT CHeRyomeii cacreMe XupPepPeHNHANLHHX YPABHOHHMN:
d9; .
th _ lA.j(Pj -+ aanj -+ 2“02"7,-,
o, ‘ (4.2)
T - — ll’-"‘pg — 2a20cp’. - an\pi.

QOueprAHO, 9TO €cJAH HaYalbHHe 3HAYEHAA ¢y, P, GyAyT KOMIIeKcHO
COUpPsKeHHHME COOTBETCTBEHHO ¢ HAYAJIHHHMH 3HAYCHUAME Qg Vs,
TO B CHIY ONHODOXHOCTH CHCTOMH (4.2) 5TH QyHKOHA GYAYT KOMIIOK-
CHO CONPSKOHHHMHA ¥ upH Bcex I. Torga MoKHO IOIOKATH

=% + iz, P; = 23 + iz,
P2 = @y, Y = Py,

rae z, — semecrBeHnne nepmogueckue Gymxnum ¢. Coraacmo (4.2),

OHHE YXOBJGTBOPAIOT CieAyiomeit cucreme xaddepeHHaIbHEX YPaBHE-
HUH:

(4.3)

d
d—ztl = — Mg -+ ay21 + 280223,
de:‘* = A2y + @133 + 200924,
iz (4.4)
T Azy — 2a502; — 01323,
tflzt‘ = Xzs — 2020Z2 — @112,.

Jlanee, HeTpyRHO IPOBEPHTH, UTO JMHeapH3oBaHHAA cHcTeMa (3.1)
HMEeT /[BA He3aBHCHMEIX WHTerpaia

(v + Ww)e ™M (u — iv)eiM (4.5)
(v = 23z — 21y, V = 2, — BZyY).
BBemeM HOBEE HepeMeHHESe ¢, p dopMyraMm
q="v, p=1u (4.6)

9ro upeobpasoBanue GyneT KAHOHEIECKAM (HO He 06A3aTeJbHO yHEBA-
JeHTHHM), TAK KAK (YHKIWE z; YXOBIETBOPAIOT COOTHONIEHHIO

2,35 — Z,%4 = const, (4.7)

B YeM HeTpyAHO y0enmTbCsl HeMOCPeNCTBEHHOM IPOBEpKO.

Buepem HavajdbHbHe 3HaYeHHA QYHKOWE 2, TaK, 4TOOM HaYalb-
HHe 3HAYeHEA QyHROAR ¢, \P; A @s, P, OHIE KOMINIEKCHO COIPAMEH-
HHMH, a HOCTOSHHAA B OpaBoi wactd (4.7) paBHANACH eAUHENG (IiaA
VHHBAJIGHTHOCTH KAHOHHIECKOro mpeoGpasoBaunua (4.6)).
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OGosmaunm wepes z; (t), y; (t) (j = 1, 2) pemenna nwHeapn3oBaH-
HOit cucTeMH (3.1), ynomiersopAlomue yCIOBHEAM

2, (0) =y, (0) =4, 2,(0) =5 (0) =0

Torpa mawaneEbie 3Havenua GyHKIAE @;, P; HaAXYTCA U3 CAEAYIOMHAX
CHCTEM ypaBHEHHId :

[z, (2n1) — €] @; (0) + z, (2n) P; (0) = O,
Y1 (21) @5 (0) + [y, (2n) — ™19, (0) =0
G =1, 2). (4.8)

Onpeje/nTe M STAX CHCTEM PABHH HYJO, TAK Kak e — MyabTH-

WIMKATOPH JuHeapu3oBaHHON cucTemsl (3.1). Pemenms cmcrem (4.8)
MO}KHO BaImMCaTh B BHJe

95 (0) = —=z, (2m)c;,
Py (0) = [11 (25'5) — e‘z‘“’j]ch (4.9)

Iae ¢; — OPOH3BOJIbHHEE HOCTOSHHKIE. BoszsMeM WX BeIeCTBeHHHMH H

pasaaMm c¢. Torma @ (0) = T, (0), ¥; (0) = ¥, (0). Ha (4.3) m
(4.9) monyuaem RawanbHHE 3HaU1eHHA QYHKIHAHA z;

% (O) = =y (231)0, Zy (0)= 07 (4 10)
25 (0) = [z, (21t) — cos 2n)]le, 2z, (0) = sin 2mA-c. )
Ilonaraa mocrosEnyio B (4.7) paBHO# eqWHENE, IOIyYaeM ypaBHOHHe
BJISL OLpefielieHds ¢

sin 2nk -z, (2n)c® = 1. (4.11)

Jlerko mpoBepHTH, PaccMOTPEB XapaKTepACTHYECKOe YPABHEHH®, 4TO
BenmImHA Sin 27A -2, (27) 5= 0, Tak Kak YCTOHYHBOCTH HCCIGLYETCA
BHYTPH 00IAacTH YCTOAYMBOCTH JEHeapusoBaHHOHK cucremn (3.1).
BuGopom 3Haka A (KOTOpPHIi 0 cEX Iop 0L He ONpeReTeHHKM) 3Ty
BOIMIMHY MOJKHO IIQJIYYATH DojoKATenbHOH. IloaroMy ypabHemme
(4.11) Bcerma mMeeT BEUIECTBOHHOE PELICHHE OTHOCHTENBHO C.

Taxmm 06pasom, HCKOMOe KaHOHUIECKO® IPeoGpa3oBaHAe HAAEHO,
H B IepeMeHHHX ¢, p ¢pyHKnEsa aMaasTOHA TaKoBa:

H=%’“(q’+l”)+ ZHk(q, pt), (4.12)
k=3
e

Hy= 2 hw®)@"p"= 3 o (t) (220 — 219)" (24P — 259"
vi+ve=k Vit+va=k



62 CHCTEMBI G OJHOH CTEHEHBIO CBOBOJIBIL [TJ1. 3

§ 5. HeycroiiumsocTs B ciydae 1ejoro wacna 3\

K ¢yurman T'amaasToHa (4.12) Temeps derko HpnMeHKTL npeoﬁpa-
soBanme Bupxroda. BemeM KanoHHIecKme nepemennne ¢*, p* mpm
HoMOIE 27N-IepHOHYECKOR Mo {, NpOM3BOAAMEH PyHKIUM

= gp* + S¥ =gp* + Evu Svivs (£) gVp*e. (5.1)
CBABH HOBHIX H CTAPHX IepeMeHHHX HmOJyYaeTcA u3 QopMydt
as as® s o a5%®)
q*za_p;__:q_*___ap* , P=; =P —{————. (5.2)

HoBasa ¢yuknua I'ammabsrona H* (¢*, p*, t), crapas ¢yaknma [a-
muabroHa H (g, p, t) m npomsBogaman yakuumsa S (g, p*, t) ceasa-
HE TOKJECTBOM OTHOCHTENBHO ¢, p¥;

re () = (o 2 )4 R0 ey

Ecam umcio 3A He OyueT meanM, T0 B HOBo# ¢yarium ammasToHA
MO/KHO HOJHOCTHI0 YHUITOKATH WieHH Tperbedl cremenn. [Iposens
HECHO0KHEE BHIKJIANKH, IOJYIHM, 4TO JJf 3TOTO 2M-IepHOAHYECKHE
QYHKIAH Sy, (f) ClefyeT B3ATH TAKHAMH :

sso = 2 (g, + 1), So3 =2 (v, — Vo

S12 = 2 (g, — 3uy), sa = — 2(3v) +v,);
"Vl‘\’z = an'Vz(t) sin A (Vz —_ 'Vl) t - ng (t) cos A ('Vg _— 'Vl) t,
v;m = fmz (t)cos A (vg — vy)t — gm’(t) sinA (v — ) t;

(5.4)

=

(5.5)

fows (8) = %Ctg Ak (va — vy) J1 (2n) + %Jz (2m) — Jo (2),

Gvw, () = — % ctg h (ve — v1) Jo (2m) + —%— J1(2n) — J1 (t),
¢
Jr(t) = S [u,,, @) cosh(vy — i)z — V[ (2)sink (vy — vy) 2] dz,
0
t
Jat)= {12, (@)sinh (va — vi) 2 + 0], (2) cos A (v, — vy) 2] das
0

30

3 1 . 1 p

u, = —8— (hso — hm), Vo = 8 (h’03 21)’
” 1 ) . (5.6)

u, = '§(3h3° + hig)y VU = — T (3Ro3 + ha1)-

Wz tompmecta (5.3) mpm TakoM BuiGope S monyyaem 4NeHH YeTBepTOM
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CTeNeHM B BHje . ®
(3) )\ 3 (3)
Hl @t =H it 0+ 50 (5] — (35) ] + Ha 2.
(5.7)
Ecan 3A = m (m — menoe 4mCI0), TO LONHOCTHIO H: YHAYITOXHATH
Hexb3Ad. Hak moKasHBalT IPOCTHE BRYHMCAGHHA, TaMHAILTOHHAH H*
B 9TOM CJyd9ae OpHE momomu mpeo0pasoBaHus Bupkroda MOKHO OpH-
BeCTH K BHAY

H* = 320 (q** -+ p*) -+ 2u% (¢*° — 3¢*p*) + 203, (p*° — 3p¥™) +

+ H'(¢* p* 1), (5.8)
rme
* . * .
Ugy = Z3p COS ME — Ygo SIN ML, Vgy = X34 Sin mt -+ yg, cos mt,
1 27
Tgo = 5— S (ug, cosmt + v sinmt)dt,
0
1 25
Yso = 5— S (v, cosmi — ug sinmt)dt,
s v
¢yaxnma H' B (5.8) 2n-nepmopmasamo t m H' = O ((|g| + | p|)Y.

Teopema. Ecau 23 + Y3 7 0, mo nosoxcenue pasnosecus z =y =
= 0 cucmemn (3.1) neycmoiinuso no Jlanynosy.

Ins moxasaTexbcTBA OTMETHM CHAYAJA TOT OUEBMIHEIA (aKT, UTO
3afaq® 00 yCTOHIMBOCTH OTHOCHTENLHO X, ¥ B cucTeMe (3.1) U oTHOCH-
TenpHO ¢*, p* B cmcremMe ¢ ravmibToEHaHOM (5.8) SKBHBAJGHTHHL.
Ianee, cnemaeM Takyl 3aMeHY IepeMeHHEIX:

g* =V 2rsin(M -+ 9 —0), p*= 1 2rcos(M+ o —0),

. z Y3y
sin30 = —2 cos30 = —2 .
Va2 4, Vi + Yaq

Wsmenenne mepeMeHHHX 1, ¢ GyfeT onmcHBaTheA AuddepeHnraNbHE-
MU ypaBHeHWsAMHE ¢ ¢yEKnmei ['aMmapToHA (r — EMITYABC, ¢ — KOOD-

(5.9)

OHHATA)
H=4V2(@2 + y2)rVrcos 3¢+ 0 (r?). (5.10)
BosbmeM ¢ymumumio JiaonyHoBa
V = rV/r sin 3¢. (5.11)

Ee npousBofiHasA B CHAY ypaBHeHEH ABWKEHHSA ¢ ¢yaxpaesr [amman-
roHa (5.10) Gymer Takoi:

o =18V 2L, T yg) rt + 0 (). (5.42)
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Tax kak pyrrmusa V — 3HaKoumepemenHas, a ee npomssonguas (5.12) —
onpefieIeHHO-II0JI0KATeJbHAA B OKPECTHOCTE HAYaJa KOOPKHHAT, TO,
cormacao Teopeme JIsmyHoBa 0 HEeyCTORUMBOCTH, IOJOKEHH® PABHO-
BecHA HEYCTOWIHABO.

§ 6. Hcenegosaune ycrodwiasocrd B clyuae Heioro gsmeaa 4h

Ecam uacao 3A He Gyner meJsM, TO B HepeMeHHHX g*, p* ramMuiab-
TOHHAH 3aUANIETCA B BHAE

H=H+H+...,
rie H, BHYECAACTCA IO dopmymam (5.4) — (5.7). Ilycre 4h = m.
Henaa sameny mepeMesHEHNX ¢¥, p* — §, P ¢ mpomaBofameit pyHKIAEH
S = q*p + SO,
MOKHO YIOPOCTATH 9YJICeHH 4eTBepTOd cTemeHu B HoBo#l ¢ymrmmm I'a-

MuiabToHA f, KoTopas, Kak HOKAa3KBAOT BHKIAAKA, GymeT IpH dTOM
UMeTh BHJ

= —7~(~2 + P + —02 (7% + PP A 80 (3% — 672P* 4- P*) —
— 4 TP(7* — D)+ H"(7,p.t), (6.1)

e H' =0 ((|§|+|p])*) = mmeer Tepuon 2n mo t. B (6.1) BBe-
HeHH cjexyiomue 00O3HAYEHHA:

27

1
co = g \ (ko + My + 3h5y) dt,
(]

flgg = g9 COS M — Yyo Sin mi, Ty = Yso €O Mt + 49 sin mt, (6.2)
o
Tyo = 5 g (uy, cosmit + vy sinmt) dt,

0
27

Yao = ii— 8 (v COS Mt — u; sinmt) dt,
0
" 1 ” 1
W, = 5 (hao — s + hay)y  Vao = 5 (has — h3y).
Ecmu x5 + 3 7= 0, TO MOKHO IepeATH K IepeMeHHHM I, @ 0
dopmynam, asamormaamM dopmynam (5.9). Ilomyaum
H =r?(c, + b, cos 4¢) + K (r, o, 1), (6.3)

rae b, = 41/:::20 + yi, a ¢pyaxgma K = O () m nepmopmyHa mo ¢
u ¢ ¢ nepmoxamM; 27 X 81 COOTBETCTBEHHQ,
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Teopema. Ecau | ¢y | << by, mo noaosxcenue paguosecus Heycmoii-
uugo; ecau e | cy | > by, mo umeem mecmo ycmoiinusocmo no Jany-
HO8Y.

Haa mokasaTeiabCTBa LEPBOTO yTBEPIKACHHS STOH TEOPEMH BO3b-
MeMm ¢ymrnmio Jlanynosa

V = r?sin 4q; (6.4)

¢ynxnma V Gymer sHaxomepeMeHHOH B OKPeCTHOCTH HAYaila KOOPHH-
HaT. {17 ee MPOM3BOMHO IONYIaeM TAaKOe BLIPAKEHHE:

% = 8r® (by + ¢y cos 4g) - O (r'i2). (6.5)

Ilpm BHOmOTHeBEME HepaBeHCTBA | ¢y | << b, PynEuua (6.5) Gymer om-
PefeeHHO-IOIOKUTEIbHOM B JOCTATOYHO MAI0i OKPECTHOCTH Hadalla
kooppmEar. ClefoBaTenbHO, MOJOMEHWE PaBHOBECHSA HEYCTOMYWBO,

JoxraxeM Temeph yCTOHYMBOCTG LPH BHIOJHEHNH HEPaBEHCTBa
| ¢, 1< b,. Herpyneo unpoBepuTs, WTo B 2TOM ciydae B CHCTEME C
¢YKOPOYEHHHIMY» FaMUJIbTOHAAHOM

h = r?(c, + b, cos 4¢) (6.6)

nepeMeBHas r Gy/leT MepHOXAIECKO, & ¢ — MOHOTOHHOM QYHKUHSAME i.
CnenaeM KaHOHMYecKoe npeoGpasoBaHHe, UPHBOJAMEee i K mepeMes-
HuM feiictBie | — yrom W [8, 36]. Ilepemennnie meficTBEe — Yroda
CBABAHH C 7' U ¢ COOTHOIIEHUAMHI

®
as as
r=ger W=5% SUo= Srdcp. 6.7)
0
3necs § — mpomsBopAm@as (GYHKNHUA KAHOHEYECKOLO IpeoGpasoBas
BEA r, ¢ — I, W. Uarerpax B (6.7) BeuHCAseTCA OPH yCI0BAM

 r*(ey + by cos 4g) =k, (6.8)
rie b = h (I) — ¢yExuua obpatHas K

I(h)= 5 g rde: (6.9)

npu sroM 7 B (6.9) osmawaer dysxumo r (¢, k), nonyvaemyio us (6.8)

3amernM, UTO 3HAKA KOQPEIHEHTOB C, U b, B TaMHJILTOHEAHE
(6.3) MoxHO cumTaTh OHEHAaKOBHMHA. Ecam 310 He TaK, TO, BBONA BMEC-
TO IEPEeMEHHOR ¢ yron ¢ — 5/4, MOXyIMM TraMUABTOHHAH, Y KOTOPO-
ro 9TH KoapdummenTH GyayT mMeTh OMEAKOBHE 3HAKA. BBemeM 06o-
zravenne k*= 2b,/(b; + ¢,). B cmny ycuoBmit oKasHBaeMO#t TeopeMu
BHOoaHATCA HepaBeHcTBa 0 < k% << 1. Ilocne HeCIOKHEIX BHUMC-
JeHHi{, WCUOAB3YIOIMAX pPasAWIEEHe (OPMYAH [JA SIJIANTAYECKEX
¢yexumit u materpaios ms [18, 26, 91], monywmm m3 (6.7) — (6.9)

3 A. II. Mapxees
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ABHOE BHpa)KeHWe s Opou3BopAmedi QyHRIWAT

I
S:::Zé%F5F%2¢,k%, (6.10)

rme K & F' — monsHi A HeIOMHHH JLIANTHICCKAE HHTEIPAIEL IePBO-
ro pona, k — mx moxgyas. WUz (6.7) m (6.10) naxonmm Brpaskenme cra-
PHX IepeMeHHEHX depe3 IepeMeHHHe NedcTBHe — YTou:

nl 1

4K (K?)
e o= LK 6.41
2 () an By T T e

B mepemenntix I, W ¢ynxnmsa Tammaprona (6.3) mmeer Bup

7% (by 4 ¢ca)
H = Wﬁ +OU, W, ), (6.12)
rge pyExngua O np# gocTaTOYHO MaAHXx | aHANWTAYHA OTHOCATEILHO
VI, ® =0 (Is?).
CnenaeM eme oOHY KaHOHHYECKYIO 3ameny mepeMeHunx I, W —
- R, ¥:
2K2 (k?)

2o b W=signb:+e) ¥, (6.13)

rme 0 — Mauwi momomurenbpHen mapamerp (0 << 0<€1). B mepe-
MeHHHX R m V' ypaBHeHHA [BU;KeHHA 3aNMINYTCA B BHIE

¥ R ‘
T =R+ 08, T=0(om). (6.14)

Benmumun nopsiaka 032 B (6.14) 2n-nepuogmansr no ¥, 8n-nepmonma-
AH D0 { W OpH [JOCTAaTOYHO MalHX O AHAJAATAYHH m0 1! B Kojaboe
1 < R <2. llyctp 8 m p — nawanpubie sHagenas ¥ m R, nemxamue
B 9TOM Koubie. Ilpounrerpuposas cucremy (6.14) ort = 0 no t = 8,
ooJIyI:mM OTOOpasKeHAe KOJbIA, KOTOPOe COXpaHsAeT IIOMAaRb, Tak
Kak cmerema (6.14) ramuapronoBa (Teopema JImysminsa o coxpanenmn
gazoBoro ob6bema [16]). TIpm mMansix ¢ 3T0 oToOpasKeHme MMeeT BE

¥ =0+ ol8xp + Vof (p, 0, 0)l,

R=p+ Vo g0, o),

e f 4 g 2n-nepuoguyns oo § W aHANUTHUEK mo P B Koabme 1 <
SO 2.

OroGpaserne (6.15) ymoBaerBopser BceM ycaOBHAM TeopeMl Mo-
3epa 00 HHBAPHAHTHHX KpHUBHX. 1losToMy B Koabme 1 << p << 2 cy-
mMEeCTBYIOT KPUBHIE, HHBapHaHTHHe OpH ortobpakenun (6.15). Caemo-
BAaTeJBHO, TPAGKTOpHA cucTeMil (6.14), HauMHAIOMAACA MEKAY HH-
BAPDHAHTHHME KPHBEIMA, OPE Beex f ocraercA B Koaeme 1 << R < 2.

(6.15)
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YuaTuBaA CBA3h IepeMeHHOM R M MCXOJZHHX MEPEMEHHHX, IOJTydaeM
OTCIOfld YCTOMYHBOCTH HMOMOKEHHA PaBHOBecHA & = y = ( cmcTeMH
(3.1). Teopema noxrasana.

Cnenaem B sarmiouenme maparpada jBa zamedaBMA. Bo-mepBux,
OTMETEM, 970 IpH BHIOJIHEHAM HepaBeHCTBA | ¢, | > b, cymecrByer
CTeNeHHO# paAf (BO3MOKHO, PACXONAMHIACA), KOTOPHH (OPMAIBHO
SBIAETCA BHAKOONpeNelienHsM wmHTerpasom cuereMmu (3.1) [158).
Cornaceo TONBKGC 9TO JOKA3aHHOK TeopeMe, M3 CymecTBOBaHHUA op-
MaJbHOTO MHTErpajia B Hamiedl 3ajade ClIefyeT yCTOHYMBOCTH mo JIs-
myHOBY.

Bropoe sameuaHme KacaeTcA (KPATHUECKOTO» cIydas |c, | = b,.
B »ToM cayuae WiIeHH 9eTBEPTOro HOPAMKA IO Z, Y B TaMHUJIBTOHWAHEe
(3.2) me pemator Bompoca of ycroitumBoctu. CmCTeMa ¢ (yKOpOUeH-
HEIM» raMmapToOHEAHOM (6.6) HeycroiiumBa. Ho 4ienm Gosee BRICOKO-
ro MOpAAKA MOTYT 1u(0 CeNaTh ee yCTOMIUBOM, MUG0 OCTABUTH HEyC-
roitumBoii. IlepBrii cayuaii peanmayercs, Hampumep, B cucTeMe ¢
raMuIbTOHAAHOM

H = r?2(1 4 cos 4g) + 8,
a BTOpoit — B cHcTeme, mMeiome# ¢ynrmmio I'aMmiabrona
H = r* (1 + cos 4¢) — r*sin 8¢.

B nepBom cayuae ycTofuMBOCTH OYEBHAHA W3-32 CYIMECTBOBAHHUS 3HA-
KOOIpefeJeHHOr0 mHTerpasa H = const; HeyCcTOMYEBOCTH, BO BYO-
POM ciayuae cCilefyeT, HampuMep, U3 CYMECTBOBAHHA dYaCTHOrO pe-
LIeHHAs

r (0)

9

o=7: =75
V1I—2430)¢

KOTOpoe HeOIPAaHWYeHHO Bo3pacTaer LpH [ — Kak 0sl HA

1
_ )
6nim Manw HauanbHEE 3HaueHdsa r (0).

§ 7. YcroiiumBoCcTh MpPH pesonaHcax
NPOM3BOJLHOTO NOPHAKA

IIycrs ¢yuxmums Tammanvroma (3.2) TakoBa, 4ro Beamumma Ak
He Gymer measm umcaom mpum k= 1,2, ..., 2n, a K03 PuONeHTH
€3y €3y - + -y Cn B (3.3) paBun Hymwo. Torga sompoc 06 YCTOHYHBOCTH
He DemaeTcA WIeHAMH [0 HOPAJKA 2r B PasioeHUH IaMMUJIBTOHHAHA.

Honyctum teneps, wro uwmeno A (2n + 1) Gymer meapm. Toraa
¢ynruua lamunbrona (3.2) momer 6HTh mpuBefleHa K BHAY

H = ar® V'rcos (2n + Do 4 O (F+1) (a = const). (7.4)
Hpn nomomu ¢yukumum Jlamymosa

V =r"Vrsin(2n + g (7.2)

3*
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JIerKO MOKAa3aTh, YTO IpH a 7= 0 monoxenre paBHoBecua r =y = 0

HEyCTOH4HBO.

Ilycrs, pamee, auGo a = 0, ma6o umcao Ak He Gymer mennM mpH
k=1,2,...,2n, 2n -+ 1, a wmcao A (2r 4+ 2) — memoe. Torpa
raMAJIbTOHAAH OPHUBOSATCA K BELY

H =r*t{c+ bcos2(n -+ 1)p] + O (r*+n), (7.3)

TRe b ® ¢ — mocrosHHEKe Koadduumenrs. [Ipm BrmonHeHWU HepaBeH-
ctBa | b | > | ¢ | nomorkenwe paBHOBeCHA HEYCTOMIHMEO. JTO JOKA3H-
BaeTcs npy uoMomu GyHKnuE JIanyHOBA

V = r"*1sin 2 (n + 1)g. (7.4)

Ecnm sxe | b <<|c|, To momosenme paBHOBECHA YCTOHYHBO LO
JlaoysoBy. [lans mokasaTesnbcTBa 3TOTO YTBEPIKEGHHA CHejdaeM KaHO-
HEYeCKoe mpeobpasoBagme r, ¢ — [, W npm moMomu npom3BOAAIlei

¢yaROUA
(n+1) @

_ 7 da g 20
S(Iy (P) -9 (n +1) Gn+1 . § 1{.}11 kz's_inza (]‘C = b—_—{—- C) . (7.5)

3HaKk® b W ¢ MOMRHO CUHTATH OfHHAKOBEIME, moatomy O < k? << 1,
B (7.5) BBemeno o6osmaueHHme
2

da

GTH' 1= n4l

0 Y1 —ksin?a

B HoBHx mepemenHHX (yExnua [aMumiabroHa 3amuimeTcA B BHIE
I\l
H=(£——) (b+c)+ T (I, W,¢),
n+l

rae ¢yrxnEa I' = O (I™3£) m nepmopmana mo W m {. JlampBeiimee
HOKAa3aTeJAbCTBO CBOAUTCA K IPHMEHOHHIO TeopeMil Mosepa o6 mHBa-
PHAHTHHX KDHBHIX, KaK 3T0 CHeJAHO B IpeAHAymeM mnaparpade.



TIIABA 4

YCTONYNBOCTh ABTOHOMHOI
TAMIWIBTOHOBOII CUCTEMBI
C IBYMA CTENEHAMHA CBOBO/JbI

§ 1. locranoeka 3ajgaun

Paccmorpm aBTOHOMHYI0 RAHOHWYECKYIO cmcTeMy AmpdepeHnu-
ANTBHBIX ypaBHOHWHA

dg, dp,
9 oH dp OH 1,3 (.1)

&= ap @ g

ITycrs Hagallo KOOP[MHAT SBJIAETCS MOA0KEHHEM pPABHOBECHsS CHC-
TEMbl M TaMEILTOHMAH H ecrb aHanmuTATecKas QyHKIHASA 0600MmeHHEIX
KOOPMHAT M UMOYILCOB ¢;, P;, PAa3Iaralomasaca B PAX

H=H,+H;+Hy+ ..., (1.2)

cne H,, — ogsopopHas QyHKOUA CTemeHH m OTHOCHTENBLHO ¢;, D;.

Ecnu H, — 3HAaKOOuUpeneneHHas QyHKOHA, TO, COINIACHO Teopeme
JlanyHOBa, WOMO;KEHNME PABHOBECHS YCTOMYIHBO (I IPHUMEHEHHS Te-
opemnl JlamyroBa 06 ycrofiumBOoCcTH B KadecTBe QYHKOHHE JlanyHoBa
V momuo0 B3aTh B sToM caydae pymxmuio [amunsroma H). Ilycrs,
onHako, H, He siBAseTcs 3HAKOOIpPeREeJeHHON KBagpaTHIHON PopMOi,
Ho cmcrema (1.1) ycroiiumBa B mepBoM (IuHEHHOM) IPHOIHMKEHWH.
Torga mpHE HEeKOTOPHX OTPAHWYEHAAX HA YACTOTH O, ©, JHHEHHOH
cucTeMH u Ha KoaddunmenTs dopm H gz u H,; Bompoc o0 yCTORYHABOCTH
MOKHO PeluTh HPH IIOMONHA ciIefyomeil TeopeMn Aproapxa — Mo-
sepa [2, 3, 72l

Teopema. Ecau gyuryus I'amuavmona (1.2) marosa, umo

1) zaparxmepucmuueckoe ypasHmeHUue AUHEADUSOBAHHOL CUCTEMB
uMeem wucmo MHUMbE KODHU £iwy, +i,;

2) n,0; + ny0, # 05 (1.3)
ede ny, n, — yeave uwucaa, ydosaemeopsowue ycaosuo 0 << |ny |-+
+lin | <4

3) ‘»'zo(l)a2 + 0,05+ Coz(ﬂi # 0, (1.4)

mo noaoJceHue pasnosecus ycmotwugo no Janywosy.
B ¢opMynupoBKe TeopemHn upepmoiaraercs, 4ro ¢ymwums I[a-
munprona (1.2) sammcama B Bmue

H = @,r; — g7y + a1 + cunirs -+ cogra + O ((ry + 1)5?), (1.5)
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rme 2r; = q; -~ p?. Bu6op KoOpAUHAT ¥ UMIYILCOB ¢;, P;, B KOTOPHX
ramaasronman (1.2) mpepcrasisercsa B Bmpe (1.5), ocymecrsiserca
Ipu moMom@ TpeodpaszoBaHWsA Bupxroda, KoTopoe B Hamiem caydae
BO3MOkHO Up® BemonHenmnm ycaosua (1.3). Hooddmmuentst c¢;; sB-
aaoTcs mEBapmanTaMu @yHkmmam [avmaeroHa (1.2) oTrmOcHTennHO
KAHOHMYECKHUX IpeoGpasoBaHmi.

Bo MHOrEX NpHAIOKeHUAX TPH PEIMeEeHHH 3afadd o0 ycToiumBOCTH
Teopems Aproxbna — Mosepa Heocrarouro. Heob6xonmmo Gonee mon-
Hoe HcciaefoBanme, Korga yeaosma (1.3), (1.4) me BHmOMHEHH.

Cnygaii HyJIeBHX YacTOT JHHEAPM30BAHHON CHCTEMEl B PACCMaTpH-
BaeMHIX HIKe 3ajladax He0eCHON MexaHwK@ He BeTpermtes. (OTMeTHM,
OTHAKO, YTO 3afadya 06 yCTOWYHBOCTH ABTOHOMHOH IaMHJIBTOHOBOI
CHCTEMH B CllydYae ABYX HYJEBHIX 94aCTOT THATeNBHO HCCIefoBaHAa B
pa6ore Coronncroro [85].) Ilpeamonoxum moaToMy, 910 @, > m, > 0.
Torga ycaosme (1.3) me BHmonHsAeTcs mph o, = ko, (k = 1, 2, 3).
Hccnemosanne yCTOMYMBOCTA B 9THX TPEX pPOE3OHAHCHHX CIydasx
mposeeEo B § 2—4. VCTOAYMBOCTH OpU HEBHIOIHEHHH YCIOBHSM
(1.4) paccmorpena B § 5.

§ 2. Ucenegosanne ycToHYHBOCTH NIPH Pe30HAHCE ;=20

IIyers wacroTsl numHeapmaoBaEHOR cuerembl (1.1) cBasan peso-
HaHCHHM COOTHOIIEHMEM TPeThero HOpAfKa ®; = 20,. IlpoBenmem,
cuenys [55], mogpo6uoe mecnenoBanme ycroiramsocru. Bynem camrars,
910 raMmiabToHmaH (1.2) mMeer BUM, COOTBETCTBYIOMUE HOPMAJIBHEIM
KoneCaHHAM JHHeHHOH CHCTeMH (COOTBETCTBYIOMYIO BeleCTBEHHYIO
JWHeHHYK HOPMAMH3aNHI0 MOKHO IPOBECTH COTIACHO, HAIpHMep,
raaee 2):

1 ' 1
H= 5 (@2 +0g) — P+ i)+ Y Puwansnddyplopie.
Vit+VoHlyf-Hz==38
(2.1)
Ilna opmBemesnsi rammibroHmaHa (2.1) k BEAY, yno6HOMY AaA mpu-
MeHeHHA IpeoGpasoBanus Bupkroda, cmeraeM KaHOHHYECKYIO 3ame-
HY mepeMeHHBIX

1 ., i 1. , ,

=59+ o P P = 5 ing, -+ Py,
P L (2:2)
g = — 7q2+5;P21 Py = — 5 04, + ip,

@ = —1).
B HoBHX mnepeMenHHX ¢QYHKNEA l'aMBabTOHAa B3ammmeTcs B BAME

. ’ . s 4 VL Ve sHr rHa
H = "(qu]_ pl + I’mﬁqug + 2 h’V:’V:uxllqu q2 pl p‘l . (2-3)
Vi+Va-tRa-pe=3



§ 2] PE3OHAHC 0;=2w, 71

Hoapdmnuertsr Popmer Tpersero mopsiska B (2.3) BEIpaKAOTCA de-
pe3 Koogdmmuents pynrmun ['amminprona (2.1) mo caemyromum dop-
mynam. OGO3HAYMM 9ePe3 Zywyuy, B Yyymg, CISAYOIME TECATH HAD
BOHIECTBEHHBIX BeJIHINH:

. 1 1 1
%0030 = Mog3o — - hao1o, Yoozo = o~ hyoz20 — -3 hs000,
o] 1 o)
1 3 . Jm, 1
Ti020= — 5 T E;);haooo, y1ozo=—2— hooso + mhzolo,
1
Tor120= —%k‘0021+ih1110+21h2001 ?/0120=—ihmzo—'wihlou—l—ihm 0
012 ) 20, 202 ’ 2 20, 902 0
1 [on 1
Z1011=— — ®1h0021 — ahzoma Yro11 = az h0120 + 0)—10'); hzloo,
1 1 . 1 1 1
Zoos1= — ho120— — P1p11— — ha100, Yoesr= Pooar-+ —— h'ulo——2 P00t
@y Wy 007 : © 0y o]
O ) ti—h Ly —_ %y
Zi0e= —5—Aoinn—5R100a—P1200, Y1002 =— 5 Pop12
2(1)2 2 2(0; 2
O p, Ln
+ ng 02101 S, 1101
1, 1 1 A 1 3 1 h
Zoora= — hoo1a+ -—;hozw— ——Hhy101s Yoor12= —Po111— — F100s+ 2/h1200s
0, @109 @2 @y 0,05
W 1 1
Zo111= m—lhlooﬁ— m—lm';hlzoo-» Yor11= — Dfgg1a— @ Bo210s
2
Wy 3 3(‘)2 1
Zogor= — 7 ho1oe— %o, ho300, Yor01= — hooos + zhozol,
1 1 1 A 2.4
Zogos =— — m—zhomz—f— o3 Ro300, Yooos = — Pooos+ 52 tozor: (2.4)
2 2

[To oTEM HmeCATH HAPAM Zyvwyuu, Yvivay, BHUMCIAOTCA COOTBETCT-
Byomue Koa(QPUOUmeHTH Ay, 3 (2.3):

Py = Tvwapas T WYvivatapty- (2.9)

Ocranpmsie fecats Ko3QPUOHEHTOB Ay gy, POPMBEI TpeThed cTemeHM
B (2.3) BHUHCAsAIOTCA TO POpPMYyIaM

. i @ Wy~vy g He—V2
huluz‘vl’\’z = (yVWleuz + I"r’\’x’Vz}hllz) (_ ?) (_2') (26)

IIpumenus npeoGpasosarmme DBupxroga gj, Pj—> 4, Pj YHAYITO-
UM B QyHKIEE ['aMUIbTOHA Bee WIeHH! TpeThell CTeneHH, KpOMe pe-
30HAHCHHX. B HOBHX NIepeMEeHHHX TIaMHJBTOHHAH CTAHET TAKAM:

H = g, p + 030} + By @pa’ -+ By 0P+ 27)
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2
ByneM cumTaTh, 9TO Zaiges -+ Yioe: = 0. BHIONIHEM eme HeCKOABKO
KAHOHMYECKHX upeofpa3oBaHmil. Bo-mepBEX, BepHeMcsa K BemecT-
BeHHHM IOPEMeHHHIM, CfeJaB KaHOHMIeCKoe upeobpasopande
» ~ o~
q;ip; = q;P;:
” 1 ~ . ,. 1 - ~

g = —— (G1— iP1), q, = —= (iG> — P2),
S ™ 2 Vo,

Ve Ve (2.8)
B =52 (— i+ ), Py=T2 (G — i)

Bo-BTophix, BBeieM MOAsAPHKE KOOPAUHATH T';, (; OPH IOMOIIH KAHO-
HAYECKOH BaMEHH IepPeMEeHHHX

§i=V2rsin(p;—6), P=V2rcos(p;—86) (j=1,2), (2.9)
rae 8, = 0, a 6, ompegeasercs W3 COOTHOMEHMH
23/1002 —, cos 0 = 21'1002 . .
V 200z -+ Y100 V‘”moz + Y3002 -
B nouaspuux kooppmaarax ¢ysEKmms 'aMmibTOoHA HMMeeT BHJ

H = 205y — 0gr1 — V02 (23, 4 ¥2,,,) ra ¥/ risin (@1 + 292) +
+ H(r; 9;), (2.10)

rae H ameer mepumop 2% uo @ u H = O ((ry + rp)?).

Teopema. Ecau zamusbmonuar 603myujeHnozo O6udceHus maxoe,
Umo e + Yioes 5= 0, Mo nososcenue pasnosecus weyemoimuso. Ecau
He  Ziom + Yooz = 0, & cao + 2¢13 + 4coy 7 0, mo umeem mecmo
yemotiwugocmov no Janyrosy.

Ilna moxasarenbCTBa HEYCTOAYHBOCTH CHAaYada MOPH NOMOIY
mATerpana H = const DOHE3UM HOPAAOK CHCTEMH Ha JiBeé eMHHHIE
[90]. dxs noxasarennCTBa HEYCTOHUYHMBOCTE IONOMKEHHS DPABHOBECHS
AOCTATOYHO IOKA3aTh €ro HeyCTOMYMBOCTh XOTA GH Ha OHOM ypPOBHe
oHeprmm H = const. Paccmorpum yposers H = 0. 3 ypaBHenus
H = 0 upm pocraTouHo MAIHX 7y H Iy IOXydIaeM

n=—K=gr+t 4_10)-2 V 203 (2%, + Yiog) Te V T2sin (@1 + 292) +
+0(Y. (2.41)
Mu monyamnu, TakEM oGpasoM, KaHOHHIECKYIO CHCTEMY C OfHOM cTe-

nenpi0 cBoGomm 1 ¢ Ppymrrnueir I'ammiabroma K. Hosoii HesaBECHMOMR

IepeMeHHOH ABAAETCS YrioBasg IepPeMeHHAA .
BBefeM BMecTO IepeMEHHHIX Ty, ¢ HOBHE HepeMeHHHE I, @ IO

dopmynam

sin 61 =

1
r=r; 9=+ 3 0
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Torga monydaeM cuCTemMy ¢ Takoi ¢pymrmmeir I'ammibroHa:
1 - .
K=— -4—0)—2]/2032 @, Yo TV rsin29 4 0 (). (2.12)

s ypaBHenuii nm:KeHnsa cucTeMul ¢ TamaabroHranom (2.10) caenyer,
970 IPH MANHX ry U Iy YIJI0OBasA NepeMeHHAS ¢; OyxeT MOHOTOHHO BO3-
pacraomeit ¢pyarmuei spemenn f. [losToMy B 3agave o6 ycTodumBo-
CTH mepeMeHHAsl (; MOMKeT HTPaTh Ty K€ POJIB, YTO H BpeMd.

Yro6H MOKasaTh HEYCTOMIHBOCTH, BOCHOAB3yeMCH Teopemon JIs-
nyroBa 0 Heycrodumpoctd. Dymrnmio JlaoysoBa V BozsMeMm B BuAe

V =ryrcos 2¢. (2.13)
flcuo, uto V sBasercss 3HarkomepeMeEHO# QyHkmmei. us ee upoms-

BOTHOH IoJiydaeM TaKo€ BEPayKCHHE:

av 3 /
g, hw, V 205 (3, + #00) T2+ O(°), (2.14)

Oyuruma (2.14) onpefeTeHHO-TIONOKHUTENHHAA B OKPECTHOCTH HATaJIa
roopaunat. CiemoBaTeapHO, COIJIACHO Teopeme JlgmyHoBa, uMeeT
MeCTO HEeYyCTOMIHBOCTE.

IIycrs Temepb Ziges -+ Yaoee = 0. Torma B rammasrommame (2.7)

v n2 w2

OTCYTCTBYIOT PEe30HAHCHEIE WICHH h;mqlpz n h{moqg P1, 2 OQYBRIAIO
TammnproHa, HECMOTPA Ha HANAYAE COH3MEDHUMOCTH @; = 2()y, IPH
momoma mpeoGpasoBaHus buprroda momuHO mpmBect: k Bumpy (1.5).
U rorma Bumonmerue yciaoBuma (1.4) Teopemu ApHoabma — Moszepa
rapaHTHpyer ycroiamBocts. TaKEM o6pasoM, mpPH YCIOBHE Tiyg

4+ Ylooe = 0 & €9 -+ 2613 + 4Cos 7 0 monomenme paBHOBECHA YCTOi-
gnBo. Teopema mokazama.

§ 3. YcrofiunBocTh UpPH pe3oHAHCE O =30,

Temepb paceMoTpEM 3a7ady 06 yCTOWIHBOCTH LOJOMKEHHA PABHO-
Becusa cucremsl (1.1) mpu HamwIEE® pe3oHAHCA YETBEPTOrO MHOPAMLKA
®; = 3w,. ITa 3amaua mayueHa B paborax [53, 55].

Brimwmem cHavana Hy:KHHe I PemIeHHA 3afgadm o6 ycrodamBoc-
TH KOIPOUIMEHTH Ayyyy, OPE WIeHAX 9eTBEPTOTO MOPAXGKA B ra-
vuabToHHAHE (2.3):

3

, 3 1
L ) —_ —
Praozo = 3 ©3ho010 2t 000 3 F2020,

. 1 ® o
hi111 = ©10:hg033 + oo hazoo + 07; hoszo - (‘9—21 hagoe,  (3.1)

3

. 3 1
—_ 2 —
hogee = D) ©2ho00a 202 hosoo 3 hoz02,
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h1pos = U003 -+ V1003,

, o3 . 3.1)
hosio = — m(umoa — iU1003)s
The
Uig03 = ";- ©3h0013 ‘l— ! h1300 2(0 hi102 — —2-—2 hoa11,
(3.2)
V1003 = Zm > Ror1a — 3 hmos —|- h1201 + P h0310

Ilpn momomu upeoGpaszoBanuss Buprrodpa B ramumasronmasme (2.3)
MOKHO YHUYTOKATH BCE WIEHH TPeThel CTeleHA, a U3 4IEHOB YeTBep-
TOH CTEeNeHH OCTAHYTCA PE30HAHCHEE W CONepsKamiue TONIBKO IIPOH3-
BelleHUA ¢;p;. HopmanmazoBaHHAS [0 UYIEHOB YETBEPTOTO HOPAIKa
¢yaxousa Famumastona OyaeT mMeTh CAeNYIONUE BH:
/i "o” ” ” ” " ” ”
— 1 7 2
H = iwyq3py + i0292P2 — €20 (q1P1)* + €11 (‘hpl) (92p2) —
»3 n
— Co2 (%Pz) + l1ooaq1P2 + log1092 P1+ - (3.3)
BeawunBH ¢y, €;y, Cop BEMECTBEHHH, & [ 903 U 319 MOSKHO BamHCATh
B BHJe
o
L1003 = Z1003 + Y1003 log1o = — P (1003 — 1Y1003)- (3-4)

Qopmynn gasg pacdeTa KodddmmueHTOB HOpManbHON Qopmur (3.3)
yepes KodQOEIUEHTH HCXONHOr0 ramuiabroEmaHa (2.1) TakoBE:

Co0 = — h;mo — ’281 @3 (xgoso + Yooso) — % (ﬁozo + Ylo20) —

% (x(znzo + y(2)120) + '12‘ (-Z?ou + y%on) + E?—b @} (xg()?.l + '93021),
e = h,1111 i % (#3002 + y%ooz) + 1—?;) oY (-73(2)012 + Yoorz) —

- ng w; (%021 + ?/3021) - 1—58 (353120 + Yoi20) + 2 (TorrrZro20 + Yor11¥1020)

— —4—(1'0201?/1011 +Zi011Y0201)s  (3.5)

(07}
. 3 6
Coz = — Pugoa - T o (x(2,003 + Yooos) + ey (xgzol + ygzol) —
Oy
1
- (xfooé + yfooz) 3 (%111 + yor) — 0y (-Toom + ?/0012)

9
Z1003 = U100 — (To120%0012 - Yo120¥0012) — 70; (®1002Y 1011 + Zyo011¥1002) -+

4 3
+ _(1)—2— (Z1002%0201 + Y1002Y0201) + 5 (Zoo0sTor11 + yooo3?/0111)’ (3-6)

2
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9 1
Y1003 = V1003 — 5 (1'0120?/0012 — Too12Y0120) — ‘E’ (Y1011Y1002 — -731011371002) +

4 3
+ — (Z0201Y1002— Z1002Y0201) + 5 (To111Y0003 — Zooo3Yo111)- (3.6)
2

Brpamenua pius  Zvygg, B Yyymp, DOPEBEISHH B  IIpENbIIyIIeM
maparpage. OrmermM, uwro ¢opmyan (3.5) BHOHMCAHB CIENEaIbHO
AIA CAydas Pe30HAHCA ©; = 3, BHpaKeHHA NIA ¢;; UPH IPOU3-
BOJIBHHX ®; B M, MOKHO Haiir#, Hampumep, B [37] mam [55].

IIycrs &jgs + Yios 7= 0. IlpomsBens Torga KaHOHHIECKHe Hpe-
obpasosanma (2.8) u (2.9), rae Temeps

Y1003

xT
—_—, COS 91 = — 100
2 2
V”‘loo:a + Y1003

sin 91 = — —,
V'atys + 93
1003 T Y1003

OO YIRM HOpMaJIHElOBaHHI:Iﬁ TaMAJIBTOHHAH B HOJAPHBIX KOOPOHHA-
Tax

H = 3w,ry — 01y + Czori + ey + Cozrg +
1 —_— S
+ 5 0 V'3 (@l + Blowlra Vs €08 (@ + 393) + O ((ry + ry)oh).

3.7)
BseneMm o6Gosmauenus

a = ¢y + 3¢31 + 9¢pgs b = 3w, l/-xfoos + yiooa- (3.8)

Teopema. Ecau ecamusvmonuan 603myujennozo Oeujcenus makoe,
umo |a|<< b, mo nosoxenue pasmosecus Heycmoliuueo; ecau e
|a| > b, mo umeem mecmo ycmolmusocmv no Jsnyrosy.

Ias mokasarenbCTBA HEYCTOMYIMBOCTH, KAK W B IPeJEITYIIeM IIa-
parpade, paccmoTpuM BmKeHme Ha yposHe H = 0. Ilpm mocratogno
MalbX Iy U 'y B3 ypaBHeHus H = 0 nomyuaem

1 1

ri=-gry— mrg [a 4 bcos (@y +=392)] + R (r2, 2y 91),

rae pyuxmua R ummeer mepmog 2% no ¢, ¥ ¢y, B = O (r37).
YpasHenusa jBuskeHus Ha yposme H = 0 UMEIOT BHJ

dr2 _ aK a(P2 . aK
dor 09y’ 99, ory ’
rfe
1 1
K=—3r+ mri (@ + bcos (9r + 39s)] — R (ra, @ay 91)-

B mepemennnx ¢ = @, - /3¢, ry = r ramaarronmar K mmeer BT

1
K = o r*(a - beos 39) + K1 (r, 9, ¢y), (3.9)
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rpe K, mMeer mepmop 2% no ¢ ¥ ¢y, K; = O (r’2). Uro6u morasaTh
HEYCTOMYEBOCTh P BLIDOJHCHHM HEPABeHCTBA | a | < b, BocmOIB-
syemcs Teopemoii JianyHoBa o HeycToiumBocTd. B paccmarpmBaeMoM
ciIyyae BOOpOC paspemaerca (Gynxmmeit

V = r%sin 3. (3.10)

Bramcass mponsBogHYIO 9TOH (YHKIEY B CHIY ypaBHEHWH JBEKeHNA
¢ ramaasronmasoM (3.9), moxyuaem

av r3
Tor = 'E?Tz (acos 39 + b)+ O (r'R). (3.11)

Ilpm Brnonmenum HepaBeHcTBA |a | << b ¢ymrmma (3.11), oweBmnmo,
OyzmeT sHaroompenenenHoii. A rak Kak ¢yErnua Jlanynosa V — 3Ha-
KOIIePEMEHHAS, TO OTCIOfla W CJIEeAyeT HeyCTONIHBOCTE.

Ilycte Temeps | a | >> b. JloKameM yCTOMYEBOCTL HOJIOKEHUA PaB-
HOBeCHS IpH BHUOIHEHWH STOT0 HepaBeHCTBA. B TpmBmasbHOM CIy-
yae b = ( ycroumBoCTH Ciefyer m3 TeopeMu Apmoanna — Mosepa,
TaK KAk HODMAaJIW30BaHHAA JI0 YIeHOB WeTBEPTOro HOpAAKA (PyHK-
musa Tammabrona (3.7) upm b = 0 He COREPIHUT TPHTOHOMETPHEIECKAX
4JEeHOB, a ycuoBEe | a| >0 osHavaer BHIONHEHHEe HepaBeHCTBA
(1.4). Cayuait b 5= 0 Goxee cuomen. /lisa pmoxasaTenscTBa YCTOHIM-
BOCTH CHOBa HCmojib3yem mETerpai H = h = const u cBemeM cucre-
MY C IBYMA CTeIeHsAMH cBOGOJH K CHCTEME C OHOM CTEeNEeHBIO CBOGOMEL,
HO ¢ 27-IepHOAMYECKON 3aBACEMOCTHI0O HOBO# (yHKmuE ['amMmnbroHa
0T HOBOM He3aBHCHMOH NepeMeHHo. B oramume or 3afmadm o HeycToi-
9YWBOCTH, 37[eCh HEJOCTATOYIHO PACCMOTPEHHS TOJNBKO OTHOTO YPOBHSA
sHeprum H = h (Hampmmep, b = 0, Rak GHI0 B PACCMOTPEHHKX BHIIE
cayganx). B sagaye o6 ycroiiumBOoCTH HEOGXOAMMO pPAacCMATPHBATH
XOTA M MaJIK#, HO KOHEUHHI WHTEPBAJ N3MeHEHHWs NOCTOSHHOH A
B oxpecruocrd Hyxasa. llostomy ¢ymxmma IammasroHa CHCTeMH cC
OJTHOH CTemeHbI0 ¢BOOONH, K KOTOPOH peflyDUpYeTcs MCXORHAA CHCTe-
Ma ¢ BBYMA cTemeHAMHA CBoOOAH, Oymer 3&BUCeTh OT BEJHYHHE F
Kak or mapamerpa. Ilpegmomaras, uro ABW)KeHHE M3y4aeTCA B JOCTa-
TOYHO MaJoi OKPeCTHOCTH Hauajla kKoopAammar (r; ~ ¢, 0 <e << 1),
Gymem cumTaTs h Majofi BeAWYWHOHE, MOPAMOK KOTODOH He MeHSBHIE,

ueM, HaIpHMeD, e’} e. Torna, paspemas ypasrerue H =h orHocHTEN b~
HO Iy, TOAYIEM

ro=—K, (7'1, P1 (Pz) — K, ("1, Q1 Pa2s B),
THie

1
K¢=—3r— - [a -+ bcos (py + 3gg)] 1.
Oyaruua K, = O (e52) m aMeeT meprof 27 IO ¢, ¥ HOBOA He3aBHCHe

MOit mepeMeHHOH ¢,. Ecium BBecTH BMECTO @, yroix ¢ = @; -+ 3,
T0 TaMHIVILTOHMAH K mOJy9eHHO! CHCTEMH ¢ Of(HO# CTemeHBI0 CBOGOIEI



§ 4} CIY9A PABHBIX 9ACTOT 77

3aO0AIETCA B BHJIE
E=— %;(a + beos @) 124 B (r1, §1s 9ar ). (3.12)

OuweBnHO, 4TO0 3HAKEM K02(QPHUNHEHTOB ¢ B b MOKHO CYATATH OJHHA-
koBeiMA. CpiesiaeM saMeHy HEpPEMEHHHX 7y, ¢ — [, © Opd moMomu
npousBonAmeil QyEKIEA
=M (9 e 2 _ 2 :

S_K(kz)F(z,k) (% _a1+b1<1), (3.13)
rie K u F — snaunruuecKWe WHTETPANE, &k — AX MOAYAb. ['aMmiIb-
ToEnaE K mpumer BHR

2(a4b
K=— E(K_j(kz_)) IO, W, gsh). (3.14)

rae ¢pyuxmma @ = O (e5°) m mmeer nepuop 25 mo W m ¢,. Kpome Toro,
¢yoknma (P apanuTHYHA IO BCeM HEpeMeHHEIM B 00JaCTH

0<d < I<dy, |h|<bs |ImW, qy|<<8y,

rge §; — HEKOTOpHIE MajEe IOJOKUTEIBHBIC YUCIA.

K cmcreme ¢ ramunsronmanom (3.14) npumermm teopemy Mosepa
00 mEBapHAHTHHX KPHMBHX, AHAJOIHYHO TOMY, KaK 8TO OHJIO B CHCTE-
Me ¢ ramuibrormaHoM (6.12) B Tperreit riaBe. B mamem ciyuae,
mpaBja, «Boamymabomasn» dactb @ ¢ymknmm I'ammasroma (3.14) sa-
BuCHT eme oT Maioro napamerpa k. Ho t1eopema Mosepa Bce paBHO
IpEMEHEMA HPH PACCMOTPEHHH OKPECTHOCTH HAYajla KOODPAWHAT, RIS
kotopoit 0 << & << &, I7le €, HE 3aBUCHT OT h, eCAM h JOCTATOIHO Ma-
aasg Beamumaa [12, 72]. Tax kak B Mamoii OKpecTHOCTH Hagaia
KOOPAMHAT HHBADMAHTHEE KPHBHE CYHIECTBYIOT OPH BCeX IOCTATOYHO
MaJIHX 3HAYCHMAX MOCTOAHHOM muterpana H = h = const, To orcioga
caefyer, 4TO HONO:KEHAe PaBHOBecHA ¢; = p; = ( m3yuaemoil cmec-
Temul (1.1) ycroiiumBo mo JIamymsdBy.

§ 4. O6 ycrofiuasocTH B Ciiy9ae PaBHBIX YaCTOT

Temepsr paccMoTpuM sajady o0 yCTORYHBOCTH HOJNOKEHHS PAaBHO-
Becast g; = p; = 0 cucremu (1.1) B cayuae paBHHX 9YacToT Koaeba-
HOl JWHGADH30BAHHOH CHCTEMH. JTa 3afada H3yIeHa B paborax
Coromscroro [86, 87). IlpoBogmMue HEKe PacCMOTPEHHA OCHOBAHH
Ha PesyibTaTax 3THX palborT.

3anaua 06 ycTOHYHBOCTE B CIydae PABHHX YaCTOT ®; = My = @
pacmafaercd Ha fiBe NPHHEOUNHAJIHHO OTIMYAONACCH APYT OT Apyra
safaun. PaceMoTpum cHawana mepBylo W3 HEX, KOTJ]a MATPHIA JIHHe-
apm3oBaHHOH cuCTeMH (1.1) mpmBommMa K pamaromadbHOH opMme.
B srom caysae Qymrmmio I'ammasroma (1.2) MoKHO HpeNCTaBATL B
Brfe (2.1), a 3aTeM OpuMeHHTHL npeobpasoBande Bupkroda. [IpoBonm-
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Mad IPH B3TOM HOPMAJH3ANAA NPHHOUOAANLHO HEYeM He OTIHTAeTCH
0T aHAJIOTHYHHX ODpeoGpaszoBaHmil, npofeJanBsix B §§ 2 m 3. B xomne
KOHI(OB, yHU4TOREB Qopmy H 3, yupoctas H, m mepeiins K moaspHbIM
KoopiuHaTaM mo gopmyaam

=V 2r;sing;, p;=1V2r;cos Pis
monygam ¢ysHrmuio ammiasroma (1.2) B Takom Bmpe:

H=o(ry—r)+ Czori + eyt + 6027‘; +
+ 2nyry [kLooz €08 2 (@1 + @5) — lyg00 5in 2 (@ + @2)] +
+ 2ry V-rﬁ[knzo sin (@ + @z) — Liao €08 (@ + @5)] +
4 2r, Vr1r2 [F1102 Sin (@1 + @2) - Lig0s c0s (9 4 @)1 +
+ 0 ((ry + r)'h).  (4.1)
Bopaszenna rospdunmentoB HOpMauabHOK ¢opMbl (4.1) udepes Roag-
¢urments raMunabrornana (2.1) monyuawores us cne,uyloumx d)opmyn:

3 1 3w?
0202—x2020—7u1,1+7u2,2“——2'u4,4 5 W, v+ 5 24 uss,
®?
€11 = T1 + 2,6 + 2”3 8 g Us, s — 2"2 5 2“4, 4 + u9,9,
3 3w? 2
Co2 = — Togoz + 'g ue,a + Us,s + —g— 5 Ye,10— 5% U959
If 1 (1)2
2002 = L2002 — 7 Uy — Ugyg + u7,9 + Us,g -[— 35 UYs10
0)2
l2002 = Y2002 — 5 171,3 + Usya + U7,9 Vg6 + —2— Va5 — g Uz

1 1 1 2 ®2
kr120 = T1120 — o5 Us,1 -+ Ug,q 1 Use— 5 Ug,6— 5 Uga—— 5 UYey + 13 Yo

1 1 1 »? h
li1a0 = Y1120 — 7 Vg,1 + VUrya -+ Usy2 — 35 Ua,6— 5 Ug,a— =+ Vg7t 12 Vo

1 w? w2
K192 = 1142 + 5 ey U9 — 25,3 — Ugye & 5 Uy + 7 Us,10— 13 Yo

®2

&
Lito2 = Y1102 + Ue 2+ V2,3 — 306,3 — Vg6 — V6,5 + 09,10 13 Ug,9s
Wij = L% + YiYfjy Vi = T3l — LYis
1 3 3w ) 1
Hh=—%5 P1020 — thoom Y= Thoo'ko + —hzolo.
1
Zo= — @hgoz — '&Thzom, Y2 = Po120 + h2100’

1 1 ® 1 1
23=— < ho111— 5 P1o0a+ 55 P12000 Ys=— 5 hoo1a+ 5~ h0211+ 5o hnon
2 2 20) 2 20

0] 1 1
ZTy=— 5 hooz1+ 5~ h111o+ 5— haoors Ya=— =5 Po120— 5 h1o11+ 3 ha100,
2 20 2o 2 Z(o
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3o 1 1
Ty= —5— hooos + 5 hozm, Ys = — 5 ho102 — mz,hosoo:
= Ry002 + h1200, Y = — ORgp1s — E hoz10,
Zy= hgogo — ;0-2 h2o10, Y1 == hyo20 — @‘h:aooo,
1 1
L hors — - By — -
Zg P Ro120 o o 0)3 21001

Ys = Rooz + h1110 2 haoors

Zo= — hoots + 5 hosso — = Bszon,
Yo = % o111 — % Biooz + — (03 P20,
Zyo= — —-hom + h0300,
yIO = — hooos + %—hozm,
Zaps0 = — 5~ (36%00a0 + hanao -+ g Fsono) »
Ty = m2h0022—|— Razeo + Paous + <55 Pasons
Zoan = — - (3(0 hooos —+ Pozer + —= hmo)
Zanor = - (o) Frovss + hono ~+ Basst + haona + i hsaon) »
Ya00r =~ (— Ohosey — Ohsors + ——hasso + Thm) :
Z1120 = —i— <3coh0130 + ®hy9a1 + % Pa110 + % h3001) )
Y110 =~ (— 30%00g1 + harag — h2011 + T;’;-hmo)
21108 = - (B0haoas + Ohozsa + == hasor + o hoguo)
Yuaon = - (— 300013 + oo — Faos + oy Paun) - 5.2)
ITycrs Benmampnr A = 2 Vm, = 2Vk oo+ Bipou C =

21/151102 + 3102 OTIUYHEL OT HYIIA. Onpepennm yram 6,, 6, u 0,
UPH [oMOU(A COOTHOIISHUI

. 2k ) Il . I

Sln291=—f1220‘-’2—, 511162:_._1;120_’ sin 6y = 2302 )
2l2 2 2k 2k

cos 20, = — % , 0080, = —Bm’" , cos 0; = -——0“02 3
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Torga ¢ymemmo Tamuabrona (4.1) MomHO 3ammcaTh B CleAy0MEM
0olee KOMIAKTHOM BHIE:

H=o0(y—ry ‘l‘czor%"*“in_’lrz + coars +Arr sin 2(gy + @y +6,) +
+ Bry Vil_:2 sin (¢, + @, + 0;) +
+ Cry Vrlrz sin (@4 @o+ 03) 4 O ((ry-F r2)™). (4.3)

Hak w B mpexsigymemM naparpade, up® nmomomy mererpaxa H = h =
= const MOHW3WM HOPANOK H3y4aeModl CHCTeMH HA [Be e[WHHIH.
Tar Kax JBWKEHHe pPaccMaTPUBAETCA B JOCTATOYHO MANOH OKPECT-
HOCTH HAYaJa KOOPAMHAT, TO MOKHO CYHTATH, UTO Iy, I'y ~ €, IJie
0 < e <€1. Kpome Toro, cumraem, 910 h ~ &% (& > /,), d9ro BO3-
MOJKHO, TaK Kak ¢ymknma H He sBasercs sHakoompeneieHHoi. Pa3-
pemur ypaBuerme H = h OTHOCHTEJBHO I, BBeJA BMeCTO ¢, HOBHIH
yron ¢ = ¢, + @, + 0, u o6osmaumB eme r, Yepe3 r, HaigeM, 4TO
MOTYYeHHOH CcHcreMe ¢ OXHOM cTeneHbI0 cBOOOXH OYHET COOTBETCTBO-
Bath ¢yEKmua l'ammirrona

K =r*(a+ bsin2¢ + csin ¢ + d cos ¢) + K* (r, @, @s, k), (4.4)

rae K* — 2n-nepuopmdeckass IO ¢ H HOBOU He3aBHCHMOR IepeMeH-
HO @, QyEKmEs, K* = O (') n

6= ———(ca0+ 11+ Cor), €= — = [Bcos (B;—0y)+C cos (B—6y)],
(4.5)
b=— L4, d = — — (B sin (;—0y) - C sin (8,—6,)].

Tlepemennas @, — MOHOTOHHAs QYHKOHA BPeMEHH B JOCTATOYHO Ma-

JIOH OKPEeCTHOCTH HAYaJIa KOOPHAHHAT, IO3TOMY OHA B 3amade o6 ycToi-

YMBOCTH MOMKET UIpath poab BpeMeAm. Hak BEXWM, aHAJH3 coBep-

HIEHHO AHAJOIWYEH WCCAEMOBAHAI0 YCTOWYABOCTH HPHW PE30HAHCAX

0, = 20, B ®; = 36,, IPOBEAeHHOMY B HpeHAYIIHX Haparpagax.
Teopema. Ecau @ynryus

D (¢) =a + bsin2¢ 4 csin ¢ + dcos @

He o0pawaemcs 6 HYAb NPU BEWECMEERHBL §, MO NOAOKHCEHUE DPASHO-
éecus. ycmotivueo no Janynosy. Ecau e cywecmeyem ¢* makoe, umo
@ (¢*) = 0, a npoussodnas O’ (p*) = 0, mo nosoxenue pasnosecus
q: = p; = 0 neycmoiinuso.

JloxasaTeabCTBO YCTOMIABOCTE HIPOBOAWTCA, KAK B HPeNHAYIIeM
uaparpade. Ilepemennmne I, W 3peck BBOAATCA OPH IOMONIH HPOMB-
Bomamelr ¢yuxnum S Buga

Q 2%
s=2\ 2, m={_Z.
SV (@) s Vo
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Wnrerpan M cymecrsyer upm ycaosaax treopemu. Ilonosxurensnocta
@ () MOKEO NOOGHTHCA H3BMEHEHHEM 3HAKA Pg B TaMIILTORHAR® (4.4).
Qyrknua K — K* B nepemenanx I, W pasma [j:;z
PaCCMOTDEHHS, KaKk ¥ B Upeguaymem Iaparpage, OCHOBAaHH Ha
npuMeHeHmn Tteopemut Mosepa o6 WHBADHAHTHHIX KPHBHX.

Temeps moxaskem HEYCTOHIMBOCTH. 3aAMETHM, IT0 H3 IEPHOXAIHOC-
ta ¢yrrgua O (¢) m u3 roro, aro D’ (¢*) 7= 0, caexyer, 910 €canm
ypasrenue @ (p) = 0 mmeer BemecTBEHHEE KOPHHA, TO HX M0 Kpalneit
Mepe [Ba, mpudeM sHaku npoussogHoit O’ () B Tourax @, cooTBeTCTBY-
0MAX KOPHAM, pasamimn. Ilycts kopems @* rakoii, uto @' (¢*) <<
<< 0. s moxasareabcTBa HEYCTOMIUMBOCTH BO3bMeM (QyAKOHI0 Je
taesa V B BHOe

V=rising, =-c(0—0*+3d), (4.6)

Ie M0CTaTOuYHO Majgoe gdcao 0 mogbepeM Tak, 9TOOH B OKPECTHOCTH
¥ — 86 < p << 9* 40 me 6uao Apyrmx kopueir Pymrmum D (@),
a upomssonuHaa O’ (@) coXpaHANA B TOH OKPECTHOCTH 3HAK. 3a 00-
nacte V > 0 BossMem obxacts ¢* — 8§ << ¢ << ¢* 4~ 0. Has mpo-
n3pofHOR yakmuy V B cumily ypaBHOHHR ABWKEHHA ¢ raMHJIbTOHMA-
HOM (%.4) moayTaeM TaKoe BHDAKEHUS:

I? . Jlanoueiimme

c%:)% =2r° {(D (9) '2—7:;‘ cos P — @' () sin 1])} + 0(r'ls), (4.7)

a sta ymKIua B obmactm V > 0 Gymer momosRUTENBHOH, TaK Kak
B obmactm V > 0 @'(p) << 0 msiny > 0, a mpu ¢* — § < ¢ << ¢*
¢yarnmaa O (¢) >0 m cosy >0, mpm ¢* < ¢ < ¢* 46 Pymk-
mEa @ (9) << 0, HO m cosYp << 0, mpudgeM BHpayKeHHe, CTOAINEe B
¢urypanix cko6kax, He ofpamaerca B Hyas Hum B ofaacra V > 0,
HY Ha ee rpaxumie. Takmm obpasom, corsiacao teopeme Ueraesa, mme-
€T MEeCTO HEeYCTOUIHBOCTh.

dagaza 06 ycTOHIMBOCTH B cIydae, KOIfAa MATPHIA JHHEAPHU3O0-
BaHHO# cmcremsl (1.1) He mpmBoXHWTCA K AMAroHANLHOH (opme, 3Ha-
YETONBHO ClOKHEee. TPYJHOCTH HCCIEOBAHMA COCTOHT B TOM, 4TO
maie B JMHEHHOM NPUOIMKEHNH IEePeMeHHLI®, COOTBETCTBYIOMIHE
pasEEIM cremeHaM cBoGoxsl, He pasgensiorca. IlosTomMy me ypaercs
CBECTH HCCIeNyeMYI0 CUCTeMY € IBYMS CTEHEHAMEH CBOGOLH K CHCTe-
Me C OfHO’ CTEemeHbI0 CBOOOIH, Kak 3To OHIO B TOM ciaydae, KOrma
MaTpuna amHeidnol wacrm cmcremsl (1.1) mpmBogmIachk K MHATOHAIL-
moit opme. Hpome roro, Becpma cymecTsemro, 4ro, B omimdme OT
HPefRYTEro CIyIas W OT BCEX HCCAENOBAHHHX B DTOH TIaBe CIy-
9aeB yCTOMIMBOCTH, JWHeapm3oBaHHaA cucrema (1.1) meycroiumsa
¥3-3a HAIMYAA B O0IeM PelIeHmu caaraeMEX suna ¢ sinwl, Yuer ke
HOJIPMHOAHEIX YIeHOB B YPABHEHHAX ABIWKEHUS MOKET HPHBECTH KaK
K YCTOMYHBOCTH, TaK M K HEYCTOHYHMBOCTE moaHO# cmecTeMel |H0].
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B paGorax [86, 87] morasamo, 9T0 B paccMarpmBaeMoM CIy4ae
CYIIECTBYET BEMEeCTReHHAA IUHeHHAA KAHOHNIECKAA 3aMeHa IePeMeH-
HHX, Opupoasamas ¢yeknmio lammrbroHa cmcremn (1.1) K TaxoMy
euny (o6osHaueHHs IS HNePEMEHHEIX OCTABJIACM IDEKHWMA):

1 1, Ve U1 U2
H = —(qi + @) -+ 0 (1P — q2P1) + 2 P12 P DA
ViFve-l-Re=3
(4.8)

IIpw nomomu npeoGpasosanus Buprropa B fynknum I'amansTona
(4.8) omATH MOMKHO HOJHOCTHI0 YHWYTOMKETH IICHH TPETHEH CTEIeHH,
a COBOKYIIHOCTh WIGHOB YeTBEPTOH CTOIOHH MOKHO YIPOCTHTH. B pe-
syaprare Qpynknus (4.8) npmeegerca k Bupy (oGo3HadeHna A xepe-
MEHHHIX CHOBa HE MEHIEM)

H = (g} + g3 + 0 (qup2 — qapy) + (0} + ) [A (P + P}) +
+ B(qipr—¢2p) + Clai+ ] + ... (49)

B (4.9) ne primmcans IJeHE BEIIE I6TBEPTOTO NOPSAAKA ¥ BBEIeHH ClIe-
ayiomme o0003HAYCHHA:

A= % kaoo2, B = — -;;'(lzou + li102)y C=— —3;-(2020 + €11 + 2¢02),
ks002 = Zao0z + 3 (Ug, 10 — U0, 9) + 2 (Ua, 3 — Us, 2) | Us, ¢ — Us, 3
L3011 = Y2011 — 6v10,5 — 4173, 1+ 2ve, 2+ 205, 9 + V2,2 — Us, 31
L1102 = Y2011 — 6Ug, 10 — 41,5 + 20a, 6 -+ 209, 9 - Vs, 2 — Vs, 55
Ca0 = Zaozo — Yy0, 7 -1~ 4lig, 1 T Uy, 6 + Ug, 8 — Us, 2 — Us, 3,
err= Zun-+4 (e, s— Us, o+ Ua, 35— Us, a) + 2 (g, 5—Us,6+ Uz, 1— U1, 3)s
Coz = Ta020 + g, 10 — 4Uy, 6 — Ug, 1 — Us, 9 + Uz, 5 + Us, 4

1
L2002 == 5~ (3h0040 + hooze + 3h0004)7
1
Yaom1 = 4~ (— P1o21 — 3hi00s + 3ho1so + Po11z),

1
Ta020 = T (h2020 - h2002 + hllll - h0220 "I_ h0202)1

Z1111 = — (h’2020 + h2002 + h0220 + h0262),
Ui, = €;%; —[— fiyj, Vs, § = ey — f{xj (i, ] = 1, 2, veey 10),\ Q = (0"1,

ey = Qyy + Q%xy — 203y, fr = — Qx; 4 Q%, 4 2Q%s,
es = Qyy + 2Q2z,, fo = — Qx,y 4+ 2Q2%ys,,

es = Qys fs = — Qus,

ey = Qyy — Q® (2 — 25) + fo=— Qs — Q*(y1 — Ys) —

+ 2Q8 (y2 — o) + 6Q0z, — 203 (x, — x5) - 6Qtys,
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es = Qus — Q2 (1 — 21¢) + 4Q%;,  f5 = — Qus -— QX(ys — 2ys)—

eg = Qyg — Q2xg,
1 1
€q7 = Tgy-; —l—'—g-szl'g —

2 2
A Qlyy — 57 Q4zyy,

1 2 - 2
¢y = 3~ Qys + o Q2xg — 5 Q%s0,

1 1
ey = —5~ Qyy + - L%y,

1
€10 = 3~ Qy10,

v =21/2V2,

xf = — hao10 — P1101 + Foz10
x;k = — 2hy020 — 2R1002,

x: = — 3hooso — hoo12s

*

xg = 3h3000 + P1200s
*

x5 = 2hao10 + 2ho210,

zy = hiozo — h10o2 + ho111s
M !

<L, —haooo — R1200,

x’: = hag10 — P1101 — Fozi0,

«’Cﬁ = h1o20 — P00z — ho1ar,

* _
Lo = hooso — Poorz2,

— 4Q3%x
fo = — Qg — Q%s,
1 1
fr= —’g—m7+—9—92y8+
2 2
+ 57 Q3xy — 57 Q%10,
1 2
fos =— ?st +—9—Q2y9 +
2
-+ 9 Qxy,,
1 1
fo = _—3‘9339 + '—3"92?/10,
1
fro=— 5 Qx10,
vi=yi2V2 (i=1,2,...,10),
y;k = h30o1 — P1110 — Pos01,
y: = -— 2hg130 — 2ho102,
y:;k = — hooz1 — 3hooos,
yT = ha100 + 30300,
Ys = 2ha001 + 2hoz01,
Yy = ko1 — hor20 + horos,
'y: = ha100 — o300,
?/;k = haoor +- 1110 — ozt
Y = hionr + ho1zo0 — Rores,
Y5, = hooar — hooos-
(4.10)

Hpemxae gem chopMynIupoBarh TEOPEMY 00 YCTOHIHBOCTH CHCTOMH
(4.1) B ciydae, Korga MaTpmIa JUHEHHON €e YacTH HE IPHBOTHATCA K
AMaroHAJbHOMY BHUIY, BBemeM coriaacHo [157] momarme gopmarvroi
yemotinugocmu.

Pemenme 2; = y; = 0(i = 1, 2, . . ., n) cucremn
az;  9H  dy; oH
1 o (I o :
Ty wm o wm, G=bh2Zeam),
rae H —2n-neproawieckas 0o ¢, aHAIUTHIECKAA TI0 Xy, - . ., Ln, Y1p---

.+ Yn QYHKIHUA, HABHBACTCA BOPMALLHO YCMOUUUBHIM, OCIH CYIECT-
BYeT CTemeHHOH PAL G, BO3MOKHO PacXONAIIHHACA, KOTOPHH gopMans-
HO fABJAGTCA ONPOICIECHHO-IOIOKUATEIbHEIM HHTErpajIoM C aepmoaoMm
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27 wo {. MEnMuA crosamm, Bce KOBPPUIMEHTH, CTONEHHOro PAAA
G 6H oG 0H oG

A T e T 5
& oz, Oy, 0y, 0z, ' ot
TORIECTBEHHO PABHHE HYXIO, 4 KOHEYHOe IHCIO0 (JOPM HaMMeHBLIIeR
creneH® B pafle G mpepcTaBiasger co60i oIpeeIeHHO-IOMI0KATENBHYIO
(i)yHK]IHIO L1y o oy Tny Y15 -+ = y

Teopema. Ecau 6 nopmaavnoii giopme (4.9) A > 0, mo noaoscenue
pasrosecus q; = p; = 0 (i =1, 2) cucmemn (1.1) g‘)'op.ua./tbuo ye-
motiuuso; ecau e A << 0, mo umeem mecmo Heycmoiiuusocmv no Ja-
nynoay.

MomxHO mOKa3aTh, 4TO HPH WOMONMH GECKOHEYIHOTO UHCJIA IATOB
npeo6pasoannsa Buprroda (sosmosxmo, pacxoasmerocsa) (yHKIEIO
lammasroEa (4.9) Mo:KHO npuBECTH K BHAY

_;‘(Qi + q§) + 0 (q1p2 — g21) +
+ (i + B3 [A (P} + P3) + B(q1p2 — q2p1) + C (g1 + a2)] +

+ Z hoas (91 43)% (P1 -+ P2 (@192 — @2p)™. (4.11)
Cy-Clof-0g=3
Hanonmgeckasn cucrema ¢ ramumiasronmanom (4.11) mmeer nBa gopmans-
HHX mATerpana H = const m ¢yps — ¢pp, = const. Caegosarens-
Ho, BHpaykenne G = H — o (g,p2 — ¢op,) Takme Oyner ¢opMaTbHEM
HHTErPAJIOM CACTeMH ¢ TaMmiabroHmaHoM (4.11). A Tak kak Ipm
A >0 B pasnomenun

G=Gy -Gy +Gg +... +Gapy, ...
$yHRONA

Gy + Gy = “;—(Q%—!—qg)‘l"
+ (pt + P2 [A (P} + P3) + B (qup2— qa2p1) + C (g1 + 42)]

OymeT ompeneaeHHO-IONOKATENBHON (YHKIHEEH CBOMX TEPEMEHHHIX
¢1, 92, P1, Pe, TO OTCIOA ciexyeT opMaNbHAA YCTOHIABOCTD IONOHKE-
HEA PABHOBECHSA.

s moxasaTenscTBa HEYCTOMIMBOCTE BOCIOJB3YEMCS TeopeMoit
JlanyroBa 0 HeycroiampocT. 3a Pynknao Jlanynosa mpmmem 3HaKo~
IepeMeHHYI0 (QYHKIIHIO

V= qp1 + @Pe-
Ee npom3sopmas, cocTaBieHHAsA B CHIY YPABHEHHMA ABM;KEHHS C ra-
MuiabsToHHaHOM (4.9), Gymer Taxoi:
av 2 2 2 20 2 2
— = — (@1 + ) + 44 (pi 4+ pa)* + 2B (p1 + P2) (91P2 — 92P1) -+ -

(4.142)
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rfie He BHIOHCAHH WIEHH, MOPAKOK KOTOPHX HE MEHEIIE IATOTO OTHO-
CHTeABHO ¢;, p; (i = 1,2). Oyrrnus (4.42) npn A < 0 Gyner ompene-
nemHO-oTpHIATENbHOA. TakuM obpasoM, ¢ysrmma V yposiersops-
eT BCeM YCJIOBHAM TeopeMH JIAmyHOBAa 0 HEyCTOMYHBOCTH, U, CIEI0-
BATeJIBHO, IOJoeRme papHOBecHA ¢; = p; = 0 (i = 1, 2) cumeremu
(4.1) meycroiamso.

§ 5. Uccnenoanne ycroifumsocTn

opu  Cy®3 | €1,0:0; |- 002(0% =0

UccrenyeM Temeps YCTOAIMBOCTH MOJOKEHUS PABHOBECHS CHCTO-
mir (1:1), xorma He BHmoxasaerca yciaosme (1.4) reopemn ApHoabrna —
Mosepa. Cragana pacemorpum npumep (cM. [57]), morassBaomuii, aro
OpH HEBHIIOJHEHWH 3TOTO YCIOBHS YCTONYABOCTH HOJOKEHHMS PaB
HOBECHA MO’KeT OHTh Pa3pyHieHa YIEHAMM CKOJIb YTOZHO BEICOKOTO
mopsAfKa B pasnoskenuy Qyaknmd I'ammiabroma (1.2).

Ilyers ¢pymxmma Tammasroma mmeer BuK

H = oy — 0gry 4 (g1 — og1y) (ary + bry) -

+ (Firs )¥2 sin k (ngy + mg,),  (5.4)
rme no; — mwy =0 (m 4 n>5), k, m, n — marypanpHHe, @ ®
b — mpomsBoNbHNE AEHCTBHTEILHEES ITHCIHA.

Jlerko mpomepmrb, Yro miaa ¢ymxnmm [ammaproma (5.1) yciosume
(1.4) He BHIONHEHO, a cucreMa AuddepeHnTaTbEEX YPAaBHEHHAR, COOT-
sercTeyomasn (95.1), mMeer TaKoe YACTHOE PEMMeHUe:

k(ng, +mg,) = (1 42N)a (N =0, =1, £2, ...),
r (0)

mry = nre, ri(t)= —

(1 —(a—1)pri (0%
mk mk
P i Tn T
rjae o= —-2—k, B=kmz2n . 9T0 YacTHOe pemeHHe MOKA3KIBAeT,

9TO0 IIOJIOKeHUe DaBHOBecHA 7y = Iy = 0 HEyCTOHYMBO, TaK KaK JJst
CKOJIBb yrogHo Maanx 3uauenmit ry (0) u ry (0) Bemmumnn ry (2) u ry (£)
HEOTPAHWYEHHO BO3PACTAIOT IpH
g 1)1ﬁr“‘1(0) '
1
IIpuBenennmit NpAMep NOKA3HBAET, 9TO HCCIEHOBAHEE YCTORUYABOCTH
IPH 3003 + €130,05 + Co207 = 0 Haf0 IPOBOXETH 0C06O.

Ecan ny0, + np0; = 0 mpn meawmx n; W ny, yNOBIETBOPAIOIIAX
yenosuio 0 << |my |+ | ny| << 2m, T0 Upu noMomu aHAXUTHIECKO-
ro mpeobpasoBannsa Bmpkroga rammisromman (1.2) MomHEO mpmBecTH
K BEIY

m
H = oy — 073 - .+2 cifrirs + H (ry, ra, @1, 92)- (5.2)
ifj=e
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Bpecs q; =V 2r;sin @;, p; = V' 2r; cos ¢;, H mmeer nepuof 27
mo yraoBeM DnepemerubniM, H = O ((r; + ry)™+':). .
Pacemorpum muorownen

m
h(e) = D) cjolm,eiti. (5.3)
ij=2

Ecnu & (¢) == 0, ro roBopsar, 4T0 EMeeT MecTO 06wyull sasunmuyeckul
cayvali. B ycmoBmax Tteopemn Apuoanaa — Mosepa HepaBeHCTBO
h (g) =£ 0 obHapy;xuBaercs mo KosddunmeHTy mpm &> B MHOTOYIeHE
(5.3). Ecanm e asror koapdunment pasen mymwo, T. e. ycaosme (1.4)
He BHIIOJIHAETCA, TO B MHOrowIeHe (9.3) Hao MoxydaTh KOd(PuaneHTH
npu 6omee BHICOKHX CTeNEHAX €. IIpH HTOM Ha ®; ¥ ©2 HaJg0 HaKJa{H-
Barb Gosee ;KecTxme TPeGOBAHUA OTCYTCTBHS PE30HAHCA, HEKEIH Tpe-
Oosanme (1.3).

Ilycts TepBEIA, OTHHYHEIA OT HYAS, KO3P(PHUIMEHT MHOTOWIeHA
(5.3) ob6Hapysxusaetca upm £™. Torma cupaBemimBa CiIe[yIOmaA TeO-
pema [56].

Teopema. Ecau gynryus [amuavmona (1.2) makosa, umo

1) zapaxmepucmuneckoe ypasHenue cucmembl ¢ AMUILIMOHUAHOM
Hy umeem wucmo muumpie kKopuu == i@y, 4-iws;

2) no; + news =0 mpm 0 <|ny |+ [ma| << 2m;  (5.4)
3) D cmu, 005t L0, (5.5)
i=0

MO RNOAOJNCEHUE DASHO8ECUS YCMOUHUEO.

ChopMmyaupoBaHHAA TeOpeMa ABIAETCA MPOCTHM 0600IeHUEeM Teo-
peMul Apronbga — Mosepa Ha caydai, Korma ucclefoBaHHe B ra-
muibToHuaHe (1.2) dopM He Bolmme 4eTBEPTOTO MOPAAKA He MOKET IpH-
BOCTH K CTPOTHM BBIBOZaM 00 YCTOHYMBOCTH IFOIOKEHUsS PABHOBECHS
g: = p; = 0 cmcremnr (1.1).

Jlora3aTeAbCTBO BTOM TEOPEMHI MOJKHO MPOBECTH COBEPHIEHHO TAK
JRe, KAk 9T0 chenano Mosepom [5] mpu pgoxkasatenbcrBe aHAIOrHIHOR
TeopeMs OpH m = 2. YKajKeM OCHOBHEIe¢ MOMEHTH [OKAa3aTeabCTBA.
Iloapo6uocta manoxens B [57]. Crawana Hamo UpmBect: QYHKIHIO
Tamuasroma (1.2) ® Bupy (5.2) m, ucmoapsyda mHTerpan H =
= const, cBecrn cucremy (1.1) K cucreMe ¢ OfHOH CTeHeHHIO CBOOOTEI.
Ilpumensiss _3ateM Teopemy Mosepa 00 HHBapHAHTHHX KPHBHX K
oToBpasKeRn0, TOPOKAAEMOMY MOJYyIeHHOR TaMUIbTOHOBOMR CHCTEMOM
nudpdepeHIMANPHEX YPABHEHHII BTOPOTo MOPANKA, MOKHO IIOKa3aTh,
uTO Ipu BHIOJAHeHWd ycaoBusa (5.D) Ha KamgoMm yposHe H = const
B 11000 OCTATOYHO MallO OKPECTHOCTH Hadaja KOOPHUWHAT CyDlecT-
BylT uHBapmaaTHbe Toph cmcreMsl (1.1). Otciofa cremyer ycroium-
BOCTH HOJOMKEHHS pPaBHOBECHA.



TIABA 5

Ob YCTONYNBOCTU MHOI'OMEPHBIX
FAMIJIBTOHOBBIX CHUCTEM

§ 1. YeroituaBocTh MHOFOMEPHBIX PAMHJIBTOHOBBIX CHCTEM
1A GOIBINHHCTBA HAYAJBLHBIX YCIOBHM.
Pesysmmrarer ApHonnga

B sroit rnaBe GYyZyT pacCMOTpeHH HEKOTOPEE 3aJa49l yCTOHUM-
BOCTA [BHKEHHA B MHOTOMEPHBIX TaMAJILTOHOBEX cmcremax. [Ilog
MHOo2OMEPHOU clucmemoli MOHUMAETCA JUHAMHUYECKAS CHCTEMAa, JHCIO
cTereHedl KOTOpOH Gosbmie ABYX WJIH OHO PABHO ABYM, HO QYHKIHUA
Tamunprona ABHO cofepsKUT BpeMs. Jagada o006 yCTOHIEBOCTH
ABIKEHNA B TaKAX CHCTeMax MOJHOCTHIO He pemeHa [0 CHX IOp.
Ho mporpecc B srofi ofaacru BechMa 3HaYATENCH, Oaarofaps HC-
crenoBaEnAM ApHonbna, Mosepa, Bpiono, Hexopomesa = apyrux as-
topoB. KpaTko paccMoTpmM DoayueHHEIE K HACTOANEMY BpeMeHd
Pea3yJabTaTH.

OcraEOBMMCA CHavaja HA Pe3yabTaTax ADPHOIBAA IO YCTOHIMBOC-
TH TAMIJIBTOHOBHX CHCTeM [Jf GONBIIAHCTBA HAYANBHEIX YCIOBHEA
[4, 102]. Tlycrb aBTOHOMHasA raMHEIBTOHOBA CHCTEMa C 1 CTEIEHAMHA
cBOOOAH YCTOHYZMBA B IMHEHHOM ODPUGNEIKEHWEM W MEXIY €e 9acro-
TAMH A; OTCYTCTBYIOT Pe3OHAHCHEIE COOTHOMIGHHA 0 YeTBEPTOrO IIO-
pAnKa BEIOUATENbHO. Torga mpm momoum upeofpasoBaEmA BHpK-
roda MOKHO BHODATH TAKYI0 CHCTeMY KOOpPAHHAT, YTO FAMEILTOHUAH
3a0dmeTcsa B Buie

H = H® (r) + HOAr, ¢), (1.4)
Iie T ¥ ¢ — n-MepHEE BEKTODH:

T = (7‘1,. . .,rn), q)T - ((P]_,. . .,(Pn),

H(O) (l') == }\,17'1 + PP + hnrn + . z ATl 5 ((lij = aﬁ), (12)

1, J=1

dyarmmas HM mMeer HOpANOK, He MeHBLIINH HATOTO OTHOCHTEIbHO
g = ]/Qri sin ¢;, p; = V 2r; cos ¢;, # 2n-TepHOAAYHA IIO ;.
Ecmm opu ry =1, = . . .= r, = ( BHIOOIHEHO OJHO M3 YCJIOBHIl

(1.3) mnm (1.4):
92H(9)

D
c?riﬁrj

= det

8

#+ 0, (1.3)
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2H®) i)
Doy = det| s -0, (1.4)
Tor;

J

TO IOJOMKEHMe paBHOBeCHs ¢; = p; = () ycToiiumBo s GoxbmumHCTBA
(8 cmrpicie mepH JleGera) HavaabHHX YCJIOBHIA.

B cayuae aByXx cremeHeil ¢cBo0OOJH IpA BHIOJIHEHWH HepaBEHCTBA
{1.4) morosKeHWe paBHOBeCHs yCTOHIMBO IO JIanyHoBY (B pasBepHY-
TOM BHfe HepaBeHCTBO (1.4) B ciygsae n = 2 coBHmamaer ¢ ycJIOBHEM
{1.4) reopemsr Apuonsga — Mosepa, paccMOTperHO B HpemsaymeH
riage). ‘

Hu onno u3 ycaosmit (1.3) m (1.4) me cBogutca k mpyromy. Ha-
upuMep, A cacTeMi ¢ ¢ymrmmeit I'ammiaprona

HO = @ — ogs + (n + 1) (0, >0, 03 >0; n=2)
(1.5)

umeeM Dy = 0, a Dy = — 2(w; + ©2)% 7= 0. B mnpumepe sxe, paccmor-
perrEoM B § 5 raasm 4,

HO® = (or; — 0ar) [1 + (ary + bro)l; (1.6)

mis 9roit pyarmum [amunsrora Dy = 0, a Dy = —(awy; + bwy)? 5= 0,
ecnn awy + bwy 7= 0.

N3 ycroiiumpoct® And GONBIMHHCTBA HAYANHHHX YCJAOBHHA BOBCE
He clefyer ycroiumpocTs mo Jlamymoy. B craree Apmoabma [5]
WMOCTPOEH LpAMep CaMUIBTOHOBOM CHCTEMHI, yCTONIHBO#E musa Gomb-
MAHCTBA HAYAJbHKX YCIOBHI, HO HeycroumBoi mo Jlamymomy. Ilo-
06HOe ABJIeHHe HeyCTOHYMBOCTE U0 JlamyHoBy Bmocaegcrsum [27]
Honyumao mazsanue dugfysuu Aprnosvda. B mocTpoeHHOM B cTaThe
[5] mpumepe ¢ymrrmma I'ammabroma TakoBa, aTo nuddysmsa ApHOTL-
Ha oueHb caabas: BpeMsda, B TeueHMe KOTOPOTO r () HaxommTes BOIN3H
r (0), BKCHOHeHIUAJBHO pAacTeT NPH JWHeHHOM yOHBaHHE BO3MY-
MgHAHR.

Ho nuddysua ApHonsaa He 06A3aTeJbHO BCeINa DKCIOHEHI[HAIb-
Ha. O=a Momer OuTh oueHb cmiabHOH. IIpmMepoB, moaTBep:KRmaromMmx
aT0T (aKT, HAKOOWIOCH K HACTOAMEMY BpeMeHH JOBOJIBHO MHOIO.
Ipocreitmmit mpumep — ¢ysknmsa ['ammabroma (5.1) ra. 4. Ilpuse-
mem eme fBa npmmepa. [lepsrit [58] coenuanbHo s crygass aBTOHOM-
HOH CHCTEMHl C TpPEMsS CTEHeHAMH CBOOOJIEI

H = o — WoTy + @grg + ryry — rire + rorg + HY (v, @),
1.7
H® = riry Vra sin (29; + 292 + 93).

TIpenmontaraercd, 9To ©; > (0 W EMeeT MeCTO Pe30HAHCHOe COOTHOIIE-
mne 20; — 20y + wg = 0. YcaoBme (1.4) gaa cucremsl ¢ QyRKNuei
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Tammasrora (1.7) Bhmonmeno, tak Kak Dy = (0, 4 ®2)? 5= 0. Tem
He MeHee, ITOJIOJKeHne pPaBHOBECHA I'y= I'; = ry = 0 Heycro#uuso, aT0
BHJ{HO U3 CYIIeCTBOBAHHKA TAKOTO JACTHOTO PEIICHHAA:

21 + 29, 4+ @3 = 7,
ra(t) = 11 () = -T2 (t) =15 (0) [1 — 6r¥2() 1. (1.8)

W3 (1.8) BEgEO, 9TO 3a BpeMs WoOpsuKa r3o° (0) TpaeKTOpHA NOKALAET
OKpECTHOCTH TOUKH, CKOJb YTOGHO GIM3KO PaCIONOMKEeHHOH K HAYALY
KOOpAWHAT B HAYAJGHEE MOMEHT BpEMEHH.

Bropoit mpuMep AiS CHCTEMH C IBYMsA CTENEHAMH CBOGONH, HO G
fABHOM 3aBECAMOCTHI0 Ppyuknun [amuabsrona or Bpemenm [59]:

H = My + Agrg — 24r7 + 2rrs + 13 + HO (v} @, 1),
_ (1.9)
H® = V', risin (@, + 492 — Nt).

Benwamps A; B (1.9) cBsazaHH pe3OHAHCHHEIM COOTHONIEHHEM IATOTG
mopagKa Ay + 4h; = N.

Hume Gypner moxasaHa HeyCTOWYHBOCTH IONOMHEHHS PaBHOBECHSR
ri=ry, =0 cacremn (1.9). Ho cragana cpopMyampyeM yCIOBHSZ
yCTOMYUBOCTH [IA GONBIMIMHCTBA HAYANBHHX JAHHHX B ofmeM ciy-
Yae FaMEABTOHOBOH CHCTEMH C 1 CTEeHEHAME CBOGONHE H HepHOTUde-
ckoif saBumcuMocTbi0 ¢yHKOmE IammastoHa or Bpemenm. Ilycerb
¢yaxomua HY B rammasrosmane (1.1) saBmcmr or {. BmemeM HOBHIE
CEMOYABCY I'nyy U CYTOIMY Qryg = . Torga moaxyumM aBTOHOMHYIO CHC~
TeMy ¢ n -}- 1 cremensMa cBOOONH. I'aMUABTOREAH HMeeT BHUJY

H=Mr+... Moo + D ayrirs + HY(r, 9,8). (1.10)
i, j=1

Hudpdepernmuanpaie ypaBHEHHS, COOTBETCTBYIOI[AE TaMHJIbLTOHHA-
gy (1.10), copepsxar B cebe mupdepermuaNbHNE ypABHCHUA HCXOXHON
sagagd ¢ rammibroEmasoM (1.1). Hxa ¢yuxomm Tammabroma (1.10)
HepaBeHCTBO (1.3) Bcerga me BHIONHEHO, Tak Kak D,,, = 0 u, 3@a~
9AT, YCIOBHE YCTOMYWBOCTM JUIA GONBIIAHCTBA HAYAIBHHX HAHAMX
moxydaercA Toabko us (1.4) u o3HayaeT, KAK JIeTKO IPOBEPATDH, BHIIOI-
HAMOCTh HEpPaBEHCTBA '

#0, (1.11).

277(0)
det | 55—
rior; |

rme H® — ¢yErnma, ompenenennas pasercrsoM (1.2). Orcioma cie-~
AyeT, 4TO [IA FAMUIBTOHOBOH CHCTEMH C ABYMA CTEIEHAMH CBOGOILE
H ¢ NepHOAMYECKOH 3aBHCHMOCTBI0O IaMHEJBTOHMAHA OT I JOCTATOU-
HEIM yCJOBHEM YCTOHUHBOCTH i GONLIIMHCTBA HAYAMABHMX YCI0BHiE
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6yneT BHIOJHHAMOCTD CJeAYIONEeTro HepaBeHCTBa
21
apy — Ay 7+ 0. (1.12)

Iia ¢ymromm Tammasrora (1.9) als — 4125 = 25 5= 0, rak
4T0 YCTOHYMBOCTH [isi GONBIIHHCTBA HAYANBHEX YCIOBHH eCTh, HO
IMeeT MeCTO HEYCTOMIMBOCTE IO JIAUYHOBY, 9TO BHJHO H3 YACTHOTO
pemenus, A KOTOPOTo

@1 + 49, — Nt = m,
ru(t) =—ra (6) = 11 (0) [1 — 248 (0) 2) 7" (1.13)

OrmernM, 410 B 060OMX pacCMOTpeHHHX mpmMmepax dacts HO
raMEJIbTOHHAHA HpeACcTaBAseT co(oil pe3soHAHCHOe BO3MYINeHUe CHC-
TeMsl ¢ TammuabToHmanoM H(®), a ¢ymknma H® mogobpama Tak, 4TO-
6H BO3MyIleHHas CHCTeMa JOIycKana dwacrHbie pemenus (1.8) u
(1.13). Cuenyer oTMeTHTh TaKiKe, YTO 4ACTOTH HEBO3MYIIEHHOH CHC-
Temsl A; = 0H®)/9r;, Buumcaenmme giasg gacTunx pemenait (1.8)
u (1.13), cBABaHH PE3OHAHCHKIMH COOTHONMEHHAMH (TeMH e, 4TO U
9aCTOTHl JHUHEHHOM CHCTeMbI), TO €CTh BO BCe BpeMs [BUIKEHUA Tpa-
©KTODHH, IPUBOAANNE K HOYCTOHIMBOCTH, HAXO[AATCSA B Pe30HAHCHOM
soHe $a30BOr0 OPOCTPAHCTBA.

Ilpumeps raMEIBTOHOBHIX CHCTeM C OwicTpoit nuddysmeir Ap-
HOJIBJIa MOCTPOeHHl Takme B paborax [78, 93]. Ho, rak mokasan He-
xopomes [78, 79], B o6mem caywae gupdysma ApHonsma (ecam oHa
CYIEeCTBYeT) ABIAETCA SKCIOHOHOUAIHHOHN. Tak 9TO paccMOTpEHHEI®
IpEMepHl OpeflCTaBIANT co00M MCKAUYeHNA W3 OpaBmia. PesyiasraThl
Hexopomesa Gyayr paccmoTpeHst B § 3.

§ 2. ®opmasbnan yeroiiumsocrs. Teopema Bprono

B srom maparpade pacCMOTPEM HEKOTOpHE Pe3yILTATH, MOAyIeH-
HHle IpA HCCaefoBaHAA (OPMAIBHON YCTORIMBOCTH TaMUILTOHOBEIX
cucrem. Oupenerenne YOpPMaIbHOR yCTOHIUBOCTH OBLIO IPHBEEHO B
§ 4 gerBeproit rmaBu. IloHaTne $opManBHON yCTOHIMBOCTH ABJIAETCH
O4eHbL BAKHHEIM [PH HCCHEIOBAHUA YCTOWYMBOCTE HA KOHEYHOM (HO
odensb Goabmom) mHTepBane BpemeHu. Hangwume dopMmanbHOi yeroii-
YHBOCTA O3HAYAET, YTO HeycToWudmBocTh No JlamymoBy (ecam oHa
cymecTByer) He OGHADYRHBaeTCsA OPH y4eTe B PasiIOKeHAN QyHKIUM
TaMHIBTOHA UIEHOB [0 CKOJL YrOXHO Gonbmioro (HO KOHETHOTO)
IOPANKA OTHOCATeASHO KOODAMHAT W HMIIyJAbCOB BOSMYINEHHOT'O JIBU-
HKEHUA.

ITpu manmaum popmMaTbHOE YCTOAYEBOCTHE, €CAM K CYIIECTBYIOT
TPAReKTOPHH, [AAeKO YXOfAmM@e OT HeBO3MYIIEHHOrO [BIKEHHA, TO
ABMIKEeHHe 110 HAM IPOHCXoAauT KpaiiHe memimeHno. CooTBeTCTBYMIOIIUe
olleHRN Toxydenst B paforax 3ureas [28], Mosepa [158, 159], Tuam-
ma [138]. Jlna pemenus Bompoca o6 ycrofampoctn B GONBIIAHCTBE
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¢u3HIECKUX 3a/1a4, ONUCHBAEMBIX IaMHJIBTOHOBHME nuddepenmuann-
HHMH YPaBHeHHAME, GOPMalbHOA YCTOWIMBOCTH BIOJHE JOCTATOYHO.
Chenyer 3aMeTHTh Takme, 9TO M3 YCTOMYMBOCTH HO JIANMyHOBY, o%e-
BH/IHO, clefyeT GopmanbHaa ycroiiumBocTb. OGparTHOE yTBeDHICHHe
He JOKa3aHO, HO, BO BCAKOM CjIydae, IOKA He M3BeCTHO HH OJHOTO
TIpEMepa TaMUJILTOHOBOM CHCTeMEI, KoTopas OH G6iiaa (opMalbHO:
yCTOUZBA U B TO jKe Bpems Obura Heycroitumpa mo JlanyHoBy.

IMpuBeneM HeKOTOpHE yCA0BHA GopMalbHOR ycroiumBocTH. Ilycrs
paccMaTpEBAETCS TAMAABTOHOBA CHCTEMA

az; oH dy; oM ;

T;:Wj’ '—dt—J':——a—I] (]-———1,2,...,71), (2.1)
rae H — ananmrudecKas QyHKIHA OTHOCHTENBHO Zj, Y; W 2M-mepuo-
nudecKas 1o t. Pasmosxenne H B cTemeHHON pAX HaYUHAETCA ¢ KBa-
patauanXx 4ieHOB. Ecam MyJIsTANNHKATOPH JIMHEAPH3OBAHHOH CHC-
reMul (2.1) pasauYHEI M EMEIOT MOJYJIH, PABHEE eUHHIE, TO CHCTEMA
(2.1) ycroitumBa B mepBoM npubamwKenuy, a ¢yuxkuma [amumiabprona
H B mopxomsamumM o6pa3zoM BHOpaHEKX KoOpAWHATAX (CM. § 5 TIaBH 2)
MOeT OBITH 3a0HWcaHa B Bumie

n
1 2 2
H=—2—ij(xj+y5)+H3+H4+..., (2.2)
i=1
rie A; — BelmecTBeHHHIe dmciaa, H,, — ONHOPONHLIE MHOTOYIEHBI CTe~
TIeHH M OTHOCUTENBHO X;, Yf;, 3aBUCAMUE 2n-IepUOEISCKEM 06pa3oM
or BpeMeHH. B crarse (157] Mosep moxasax, 4To ecad

]glm]?»]-iO (mod 1) gna meamix m; >0, jgl m; >0, (2.3)

To HeiaWHeliHas cucrema (2.1) dopmambHO ycTOHuMBA.

Ycnosure (2.3) aBngercs MOBOJBHO ¢lalBM, TaK KAk B HeM HE HC-
nonp3yerca mHPOpMAIUA 0 HEIMHEHHHX WieHax B ypaBHerusax (2.1),
a OrpaHMYeHHA Ha BeJUYMHEI A; BechbMa CmiabHHe. Ho mDycrh Te-
eph BeNIWYHHH A; TAKOBHI, 4TO

glmjx,-$o (mod 1) mam wemmx mj;, 0<D|m;|<<4 (2.4)

Torna CymecCTByeT KaHOHHWYECKAA 3aMEHa HepeMeHHBIX Zjy Yj—> Qi

pj,» BajaBaeMas iipeoGpazosanmeM Bupkroda, Takas, wro HOBHIA ra-
MEJALTOHHAH €CTh

H=@n+ A aymwryrm+Hs+ ... (2.5)
2rj - Q? + p?’ )"T = (A’lv' LR ] A'n)a
= (r,... '), (A, r) = AMri 4+ ..o Agra.
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B pa6ore [158] Mosep maa crysas n = 1 goxasan dopMaibEyIO
yeToumBoCTL, ecau B (2.5) apy 7+ 0. Haa opomssoasuoro n I'maMm
{138] morasan d)opma.nbﬁylo YCTOAYMBOCTS OPH YCIOBHM, YTO KBajpa-

THaHAA Popma 2 Ay, mI''m ABIACTCA 3HAKOONpeneaenHoi, B cratoe

k,m

Bporo [13] porasama cuaemynomas Teopema, KOTOpAasg COTMEPIKHET BCe
yKa3aHHLE BHINE Pe3yAbTaTHL.

Teopema. Ecau y cucmems (2.1) sunoaneno ycaosue (2.4) u 6 sanucu

(2.5): i

n
D @y mlplm =0 (2.6)
k, m=1
npu sekmope I = (I, . . ., I,) = 0 u npunadaexcawem nepeceuerniio
xeadpanma m; > 0 u aunelinoli 060404KR MHONCECMER, 00DA30BAHNO20
8CEMU YCAOUUCAEHHBMU BEKMOPAMU ¢ KOMNROKEHMAMU, SBARIOUSUMUCH
PEWEHUAMY YDABHEHUS

3 myhy =0 (mod 1), (2.7)
k=1
mo nosoxcenue paswosecus xx =y =0 (k= 1,..., n) cucmenn

(2.1) Popmasvro ycmoiiuuso.

Ecam B cucteme (2.1) H He 3aBUCHT 0T f, TO POPMyJAMPOBKA pe
3yJAbTATOB OTIHYIAETCA OT HPHBENEHHOH BHIIE TeM, UYTO B YCAOBHAX
(2.3), (2.4) m (2.7) Bmecro == 0 # == 0 (mod 1) mago mamacars = 0
u = 0 cooTBeTCTBEHHO.

IIpusemem moxasarennpctBo Teopemul Bpiono. {us ynoGerea moxa-
3aTeanLCTBA lepeiifieM, Kak u B [13], kK KOMIIIEKCHO COLIPsKEHHBIM Tiepe-
MeHHEM

Zy = Xy + W, 2x =_fck - lyk (k = 11 2’ . oy n)'

Cucrema (2.1) umepeitner mpu 5TOM B CHCTEMY

dzy oH 4z, . 8H _ 4
T =g, =g k=120, @8

KOTOpas sABJAeTCA KAHOHWYECKOH ¢ raMHIbTOHHAHOM
n
2iH =i 2 Kkikzk + N (2_9)
k=1
Pasznomenne ramaaproruana (2.9) sanmmeM B TaKoil dopme:
2iH = Egk, lzkzl,
rae k* = (ky,. . .,kn), 1* = (l1,. ., ln)— BekTOpH ¢ IeIOUIMCIEH-

HEIME HeOTPEIATOALENMA KOMIOHGHTAMHE, & 2 = Zi,. . -, 5% KpOMe
Toro, gk (t+ 2n) = g1 (t) = —E&ux (2)-
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Umeer mecto caenywomee yrBepmenme [(157].
Jlemma. Cywecmeyem @opmaivHas KGHOHUHECKAS 3AMEHQ NEPEMEH-
nur xy; — Em; makas, wmo (2.8) nepexodum e

v oar 4 ;T .
T=2l-—-a—§-j-, th-=—- T?-C—' (]=1.,2,...,n), (2.10)

20e Ty = &+ iny, Ty = & — ing; &j, M; — eewecmeennbie 6eAunU-
Hu, & gopMarvHblll cmenenHol pad

200 = 3 v, @G =1 B ML+ (219)

codeprcum mMoavko makue uaenwvl, 0as KOmMOpPHT
(M1—Kk)=N, (2.12)

20e N — yeaoe wucao u, caedosameavro, sexkmop 1 — k asaaemca pe-
wenuem ypasuenus (2.7). Kosgpguyuenmut vy, ; He sagucam om t.

dra neMMa aBageTca 00o0meHmeM Ha PE3OHAHCHHH: ciaydail pe-
3yabTaTa, IOJNYYaeMoro IpE IoMomm upeobpasoBamma bBmpxroda,
DpUBEJEHHOTO B IiIaBe 3 B Caydae OTCYTCTBHS PE30HAHCHHX COOTHO-
WweHAR MeKAY BeamguHamu A;. Ha JokasaTeabcTBe JeMMBI MH He 0OC-
TAHABIMBAEMCH, TAK KAK OHO IIOYTH JIOCJIOBHO IOBTOPSAET COOTBETCT-
BYOI[Ee PACCMOTPEHHS TJIaBH 3.

Myers 2r; = ;C; (r; > 0). Cucrema ypasmemmit (2.9) mmeer fBa
spoa $opMaIbHEX HHTEIPAIOB:

1) (p, r), rme BerTopu p* = (py,. . .,Pn) OPTOTOHANBHE K JeHcT-

BHTeNbHON IWHEHAHOHX 0607109Ke BEKTOPOB mT = (my, My,. . .,My),
ABIAOMAXCA pemeHusMyr ypapHeHusa (2.7);
2)
iF = 2i' —i(A, r).

HeiicTBUTENBHO,

dr ; ar -

=t o; a;,) ZV"’ (b — k) ML,

2 (p,
L85 Y v (o, 1— K VL (243)

Tax xar Bekrop 1 — k saBasercs pememmem ypapmeHma (2.7), TO
Bce KoapdunumenTs B mpaBoi yacru (2.13) paBun HyI0.
Hanee ogeBmmHO, dTO

d2iTl . oT s AT NI
G =2 = Y viNe N e (2.14)
k, 1
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Hs popmyn (2.13) m (2.14) momyqaem
d[2iT — 1 ) , . -
LT 0 92— 1[0 ) = 1Y IV — O 1 — )] e

k1

N3 (2.12) eaepyer, 9T0 Bce KoaQPEOUEHTE B MOCIENHEM DaBI0KeHAR
PaBHEL HYJIIO.

Tarxum obOpasoMm, cymecrBoBanme (QOpPMATLERX HHTeTpanos 1),
2) pmokasamo. Ilycrs p®,. . ., p® — Gasme JIHAEHHOrO0 MHOMKECTBa
BeKTOpoB p. Ecam cymecrsyer m auHeHHO He3aBHCHMEIX Pe3OHAHC-
HEX cooTHomermd (2.3), 10 s = n — m. Cymma

G= D (pD 1) +F2=Gg+ ...
i=1

ABNsAeTcA GOPMATbHHM HMHTErpaioM, KaK HOIMHOM OT (OpPMAIbHBIX
maTerpano. IlokaseMm, aro u3 yciaopma (2.6) ciemyer MOJOMKHTENb-
Hasg OHpeNeJeHHOCTh GOpMEL

s n 9

Go= 3 0,1+ D awwrim) -

=1 E, m=1
3mech B IPaBOX JaCTH BCE CliaTaeMbie HEOTPHIATEAbHE B HepBasg CyM-
Ma oGpamjaeTca B HyJIb TOABKO AJIA TeX BEKTOPOB I, KOTOpHe HpH-
HajJIesKaT MepeceueHnIo KBagpanTa m; > 0 u nefcTBATeNbHONR JHHEH-
HOH 0GOTOYKH MHOMECTBa, 00pPa3OBAHHOTO HEJOYHCHEHHBIMH BEKTO-
paMu m, ABAAKMUMECT pemmexnamu ypassenma (2.7). Ho maa ntmx
r oo ycaosuawo (2.6)

n 2
( EI akmrkrm) >0
k, m=1
Urak, G — opMajbHbEIE oONpefeneHHO-IONOKRUTENBHE HHTETPA,
M, CIe[0BATEelNbHO, TeopeMa DpIOHO MOKasaHa.

§ 3. Openka cropocru anddysm Apnoasbpa.
Pesysbrare Hexopomesa

B § 1 mocrpoeHH OpocThHe IpHMEPH MHOTOMEDHEIX TaMHJILTOHO-
BHX CHCTEM, KOTOpHE YCTOMYEBHL [ GOJBIIAHCTBA HAYAJIBHEIX yC-
soBmit, Ho mo JlanynoBy HeycroiauBe. Cropocts nudpdysnnm ApHOIL-
ma B mpmMmepax § 1 okasamach BechbMa 3HauMTeNbHOH. OmBHAaKO, KaK
npasmio, quddysus ApHoabia (ecam OHa CymecTByer) momxHa OHTH
DKCHOHEHIWAJBHOH, uro Tokazano HexopomeBuM B ero paGorax
[78—80].

HexopomeB msydgan cuCTeMHl C aHajIHTHYeCKoi ¢ymknwed I'a-
MEJIBTOHA BHIA

H = H, (I) + 8H1 (L (P), (31)
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e 0< e, I" = (Iy,.. ., ), 9" = (@1, - ., ¢n). Oyurmus H,
2n-neprognuHa MO YIJOBHM IepPeMEeHEHM ;. IlexopomessiM nokasana
OKCIIOHCHIINAJIbHAA ONEHKA cBepXy cKopocTH Auddysum ApHoasna
npE ycaoBmH, 4t0 Hy — kpymas ¢@ynryus. Oupefenennme KPYTHX
¢ynrnuit namo B [81]. HemocpemcrBeHHass NpoBepKa YCIOBHH Kpy-
TH3HHL CJI0/KHA, OITOMY MK He HPHBOMHM 3HECh STOT0 OIpeleleHus.
Hexotoprie Bamume docmamounvie ycaoeus KpYmusHbl, ILOIYIeHHBIE
HexopomesnM, mpuBemenn Hue.

I[Ipumepamu KpPYTHX (QYHKOHH ABIATCH QYHKIEM CIeYIOMET0
BUAA.

Onpenenenne [80]. Dyikguw H,, oupegenennyo B 06-
aactd G eBKIMJOBa IpocTpaHCTBa K", HA30BeM K6a3USHNyK.10l, eCIH
A Raxmoit Toukm 1’ w3 G BHIDOIHEHHK YCIOBHA:

a) grad H, | # 0;

6) cy:xenme KBaJpaTHIHONR KOMIOHEHTH

n
PH,(I)
2 oTol; ¥

i, j=1

pasnoennsa QyEKHuu H, B 9T0H TOYKe HA THIEPILIOCKOCTH

n (I
o0Hy(Y') o
§ o1, % =0

i=1
KacaTeJbHYI0 K HOBePXHOCTH YPOBHA (YHKINH, 3HAKOOLpEIEaeHHO;
ageck r; = I; — I;.

Juaa ¢yaxomit Hy or ABYX HepeMEHHEIX JOCTATOYHBHIM YCJIOBUEM

KDPYTH3HH ABIAETCA OTINYHe OT HyJIA ompefenmrTeas B dopmyie (1.4)
Ha orp. 88.

ITyers ||If| = l/z I}. Hexopomes morasai:, aro ecam B (3.1)

dynxmus H, 6ymer KpyToit, To CymecTBYIOT KoHCTanTH o > 0, b > 0
TaKHe, 4TO Aus Kamkmoro pemeHus L (t), ¢ (i)

I —1I(0)| < e® upm Beex ¢ < [0, T1, (3.2)
e

= exp [(1/&)?]. (3.3)

Jia ROHCTAHT ¢ W b HONy4eHHl TAKWe 3HAUCHHA:

— 2 _ 2
=TT 0T a(12L F 3n 1 1%) * (3-4)

rae { B o 3aBHCAT TOABKO 0T Ho 1 yIOBIETBOPAIOT HEpAaBEHCTBAM

n(n—1
L(Hy) >0 =D (3.5)
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(upugeM RJIA KBasHBHOYRIAHX QYHKIWN, W TOALKO JJA HOX, PaBeH-

CTBO JIOCTHTAETCA) U
a (Ho) > 1 (3.6)

(upmueM AiA KBAa3HBHIYKIHX (yHKOWE PaBEHCTBO NOCTHTaeTcA).

TpeGoBamme xpyTusan ¢ymxnum H, cymecTBeEEO. B mpmmepax,
pacemotpenENX B § 1, oymkmun Hy = H — H® (em. (1.7) m (1.9))
He SBIAIOTCA KPYTHMH,

ITpuBeseM Ba MOCTATOYHHX YCIAOBHA KPYTHSHH A (YHKIUHA OT
tpex mepemeHuHX [80]. @yrruua H, (I) Gyner kKpyToit B HEKOTOpOH
o0xacra, ecau

1) nns Bcex TOUeK BTOH oGnactm ompepenurtens (1.4) orpunaTenesn;

2) pua kampoit roukm I* oroit ob6macTm sToT oupemenmrTens GOXb-
me HYAf M CHCTeMA

3
OH, (%)
——'(%i—' Xy = 0, (3.7)
i=1
3
B2H, (%) _
1, 9=1
3
B3H , (T¥) B
Z Wxixjxk = O (3.9)

i, 3, k=1

He ¥MeeT DPemIeHEA, KpoMe TPEBHAIBHOIO I, = Zp = I3 = 0. 3mech
zy =1, — I

QOyuxnma H, «o0mero DOMOMKEHAA» YHAOBIETLOPAET OJHOMY U3

OpUMBEeHHSIX [[OCTATOYHNX YCAOBHHE KpyTH3HH. OTMETHEM, 9T0 BHIIOJ-

HeHMe yCiOBHA 1) o3HawaeT HecoBMeCTHOCTh (UpH 7 - X5 -+ z3 %

== 0) cucremsr (3.7) = (3.8) u, amaumr, npm ycrnosun 1) pynrmua H,

KBa3HBHITYKJIA. .
IIycrb maygaerca ABHMKeHWEe B CHCTeMe ¢ 27-IepHOTHYECKOH 1o Z,

aBaamTHYEeCKON ¢yErmmeir I'ammabToHA
H = H, (I, I.) + eH, (I3, Iz, @1, P2, B). (3.10)

BremenneM <umuynncay [, m «yIriioBoil mepeMeHHONY @z = { sajada
CBONUTCSA K ABTOHOMHOM CHCTeMe C TpeMs CTemeHAMH CBOOOXH, 1

HeCOBMECTHOCTh (IpE z; - 23 7= 0) cmCTeMH JBYX ypaBHeHm

2
a%H , (I*
Z #(lj)mj:o (3.11)
i, 7=1
33H , (I¥) .
Wxiszk = 0 (3.12)

1,7, k=1
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Oyner ROCTaTOYHBHIM ycaoBAeM KpyTHSHE ¢ymxmmm Ho(l,, ) + I
H, SHATHT, YCJIOBHEM, MOCTATOYHHM [Jja LPAMEHWMOCTA ONEHOK

(3.2) — (3.6).

§ 4. HeaBToHOMBaAsA cHcTeMAa ¢ JIBYMA CTeNeHAMH CBOGOMBI.
Crryuait pesonamca TpeTbero nopafgKa

PacemorpuM 3ajawy 06 yCcTORIABOCTE NOJOKEHHH pPaBHOBECHS
HEaBTOHOMHOH TaMHJIBTOHOBOM CHCTEMEl C JBYMA CTeUeHsIMH cB0Go-
aei. BymeM cuMTath, 9TO COOTBETCTBYOMAA (YHKOEA IaMAILTOHA
2n-mepuoUYHA [0 BpeMeHNM M aHAJUTAYIHA OTHOCHTENBHO KOODHHHAT
H BMIyabcoB. I{pome Toro, mpeamono;xEM, 9TO IHHEAapH30BAHHAA
cucTeMa ycToiYmBa M BCe €e MYJbTHIIMKATOPH PaSHHYIHE. B 3ToM
cayuae ¢yErnua I'ammapToEHa B mogxofgAmuM o0pazoM BHOpaHHEX
IepeMeHHHBIX ¢;, p; (CM P#&BY 2) mMeeT BHJ

1 1
H(q;, P t) = M (g1 4 P) + —-ha (g3 + P2) +

Ve_ Ly

-+ Z h‘\’]VguﬂJ-: (t) q;'fh )41 pg" (41)
VitVatRa-Me=3

3pecy =+ iA; (j = 1, 2) — xapaKTepHCTUIECKAe MOKA3ATONU JIHHEA-
PHU30OBAHHOH CHCTeMHl, Vj, Wj — Leasle HeOTpANATeJbHEIE YHCIA,
hv.'vzuxua (t + 2“) = th'Vzlhun (t)'

Ecau Benmumna kM, + kshy He OymeT meabiM 9ucaOM Iad JIOGHX
IeJEX HeOTPUIATEIbHKX WHces &y W kp, TO, coraacHo Mosepy (cm.
FReBY 2), cucreMa, nMeoman pyErnuio I'amuabrona (4.1), dopmaasro
ycroiuuBa. C Apyroil CTOPOHH, 6CAH BeAMIHHA i A, + Aok, He Gymer
HelHM YACIOM A IMeJHX dYucelx &k, W kp, YXOBIOGTBOPAIOIIAX paBeH-
crBaM |k |+ | A2 =3 = |ky|+ k2| =4 (. e. B cucreme or-
CYTCTBYIOT PEe30OHAHCH TPETher0 ¥ WeTBEPTOr0 IOPAAKOB), TO IpH
nomMomu npeoOpasoBarma Bupxroda g;, p; — ¢;p; dyuxouio Fammas-
ToHA (4.1) MOJKHO IpPHBeCTH K BATLY

H = My + Aora + coort + exalira + coars + O ((ry + 1))

(4.2)
@ry = g;’ + pi®, ¢y = const).

Cornacro Teopeme Bpromo (cMm. § 2), mpu BIOIHeHNM HepaBeHCTBA

Cooki + Ciafirks + cosky 7= 0 ANA TMeMHX HEOTPENATENBHHX gmCEd,
YIOBIETBOPAOINEX YPABHEHHIO kA, + ks = m (m — meinoe amcio),
Ameer Mecro (opMambHAs ycToWuMBOCTH. Hak chefcTBme, OTCIONA
noxygaeM, 970 CHCTeMa ¢ ¢ymxmmedt Tammasroma (4.1) ¢opmampmo

yeToliumBa, ecAd KBajparmyHas  dopma czoﬁ + ey + CoaTs

4 A. II. Mapkees
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BHAKOOmpeNenegHa mpm r, > 0, r; > 0. Ilocaenmee yrBep:RAeHHAE
€CTh 9aCTHHIH ciyuait gaf rn = 2 yCIOBAA QOpMaAbHOR yCTOHYABOC-
i, moxywennoro I'mammom [138]. M, makomen, ormeram empe, 4TO
ecan iy — 4€a0Co2 7= 0, TO MMeeT MeCTO YCTOMYMBOCTD AJIA GOMBITAH-
crBa HAUAJABHHIX yclaoBmi (cm. § 1).

Pacemorpnm, caenys [61], sagagy 06 ycroiiumBocTH, Korga B CHC-
TeMe eCTh PE3OHAHCH TPETHETO HJIH 9eTBepTOTO HOpANKoB. Bymem
HOpefnonaraTh, 9TO 4UCNO kiA; + Koy ABNACTCA WENHM JJA OLHOR
maphl OeJHX HeOTPUIATeNbHEIX YACeN k; ’ Ky, CyMMa KOTODHX paBHA
tpeMm mam dermpeM. Takam o6pasom, GynyT pacCMOTPEHE REBATH
pe30HaHCHHX CJlIy4JaeB:

(1) 37\.1 =m, (2) 3}\12 = m, (3) Z,l + 2)\:2 = m,
(4) 2M+M=m, (5) 4hy = m, (6) hhg=m, (4.3)
(1) 2(M+h) =m, (8) M+ 3ha=mm, (9) 3M + Ay =m.

Tax Kak MyJbTAMINKATOPH NPEeAIONATAIOTCA PABIHMYHEIMH, TO
Iedke, TOJYIjeble W YAOBIETBOPAIONME PABEHCTBAM A, Ay =m
3HAYEHHMA \; He PACCMATPHBAITCA. JTO 03HAYAET, YTO B CHCTEME HET
Pe3OHAHCOB 0 BTOPOr0 HOPAMNKA BKIIOYATeJbHO W 3afada o0 ycroi-
9UBOCTH HeNWHEHHOR cHcTeME! permaeTcd Jid 3HAUYeHWH DapaMeTpoB,
JHAMEX BEYTPHA 00JaCTH YCTOAIMBOCTH JMHEaPA30BAHHON CHCTEMHL

Ucenenyem cmawasna yerofumsocts B caydaax (1) — (4). Baegem
HOBHE KAHOHHYECKHe HepeMeHHHe ¢, p; Ipm momomu IpeobpasoBa-
Husa Bumprroda, szagaBaemMoro mpomsBofAwmeid QyHKIHEeR

— *
S = qpf + ¢pi + S5,
THe
. Vi Ve ¥y Kl
S3 = 2 Svovsass (£) G192 P1 P2 -
Vitvei-ple=3
BIIQCB Svyvaitilt, (t + 2“) = Svivappte (t)
* * %
OGosnauum HOBYI0 Qymkmmoo I'ammanroHa uepes H' (gj, pj. i)
&
Hycrs Hy m Hy — COBOKYHHOCTH 4WIeHOB HOPAAKA &k OTHOCHTEIBHO
KOODJIAHAT M MMIOYJIbCOB COOTBETCTBEHHO B CTapodi W HOBOA (YHK-

%
nEax Fammnsroma. W3 tompecrsa, cBasmBaromero H, H u S,

as as oS
noilydaeM
Hy = H,, Hy = Hg+ DS,, (4.5)

. .
N A [<as3)2_(ass )2]+ oH, 8S;  OH 085,
t?p;-I= 9g; %9; ap

HY =H,+ ) =L (52 = 2
e Loy ap;
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B (4.4) pyEKOuM mMeloT CBOMME apryMeHTaMH BeJIWIHEH ¢;, pY u f,
gepesa D o6osnaden omepaTop

7] 0 0 d a
D—:"l(pf—aTl—"ql?,ﬁ)'l_’"“ (P:—aéz—%?}g)-}-—a}--

Beenem o6osHageBme avy = Ay (3 — Vi) + A2 (2 — v2). Ecam Be-
JTHYAHA dyy He GYNeT MmeJEM YHCIOM XPH |p,— v;| + |pa —va | =3
(T. e. OTCYTCTBYHT DE3OHAHCH TpeThero NOpsAAKa), To, Bufpas
COOTBETCTBYIOIEM 0GpasoM Ss, MOKHO HOGUTHCA BHIIOIHeHHA TOMK-

*
mectBa Hs; = 0. J[laa 2n-mepuogmdecKHX KOIPPAMHUEHTOB Sy,
IIOJIy4aeM HOoCie HECHOKHKX BHKIAJOK TAKAC BHpAyKeHHd:

Soz00 = Uooos + Woge2, Soroz = Yooz — 3u0003, So201 = Vo102 -+ 3Vog03s
So003 = Vo102 — Uoooz,  Sz000 = Ugogo T U1o20,  S1020 == Ugez0 — Sloggo,
S2010 = V020 -+ 3Vo0g0, So0z0 = Viozo — Voozo,  Sioez = Uor11 —
— Ugorz — Uo310,
S1200 = Uoo12 T Uozi0 + Uor11,  Sozio = Voyr1 + Voorz -+ Vozio,
So111 = 2 (Yoz10 — Uooy2),

$0012 = Vog11 — Voorz — Vozies Smor = 2 (Voorz — Vo210)

So120 = U011 — Uoozr — Uzoor, Sz100 = Ugozy —+ u2001 + Ugorns

$2001 = V1011 T Vooz: + Vzoo1,  Soo21 = V1011 — Vooz1 — Vaoors

S1011 = 2 (uzom — Uoo21), S1110 = 2 (Vooa1 — Vzo01);

U, = & (£) sin ayut + f (2) cos ayt, (4.6)
Uyvaapts == & (t) c08 dwt — £ (¥) sin ayut;
g (t) = ctg may, [; (2m) + 12 (27) — 274 (¢),
f(t) = I (27) — ctg may, s (27) — 214 (2),
t

I, (t) = S(uvmum: COS BypT — Uypyguap; SN Gyyt) Az,
0
t

, ,
Iy (t) = S (B wopasp, ST Gy -+ Uy, COS Ay ) dir;
(1]

’ 1 , 1
Ugpo3 = = (hoaoo - homz), Vooos = 'y (h0201 - hooos),
. 1 ’ 1 .
Yooz = 5 (o102 + 3hosm), Voo = g~ (ho2o1 + 3hoo0s),
, 1 , 1
Uaggo = —g~ (haooo — h1020), Ugoso = "8_(h2010 — hooso),
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u;ozo % (P1020 + 3hs000), U;ozo = ‘:3— (hao010 + [3Ro030),

u(’nu = —i— (1200 + P1002)s v(’uu = %(hoom =+ £oaro),

ucl)olz = "513— (h1200 — P1002 — ho111)s U<;012 = '%"(h0210 — hoo1a + Paro1)s
Ugato = —%— (R1200 — P00z + Po11a)s Vosto = % (Poazo — Poorz — Prirer)s
Uiout = —;; (Ba100 + Fo120)s Vi = % (haoer + hooz1)s

uclmzl = —51;— (2100 — ho120 — hiona), Uoom = %(hzom — hooz1 + B1110)
u;(m = —;- (Ba100 — ho120 -+ Pio11)s V;om = —%‘(h‘mm — Rooa — h1110)-

(4.7)
Ecan e BeJM4YMHA Qv PABHASTCA IENOMY UHCIY M HIpPA vy +

+ vy + py + p2 = 3, TO moONHOCTEIO d)ynmmlo H: YHEITOKATH
HeAb3A, HO ee MOKHO IPHBECTH K HOpMaJbHOE dopme, o'rpamaxomen
pe3OHAHCHHE xapakTep samaud. I B HOBHX nepemenmmx gf, pf
¢yaknua [aMEIBTOHA 3almmeTcs B BHME

H* ——xlq + o) ——x1<q:2+p;=2>+H;"+0«r1+r2)2>.

BripaskeHHAA RIA Hs B cayuasx (1) — (4), ompemenennsix B (4.3),
6yAyT COOTBeTCTBEHHO TaKUAMM:

(1) Hy = 2uges0 (gF — 31 D) — 2050 (0¥ — 3p1¢¥),

(2) Hi = 214003 (a%" — 3¢ PE") — 20p00s (PE — 3P 03"),
(3) Hy = — 2upmslgr (pF — g¥*) + 2p1gapa] — (4.8)
— 2va0a [p1 (PF — &%) — 291 g2 P21,

k Kk

(4) Hy = — 2upm 92 (PF — gt ) + 2P Pyl —
— 2v00m [P3 (PF — g¥) — 20247 P11
B ¢opmynax (4.8) BBegenm 0Go3HaweHHA

* .
Uviaptiits = Twvpgltiliy cos m¢ + yvmunus sin mt’

E3 .
Uyvatiats = — Tvivapiape 810 ME 4 Yy wopp, COS ML,
L
Ly waatts = 5 S (uvmwm cosmt — v, u, S0 mt)dt,
0
an 4.9

1 ,
Yvevattuse = 5— S (uvlv e sinmt - v, et €08 mt)dt.
T .
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Ias wampmoro ®3 pesomamcos (1) — (4) mmeer MecTo ciemylomee yT-
BepIKIeHHE.

s .
Teopema. Ecau Ty vgups + Yowmae 7= 0, Mo nosodxcenue pasno-
eecun meycmolinueo.
ITposenem noxasateancrso maa caydas (1). Ilocae xamormgeckoro

npeobpazoBanus
¢ * =V 2r;sin (g5 4 At — 0), 1 = V2r;cos (9; + At — 0),

(4.10)
rme

- X,
511139:——2‘@-7—, 00336=—_2—ﬂ——_—:,
2 2
Zoos0 T Yooso V”ooso + Ygo30

¢yakoma [amuasToHa IpEMeT BHJ

Y = —4V2 (@oos0 + Yooso) TV 1y sin By + O ((ry + r2)?).  (4.11)

Ias moxasaTenbCTBa HEYCTOHYMBOCTH BOCHOJAb3YeMCA TEOPEeMOR
Yeraena [95]. @yakoun V Bozsmem B Bue V = V,V,, roe

Vi=rf—r Va=nVrcsby (@>2). (412

3a ofaxacte V >> 0 mpumem ofaacrh (Vl >0, — 1—’;< << % )
Ha rpanune asroit obnact® ambo Vy, aubo V, paBEH HyII0, a BEYTPH
o6racTH BEIIIOJHAETCA PAaBEHCTBO

rg = [3ri°'2 O<<p<<i) (4.13)

ITapamerp o mopGepem Tak, uro0n Hpom3BomHad ¢yEKRmEE V B cmiy
ypaBHeHH# ABMKEHAs ¢ raMuastoHmanoM (4.11) Ona ompeneneHHO-
monoKaTeaApHoi B obGaactm V > 0.

Jlerro mpoBepuTs, 4ro DpE 2 << o < 3 MPOU3BOTHAA MOMKET GHTH
mpencrasjiena B BH]IE

V .
% =6V 2 (@25 T+ Yingo) 72 {[20.c08 301 + f1] cos by +

4+ 3 (1 — B?) [cos 3@, + sin 3@, sin 6¢1 - fal}, (4.14)

e QyEKOER f, B f, CKOXB YTOKHO MAJH UDH Iy, CTPEMAMEMCS K HY-

a0. B o6xacra ¥V > 0, xak HerpyAHO DPOBEPHTH, BHOONHAKNTCA He-
paBeHCTBA

cos 3¢, > 123 » €08 3@y + sin 3¢, sin 6@, > 1.

Ilosromy =3 (4.13) m (4.44) caexyer, aro B o6aacte V > 0 B mocTaTou-
Hoit 6iA30cTH K HAaZaAy KoopansaT pyuruus dV/dt 6yaer onpegeaeEno-
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TONOKATEABHON M, coraacHo Teopeme Ueraepa, momoxieame paBHOBE-
CHS HEeYCTOHYHBO.
B caywae (3) mocie mpeo6pasosanma (4.10), roe temeps

. z
sm39=-——2y___‘.’—°12=2, COS39=—-2—0012____T_
2
Too12 T Yoore Too12 T Yoo12

*

nOHy‘Im
=—4 Vz (x0012 + y§012) T3 Vrl sin ((P1+ 2(P2) + 0 ((r1+ r2)2)' (4'15)

HeycroitanBocTs II0M0KeHNs PABHOBECHS JOKA3HBAETCH IPH IOMOIA
¢yarqan Yeraesa V = V,V,, rme

V, = ry — (rs — 2%, Va=r, VF;COS 2 (9, + 2q,)
2<a<3). (4.16)

Hoxasarenrncrsa HeycToidmpocrd B crydasx (2) u (4) anaiormIaEH
RorasareancTBaM B caydaax (1) =z (3) cooreercTerHO.

§ 5. 06 ycroiiuuBOCTH HEABTOHOMHON CHCTEMBI
¢ [BYMs CTeIeHAMH CBOGONBI
IpPU PE30HAHCE YETBEPTOrO IOPAKKA

PaccmoTpum Temeph 3agady o6 ycroidmBocTE B caydaax (O) —
(9). 3mechr ynpomeHEas IpH IOMOMY OIpeobpasoBaHMil, aHATOTHIHEIX
npeoGpasoBaHUAM IpegHAymero maparpada, ¢yeknua [ammabrona
B MOMAPHHX KOODAHHATAX EMeeT CIeTYIOIHA BHL:

H = coor} 4 curits + coots — H (ry, ;) 4+ H' (ry, 95, 1), (5.1)

B (5.1) H = O ((r; 4 r,)*?), a ¢ysxnma A pusa ciaydaes (5) — (9)
6yleT COOTBETCTBEHHO TAKOM:

() H =V 23, + YgouSin 41, (6) H = V 23, + Ypoq, Sin 4,
() B =V 200 Yoo Sin2(P1+ 02), (8) H =V 2o+ Y2y, Sin(@1-+-3a),
(5.2)

Hpn OpuBeeHdM TaMuibToHHaHA K BuAy (9.1) cumraem, uTO
Z2 e - P 7 0, a B dopmymax mnpeoGpasosamma (4.10)

z
. 4"
si ge = 1Vzllille = ,
Vv Tyt T Yy,
Y.
cos 40 = — ALl

2 2
vV Tywatate T Yvivattaa
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Bupamenua pas xoapdumuenToB ¢;; TAKOBH:
2n
1 1k * *
C20 = 7— & (hagzo + 3hooso + 3hageo) dt,

0
1

1
Cu = 5 g (h;kzoo + hogs + h:t)oz + hz‘mz) dt, (5.3)
o
2%

1 P
Cos = 7— g (Rozez + 3hooos + 3’7’:400) dt.

0

Benuauuan Zyaume T Yy, BXOAAmEe B (5.2), BREYHCIAIOTCA
no gopmyaam (4.9), B KOTODHX HAM0 MMOJOKATH

, 1, % & * . 1 % *

Loogo = o (Pooso + Pasr — Paoso)s Voodo = 3 (Baoro — haoso)-
’ 1 % * * . 1 ., % *

Uppos = 7(}&0004 + Mos00 — Pozoa)s Vooos == 5 (Prozor — Pozes) .
’ 1 ,,% * ® * ’ 1 * *

Uispo = 5 (h13oo + Promz — Pares — hoanr)s Uis00 = 3 (ho11a + Pyoes —

— hasio — hian)s

. 1 . % * * * 4 1 % %

Usio0 = 5 (3100 + Pooss — Pirzo — Pawi)s Us100 = 5 (ager + Porsp —

* *
- h2110 - hsool),
’ 1 * * * #* * ’ 1 ,,% *®
Usggo == 35 (honzﬁ‘ hmoo— Pyago— haypa— hnu), Ugooo = ) (h0121 + hioe —

* *
- h1210 - h2101)°

(5.4)

B ¢opmymax (5.3) — (5.4) Bemmumuam Ay, CYTh KOIPOHIHEHTEHL
* 1 * 2
IPE COOTBETCIBYIOMHAX CTENEHAX gy '¢s Py 'pa'” B Gyarmmm Hj,
prunciageMoil mo Qopmynam (4.5).
Jlna KaK0TO N3 Pe30HAHCHHX ciyiaes (5) — (9) BBemem Bennmym-

Bl Aj, B; opmynamz

A5 - Vx(2‘040 + yg()‘;o’ B5 = Capy
4= ngoo4+ Yoo Bg = coa,
Ay =V 22+ 9200 B = 20 + cuu + Coas (5.5)

A = 3V3 (x‘f?,oo + 2;129,—(,(,), By = 39 + 3c114- 9coay
Ayg=3)3 (1'3100 + ygmo), By = 9¢y + 3c11 + Coo

Teopema. IIpu ewnoanenuu wnepasencmea A; > | Bj| noaoxcenu-
pasHosecus Heycmoiwueo, npu A; <<| B;| umeem mecmo ycmolinue-
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eéocmb npu yueme ¢ gynxyuu I'amusvmona (5.1) waenos ne ewe emo-
pozo nopadxa no ry. Ecau e (5.1) dynryus H — H' 6ydem snaxoonpe-
Oenennoll giyrryuetl, mo noroHceHUe PasHosecUR HOPMAILHO Yemoliuuso.

HoxasxeMm TeopeMy B caydae (D). [ma mokasareascrsa mepsoro
yTBepKIeHEA Bo3bMeM Oymknmio Jeraesa B Bmme V = V,V,, rpe

Vi=r1y—r3 Vy=r}cos4ap, (5.6)
(a=1+4¢ O0<eLl, 2<a<Td).

' Ba obaacts V > 0 npmmem obxacts (V, > 0, —n/8a << ¢ << 71/8a).

B sroit ob6macta r, = Bri® (0 < p << 1). Mas nponssomsoil moxydaem
TaK0e BHPAyKEHHE:

Z—:-, = 4ri+3 {(ads cos 4oy + g1) cos dagy + 2 (1 — PP X
X [A5 cos 4e@; — Bj sin 4a@, + € sin 4agy (4; sin 4@, — Bs) + g1}, (5.7)

re QYHKOHE gy A €5 CKOIb YIOMHO MAJH OPH Fy, CTPEMAIMEMCH K HYJIIO.

W3 (5.7) Buano, gro mpu A; > | Bs | Beauauny & MoskHO BHODPaThH
HACTOABKO Maioi, ato pymknua dV/dt Gymer ompenenenHo-IOXOMKH~
renpHOH B obiaactu V > 0 B mocraTouHo# Gam3ocTdH K HaZaly KOOD-
muear. TeM caMEIM yTBEDIKICHHE TEOPEMHl 0 HEYCTOUYHBOCTH [OKAa-
3aHO.

Bropoe yreep:RAeHmHe TeopeMul LOKA3HBAGTCA 0Y6HB IPOCTO. <Y KO-
pouennasy cmcreMa ¢ PyHknmeir I'ammanrroma H — H' mmeer pgsa
maTETpaNa r, = const @ H — H' = const Haa pmoxasareascrna
YCTOHYMBOCTH <(YKODOUSHHOHY» CHCTEMHI BOCIONB3YEMCA TOOPEMOi
Jlanyrsora o6 ycrodumpoctn. Oynknmio Jisnymosa W Bosbmem B BHAE

W =rt +(H — H) (5.8)

Ipu 45 <|B;| sra ¢ymrnoua, kak Jerxko Bmaers, Gymer ompene-
JIeHHO-HOMOKATENLHOR, OTKYAA, coriacuo Teopeme JIamymosa, cae-
AyeT YTBODIKACHH® NOKA3HBAEMOHA TEOPeMEL

IToxamem Temeps CHOPABENIABOCTH TPOTHEIO YTBODKICHHA TEO-
pemul. IIpmmenss mpeo6pasosanme Bupkroda, a sarem npeoGpasona-
mme (4.10), ramuabrornan (4.1) MomaO0 QopMaibHO IPHBECTH K PYHK-
oA, He 3aBHCANPH OT ¢ BO BCeX mopAAaxax. Torma smpamenme
G = H 6yner opMaIbHKM AHTErPAIOM MCXOXHOA cHCTeME guddepen-
OEANbHHX ypasneHmd ¢ ¢yEknmeir 'ammiabroma (4.1). Iloayuaem

G=Gy 4G5 +... (G, =H — H').
Ilostomy, ecim H — H' 6Gymer 3sHaKoompejesieHBEO# (QyHKIHEH, To

II0JiOKeHHAe paBHOBecHa GopmanbHO ycroiampo. Teopema IMOTHOCTHIO
NoKa3aHa.
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B pesonancEoM caydae (7) HeyCTOMYMBOCTD [OKA3LHIBAETCA HNpPH
nomomu $yarumm Yeraesa V = V,V,, rae

Vi=r% —(ry — r)?, Vy =nrycos 2a (9 + 92)
a=14s I<eLl, 2<a<i). (5.9)

YceroHamBOoCTh «YKOPOYCHHOM CHCTEeMH B ciaydae (7) [foKasHBaercs
npE nmomomm ¢yuxnume JlamyHoBa

W= (r, —r)? +(H —H)

B cayuae (8) ¢ynrnmio V moxuo B3aTs B Buje V = V,V,, re
Vi=r8 —(r: —3r)% Ve=r:V rrcosa(g +3¢,)
(a=14e0<e<,2<a<3),adyaxknua W B aTom pesonanc-

HOM cjydae MoeT OHTH B3fiTa B BHAE
W = (rs —3r)* + (H — H')~.

Paccmorperue pesonancos (6) m (9) amamormiso PacCMOTPEHHIO De-
soraHCOB (D) 1 (8) COOTBETCTBEHHO. )



IFJIABA 6

METO/I TOYEYHBIX OTOBPAXKEHUHI
B 3ATAYAX HOPMAJIN3AIIUUA M YCTONMYUBOCTH
HEJIMHENHBIX TAMUIBTOHOBBIX CHCTEM

§ 1. HeoOxognMble NOHATAS B OHpPeNETeHAA

[TpaxTHUeckoe mpEMEHEHUE M3JIOKEHHHX B NIPEIHAYIIEX IIaBax
Pe3yIbTAaTOB TEOPHM TaMHJIBTOHOBHIX cHCTeM Tpebyer »PdeKTHBHEX
croco60B moaydenuss HOopMadbHol (QopmMu ¢yErmmm Iammaproma.
JlgnefiEyI0 HOPMATH3ANMIO MOKHO OCYINECTBAATH HPH IOMONIE QJIIO-
pHTMa, M3NIO;KEHHOTO BO BTOPOM riase. 3afada HeJIWHEHHOH HOPMa-
aum3anua Gojee caoKHA M BechMa rpoMo3fka. [lIsA aBTOHOMHHX cHc-
T6M OHAa CBORHWTCA K IPOBELEHUI0 HEKOTOPHX aiarefpamueckmx ome-
panumit Haj anre6pamdecKUMH W TPATOHOMETPHIECKHAMHE IOTHHOMAMH.
Ecim B mayuaemoit 3ajage 1pebyeTcs NOIYYATh HOPMAJIBHYIO POpMY
TaMAALTOHMAHA C TOYHOCTHIO O WICHOB He BHIIE YETREPTOTO MOPAL
Ka, TO MOJKHO BOCIOJB30BATHCA PacdeTHHIME QODMYIaMH, NPHBGJICH-
HHMH B NpeJHAYmMHUX riapaX. Tpyamocrm HOpMaTH3amuum HEH3Me-
PHMO BO3PACTAIOT IIPH YBeJIUICHHAY YACIA CTEHEHEH CBOGONH N3yTaeMoit
AUHAMAIECKOH CHCTEME, a TaKXke Korna ¢yrrnusa ammarTona ABHO co-
nepsxuT Bpemsa. B nocaenmem ciyuae Ges pacteros na 9BM ymxe mennzs
060ATHCH, TaK KaK IIPH HAXOKAECHAHM OPOM3BOAAMEH QYHRIHA HOD-
Manmayiomero mpeobpazosanms Hem30eXHO OPHXOAUTCA PemAaTh 3a-
jAavy HAXOMICHAA IEePHORMYECKOI0 pPEmIeHHA HOKOTOPOH CHCTeMEL
audpdepeAnEAIbHEIX YPaBHEHTH.

B macrosmeit raase onucan paspaboramnnii B [61] anropaTM mop-
MANTMBANHE 2N-HePHOTHISCKUX 110 { TaMUIBTOHOBHX CHCTeM, OCHOBAaH-
HHil Ha TpuMeHeHHH memoda moueunuiz omobpascenuit [75]. Kpome
TOT0, 3[[€CHh ;K€ PACCMOTPeHA 3afgada 00 YCTOHYHBOCTH HEMOJBEKHEIX
TOYeK OTOOpaKEOHMA B caAy4ae pesoHAamca.

TIpusepeM KpaTko HeOOXOAUMHE NOHATHA M ONPENEISHHA METONa
roseunnx orobpakenmii. Ilycrs ngemKenme guHAMHIECKOH cHCTEMEL
OLECHBaeTCA cucTeMoil guddepeHnuATLEHX yDaBHeHHH BHAA

dx; .

Ft——_*Xi(xl,x%...,xn;t) (i=1,2,...,n), 1.1)
THe mpaske 9acte X ; nubo 2n-mepuoRmIuH 110 £, 1u60 0T { He 3aBHCAT
cosceM. Dymem m3obpamars gBmKeEme B (r - 1)-mMepHOM IpOCTpaH-
CTB® HEPEMEHHHX Z;, Z,. . ., Zn; t. OG03maumm uwepes P, (pme. 5)
mnockocTs ¢ = 0, a wepes P,y — mixockocrs ¢ = 2n. Tpaekrtopus
cucremH (1.1), maumAaomascs B IPOM3BOABHOH TouKe M IIOCKOCTH
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P,, depe3 BpeMsa { = 25 mepeceder MIOCKOCTh Py B HEKOTOPOH TOUYKe
M,x. Ecam temeps oromxpecTsurh miaockoctd ¢t = 0 m ¢ = 2x (1. e.
CHPOGKTEPOBATh IJIOCKOCTE Poy HA HIOCKOCT: P,), TO HONYyTIHM TO-
geqHoe orobpamenme 7T wmiaockocta P,

B ceba. 910 orobpaskenme GymeM 3ammCH- z
BaTh B BHJE DaBEHCTBA n, N
=TM
- ,,—?MZ"
WAM IPHE TOMOIA (PopMya T~
Z; = fi (21, Zg, ., 2n) (I =1,2,...,n).
(1.2). 7 X
—— Z,
K rouke M B cBOIO 09epenb MOKeT OHIThL P j l "
npuMeneHo orobpasenue I, Koropoe me- M ™

pesefier ee B Touky M. Taxum obpasonm,
M = T (M) = T(TM) = T*M.

Zy

Pmc. 5. K nmomsaTtmio Toded-

HOTO OTOOpayKeHHA.
IIpeo6pasoBarme, cocTosimee B M-KPar-

HOM IOCIeX0BaTeAbHOM NIpAMeHeHmH npeobpazosamusa I, o6osHa-
qajor I™. :

Touxa M* masuBaeTcA Henodeuscrol moukol npeobpasosenus T,
ecau mpeoOpasoBamme I’ mepesomgut ce B cebA, T. e.

M* = TM*.
Ypasaesne [Is1 OIPefETEHAN HOMONBWKHEIX TOUYeK IPeo0pasoBanus B
KoopruHATHOX (opme momydaerca ms (1.2):
af = f; (af, o, ..., 2} i=12,...n). (1.3)

Hazosem e-okpecmrocmuvio tourm M* coBOoKymHOCTH ToueR M,

nna xotopmx p (M, M*) <<e. 3mecs uepes p (M, M*) 0603]13.‘18]5[0
paccrogHue MEREy Touramm M m M*:

p (M, M*) =V &, = 2P F--- @ — 2.

BBe;qu coranacao [76, 771, mouarme ycroiumpoit m HGyCTOK‘IEBOH
HEIOLBHKHHX TOYCK. Henonnmmaaa TouKa M* masmBaercs ycmoli-
uueol 6 Mar0M, eCIH AIA M000i Touky M, npHHANIEKAMEH A0CTaTOY-
HO MaJo# e-okpecrHocrm /M*, mHMeeT MECTO HEpPaBeHCTBO

p (I™M, M*) < em,

TAe max e, — 0 mpm & — 0. HemogsmrHasa touka M* masmsaerca
HeycmoUuueoll, eclau Nias HeRoToporo & > 0 B m06oi CKOIbL YrogHO
MaJIodl oxpecTHOCTH TOYKH M* ecrp Toukm M, KoTOpHe mpM mocie-
HOoBaTeJPHOM NPHUMEHEHHH K HHM upeoOpasopamusa T BHXONAT 3a
IPefelH &-OKPeCTHOCTH HEeNOABIKHON Todrm M*.
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Memxay Toueunnmm orobpakeEmAMA T H IBIKCHEAMH CHCTEMM
cymecTByeT o4eHb TecHasA cea3s. Hampmmep, cupasenaus caepyromuik
ofmuit npmENAD: 048 Mo20 wmobk pewenue X* (t) = (z, (t),. . ., zn (1))
HeasmoHoMHOU, cucmemit 6vlao  2n-nepuoduieckum, Heobxodumo u
docmamouno, ymotbs mouxa x (0) 6usa Henodeuscnol moukoli omobpa-
acenus T

Tx (0) = x (0).

HNmeeTr MecTO COOTBETCTBHE HE TONBKO MEKAY IEPROTAISCKUMHE
JBIKEHMAMY ¥ HONOABIKHEIMHU TOUYKamm upeobpasosammsa T, Ho ®
COOTBETCTBHE MEKAY WX ycToiumBocTaAMu. Memmo, wmobu nepuodu-
ueckoe deudicernue 6bL0 yemotinugum no Janyrnosy, neobxodumo u docma-
mouro, umobw, 6uia Yycmolinuseoll coomsemcmeyiwas HenodeuNCHaR
mouka npeobpasosanus T.

§ 2. Tlepenecenne Teopemumi Yeraesa
HAa TOYEUHbIE 0TOGpAIKEHNs

- B pabore [76] HeiimapkoMm foKasaHa TeopeMa, IpPe[CTaBAAOMAan
coboit mepemecenme TeopeM JlamyHoBa 06 ycTOHYMBOCTH M HEYCTOH-
ggpocTE HA ToYeumHe orobpakenmsa. Ham B manpHefimeM, omEako,
morpefyerca TeopemMa O HEYCTOMIMBOCTE HEHOABIKHEIX TOYEK TO-
qeTHOTO OTOOPAMKEHEA, aHANOTHIHAA Teopema Ueraesa o HeycTOHYm-
BOCTH ABIKeHHA. J[OKaKeM CIeNYIINYH TeopeMy, NPefCTaBIAAIONLyIo
coboii mepenecenme TeopeMul UeTaeBa Ha TOUYCYHEES 0TOOpasKEHAA.

Teopema. [Tycmv M* = (z¥, z¥,. . ., x%) — Henodsuixcnas mouxa
omo6pascenus T, U nycmb 603MONCHO HAIMU MAKYI HENPEPHEHYIO
gynryuo V (zf, z¥,. . ., 28), wmo

1) V (of, 2f,. . ., 28) =0;

2) & ckoav yeodno manoll oxpecmmocmu mouku M*  cywyecmeyem
o6aacmv V > 0, Ha zpanuye xomopodk V = 0;

3) 60 ecex moukaxr M obaacmu V > 0 paswocmo V (TM) — V (M)
nOAOKUMENLHA.

Toz0a nenodeuxcras mouka M* wneycmotinusa.

Joxa3aTesbCTBO TEOPEMB aHAJOTHIHO COOTBETCTBYIOINEM HOKasa-
rensctBaMm Yeraepa m Heiimapka. 3agmKcupyeM HEKOTOPO® JOCTATOU-
"o Maloe dmciao gy (0 << gy << 1). Uepes V, 0603aa4nM mepeceaenme
ob6ractz V > 0 m saMKHYTOR &-oKpecrHOCTE Toikm M*. Bosnmem
Toary M,, cKOIb yrogHo OIHMSKY0 K HEHONBWKHOH Touxe M* =
npuEagIesKamyo Ve, [lo ycaosasam Teopemu Takoi smbop Tovkm M,
BCerJa BO3MOJKEH, Tak Kak obaacts V > 0 npmmmukaer K Touxe M*.
TloxaeM, 9T0 OPHA BHOOIHEHAN YCIOBHI TEOPEMH NPH HEKOTOPOM m
toaka T™M, IEKHUT BHE £,-OKPECTHOCTH TOUKE M*.

I pexmonomxum TPOTHBHOS, T. €. LyCTh Touk: I M, OpHE BCeX m
IeKAT B £,-OKpPecTHOCTH. Torga IOCAEHOBATEASHOCTE {T*M,} Gyner
orpaEmueHHOA. K poMe Toro, HE O/{HA TOYKA BTOH HOCTEOBATEILHOCTH
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g6 MOKeT BHiTH m3 obnactm V. > 0, Tak Kak IO TPeTHEMY YCIOBHIO
reopemst V (TM) > V (M).

PaccMoTpEM Temeps YACIOBYIO IoCaexoBareabrocTs {V (TEM )}
dTa HociuemosaTeNbHOCTh OYHeT OTPAHWUGHHOH B CHIY HEUPePHBHOC-
2 pynkoum V. Kpome Toro, oma GyfeT MOHOTOHHO BO3PACTAIOMEH,
TAaK KaR, COrMIacHO TpPErheMy YCIOBHIO TEODPeME,

V(M) <V(TM) <V (IPM)<...<V(I"M,) <...

CaemoBAaTONBHO, CYIMECTBYET IpPeNes] STOH HOCIeTOBATEIBHOCTH
lim V (T*M,) = a (a > V (My)).
k-
W3 orpammdennoii mocaegoBaTebEOCTH {T"Mo} BHIIEJAAM CXOMfA-
mMyKCA IORIOCHeN0BATeAbHOCTH

TuM,, T"M,,. ..
Ilycrs Touxka P Oymer mpemenoM 3TOA HOCTEA0BATENBHOCTH

lim T*My = P (P &V

k00
PaccMorpum BHIpaskeHme
V(T M) — V (T*M,)
¥ TepefeM B HeM K mpejexy upu k — oo. Iloxydaum

lim [V (T ¥ M) — V (T*Mo)] = V (TP) — V (P) = 0,

k—o00

9T0 TPOTABOPEUAT TPETHEMY YCIOBHIO TEOPEMHI.

§ 3. Paznoskenme oToGpaskenma B PN

O6parmMcsa cHOBA K crcTeMe AuddepeHmuaIbEHX ypapHerni (1.1).
TpegmonomeyM, 9T0 IpaBeie YacTH X; AHAIATHYHE [0 HPOCTPaH-
CTBeHHWM IIEPeMEHHEIM B OKDOCTHOCTH II€PHOIAYECKOr0 peHIenus
x* (t) cucrems (1.1). Torma pemennsa cacremu (1.1) Toxe 6yayr ama-
JIATHYECKAME OTHOCHTEIBHO HAYANBHHX [JAaHHHX, N0CTaTOYHO 6aHU3-
kux K x*? (0) = (zF (0), =¥ (0),. . ., 2% (0)). s nempepriBHOi 3aBH-
CHMOCTH PENIGHHHA OT HAYaJbHHX JAHHHKX CJHEIyeT, ITO PEIeHHA CHC-
temut (1.1) ¢ mavansaMMEA yeaoBuamA, Gauskamu K x* (0), onpenenenn
opa 0 < ¢ < 2xn. Iostomy omeparop I TO9e9HOrO OTOGpAsKEHHA OI-
pefiesieH IPH HAYaABHHX YCHOBHAX, KocTarouHo 6imarmx r x* (0).
Bynem cauTaTh JJIA OPOCTOTH, 9T0 HEMOABMKHAA Touka M* = x* (0)
onmeparopa I coBHajiaeT ¢ HaYaJI0M KOOPAHMHAT, B Hal{eM Pas3ioyKeHne
oneparopa I' B PAJ IO CTeNeHAM HAYaAbHHX aHHHX.

Pasnomenne oneparopa I B paAfg MOMKHO OAYYIATh PASHHEIMA CIIO-
cobaMHE: MOKHO MCKAaTh o0Iee pemenwe B BHAe PAfA IO HATAIBHHM
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MAHHEIM, MOKHO IPHMEHATH IECIeHHoe naddepemmmposamme mo Ha+
JaTbHEEM AAHHEM. Hak mpaBmilo, 9TH CHOCOOH BechMa caokuu. Ho
acTO MOKHO HCIOJIB30BATH T€ WIH HHKE crleqapmiecKkue CBOHCTBA
cucremut (1.1), BETEKaOmIe H3 XapaKTepa H3ydaeMoit nmammecnoz
CRACTEMHL.

Mu mETEpecyeMcsa TOYeYHHIMA 0TOOPAKeHUAMH, 3a{aBACMEIME T'a-
MEIbTOHOBOM cucTemoil aupdpepenmmansHEuXx ypapaemmit. Ilycres sta
cHCTeMA HMeeT IePHOJHIECKOe pemIeHHe, COBIAJANNEe ¢ HAdadoM
KoopimHAaT, a QyEknua FamMuiaproma amalpTHIEA DO KOODHHHATAM
¥ EMIOyJabcaM W 2n-mepuofgueaa uo {, Mcmoxs30BaHme raMEIbTOHOBA
xapakrepa cucreMH (1.1) cymecTBerHO ympomaer HaXOKICHHE pas-
nokenda omeparopa I’ B pap.

O6GpaTuM BHEMAHHE HA TO, 4T0 mpeobpasosamme $asoBoro Upo-
CTPAHCTBA NPY IOMOIY JBM/KEHAA TAMAILTOHOBON CHCTEME ABAAETCA
rxanonmyecknm [16]. Tlepemennste g; (), p; (f) moxywawrca =3 q; (0),
p; (0) upm momomu dopmy

ow aw . B
D= aqi y  Di (O) aqi (0) (l 1, 24, ‘eey n),
e W = W (g; (tt), ¢: (0),t) — rnasras dyaxqua ammasToma, T. e,

neiicteue W = S L (g, q;, t) dt, (L — dymrmua Jlarpamma), Be-
0

paKeHHOe Uepe3 HAYAAbHHIE KOODAWHATH, KOHOYHHE KOODAHHATH I

KOHEUYHHIH MOMEHT BpeMeHH f.

Mu, opmako, Oymem wmckars mpeoOpasosamme ¢; (0), p; (0) —
— q; (1), p; () mravze. Bynmem Haxonamrs He mpamoe mpeoOpasoBaHme,
a ofpaTHOe, T. . GyxeM cYnATaTh, ITO ABAKEHHE FaMHAILTOHOBOR CHCTE-
MH epeBoanT cucreMy ¢ yEkunmei I'amunsrona H (¢;, p;, t) B cucre-
My ¢ ¢ymrpgueir ['ammibpToHA, TO'KIAeCTBEHHO paBHo#l Hymio. Torga
HOBHe KoopamHATH u mMmuyiscH Gymyr ¢; (0), p; (0). Hamee, Gymem
ucKath He camo mpeobpasosamme I, a OTpOM3BOMAMY (YHKOHIO
sToro npeobpasoBaHHS.

OGosuaunm uepes S (q; (£), pi, ) NPOM3BONAMYI0 PYHKIAIO Ipe-
obpasosamnsa g; (f), p; (f) > ¢}, pil. (Bmecs m B fampHeHmeM ¢f =
== g% (0), p} = p; (0)). @opmyasl npeoGpasoBAHMA HMEIOT BHA

L85 a8
q2 =£§i)’ Pi = 6_41" (31)

Iponssonaman dyEKnEsa yaosaersopsaer ypasHenmio I'ammabprona —
fAxoOm

as as
7+ (qi, 5 t) —0. (3.2)

Honaras B (3.1) ¢ =0, maiinem magausmme ycaosEa S (g; (0),
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p: (0), 0), a momoxue t = 2n um paspemns (3.1) OTHOCHTGJIBHO s

pi, DOIYYEM pasio;kenme omeparopa I' B pan mo qi, pi.
Iycrs dysrnua 'amansTona M3y9aeMod CHCTEMEHl 3aliMicaEa B HO-
JASAPEHX KOOPAWHATAX B HMeeT BHJ

H(q)ivfir t) :H +H3+H4+ C (33)
rae H,, upan m > 3 — opgHopopHHe GOPMH CTeNeHU 7 OTHOCHTOJIBHO
V'r;, copep:Kamme yrioBHe ApPIyMOHTH CHHYCOB H KOCHHYCOB KAaK

xomGmmanum Bupa ki@ + Ay . . . 4 k.0, (k; — mennie 4moxa),
H, npepmonaraercs 3aJaHHOX B HOPMAJIBHOH fopme
Hy,= Mry +M1y + ... 4 Ayl (3.4)

Bynem wuckare OPOM3BOAAMYI0 (YHKIEIO oTo0pasKeHus ryp; —-
— rig; B BHIE pPAAA

S =8 +8; +8:+..., (3.5

B KOTOPOM S, UMeeT CTPYKTYPY, aHAJOTHMIHYIO cTpykType H,,. Ilog-

crasus (3.3) u (3.5) B yparuenue (3.2) m npapasaAB PoPME OTHHAKO-
BHX cremepeil B ofemx ero vacrax, WOIXYIUM

DS2 = O,
DS; = — Ha (q),, aSZ t) ? (36)
n
BSz oH aS.
DSy=— Hi\gugg 1) = 3\ 5 =
’ i=1 _ 08,
LT

3nece uepes D obosmaden omepaTop
7J a lij

Tax xax H, umeer pup (3.4), 10 mepsomy ypasrenuio u3 (3.6) momHO
YIOBIETBODUTH (YHRIHEH

Sz =711 (Pr — Mt) +. .. + 70 (fn — M) (3.7)
Hs (3.1) c.uenye'r, qr0 UpE TaKoM BHOOpE S, HaXanbHKE YCIOBHA A
Sm (9, 3, £) (m > 3) momkun 6uTs HymepsiME. IloKaxkeMm, Kag Io-
ayiate gopMu S, B ABHOM BHIE.

Bossmem B mpasoit wactm kakoro-imbo ms ypasmenmit (3.6) nBa
OJTHOWIEHA BHJA

r** [a sin (k, @) + b cos (k, @)].
3pmecr Bpefienn obosnawenma (k, @) = kyq; . .. k@, 1% =

0%t g%z

QL
=y ... mr@>0, o +... fa, =m/2, 2 — meume
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wnciaa). CooTBeTcTByIOMEe OQHOWIEHH B QyHKmum S,, HOeM B Buqe

r [¢ sin (k, @) + e cos (k, @)). }

Jas Qymenmit ¢ m e moaydaeM CHCTeMY HEONHOPONHHX Anddepenmu=
ANbHKX yPaBHEHHH

 —Ne=al), % 4 (kMe=b() (3.8)

(kyA) =k 4. .. +kdy), ¢(0) =e(0) =0.
Pemenne aTo# CHCTEME] HMEET BHL
¢ = f(t) cos (k, A) t 4~ g (¢) sin (k, A) ¢,

(3.9)
e= —f(t)sin(k, D)t 4 g (¢) cos (k, &) I,
rne
7t =\ [a(v)cos (k, &) v — b () sin (k, A) ] dr,
° (3.10)
g(t) = § [a (v)sin (k, A) v + b () cos (k, 1) 7] dr.
[ ]

ITonaraa remeps B (3.5) ¢ = 2x, moayIaeM HPOUBBORAMYIO PYHK<
NHI0 TOUIeIHOro orobpaykenus I B OKPECTHOCTH HOUONBIYKHOM TOYKH
n=rp=...=r,=0

§ 4. Hopmasmzauua TO9eYHOr0 OTOOpAKEHAA
B OKPECTHOCTH HEHOJBWKHOH TOUKH

ITociie monydYenusa ToOUeIHOT'0 0TOOpasKeRHA BeTaeT Gosee CIOMHAS
¥ caMaA BayKHAA 3a7ava 00 HCCIe0BAHME CBOHCTB TOYEYHOTO 0TOGpA-
JKEHHA B OKPECTHOCTH HemOABWKHON ToukA. CpoiicTBa TO4E4HOIO
orobpaskeHEA YIN06HEe BCEro MCCAe0BATH, €CAH BHOpPATh TAKYIO CHC-
TeMy KOODAHMHAT, B KOTOPO# 5TO oro0paskerme umeno Om mambomee
npocTol BHA. ITY npocTenmylo dopmy ToueuHOTO OTOGpAKeHHA Gy-
EeM HasHBATh ero HopMaabHod ¢opmoit. Hopmansmaa ¢opma paa
cayuag oro6paskenmss I 1mmockoctm B ceba mopgpoGHo mBydIena
. 1. Bupkrodom [28, 105]. O6mme pesynpTaTH 0 HOPMAJBHON
dopme ampdepeHUMANBHHX YPABHEHWE H TOYEYHHWX OTOOpasKeHMm,
Baf[aBAGMHX LHOPHONEYECKAMH II0 ! CACTeMAMH, HMBJOMKEHHK B pabote
A. [I. Bpono [11, 12].

3necs moayamm HOPMANBHYIO qmpmy TOYEYHOTO OTOOpPa;KeHHHA, Ba-
NABaeMOTO KAHOHWIECKOH CHCTeMOH JIH(i)(I)epeHIIHaJIBHHX YPaBHeHHH.
Bynem cumraTh, 94T0 HOpMAIH3ANUA IHHEHHON YacTH 0TOOPAKEHHA HO
rpebyercH. 3'ro BOBMOKHO, KOT[a KBajpaTHYHas dacTb QyHROEE
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TammisTOHA, COOTBETCTBYWOMmEA cucTeMe NEPPepeHNAANBHHX ypaB-
HeHHH, MMOeT HODMAJBHYI $OopMY.

Hrak, IycTh ¢ mMOMOI(BbIO IPOHEAYPH, OUHCAHHOH B IDONHIYIIEM
ﬁaparpa(be, MK Y@ OOAYIMIM Hpow3BORAmyn QyEKmm S (@, )
tTobpamenus It

S =13 (gu— 2ahy) + . - . + 72 (@0 — 27A) + S <q>i,r2)+.(4 N

fAsunit By orobpaskennsa T moxydaercda mocie paspemeHdnd OTHOCH-
TEILHO T, §; YPaBHOHHH
a5 0 a8

ry = g, Pi = E‘g— . (4.2)

HPOBGHH HECJIOKHEIEe BBRIKJAAKW, LHOJAYYIHM OTCIOAa

a8 a2 028 oS
ri=r2+—§+a‘~za e RTE
99; o}

0q>k ark
28, 8§ 2s, 08S (4.3)
= @ - 2k — 255 95 B8, 98 4
Qi = @i + i or0 or? + k—_yl or2 g0 o0 +..0

e Sm = Sm (@ + 27hy, 79).

Bsegem Temeps HOBHE mepeMeBHHE p;, 0; Tak, 9TO6GE MaKCEMAJIbHO
yupoctaTh orobpaskenne (4.3). HoBre nepemMennre BBefieM IPH 1IOMO-
Iy OpoEsBOAAmeR (yHKRmw:

w =p1P1 +. +pnq)n -+ W3 (pi’ ‘Pz)

91a npomnssopsaman yHKnuaA 3agaer upeobpasosanme ry, @; — 0y, 0;.
Ilepexof OT mepeMeHHHX r'i, @ K NepeMeHHHM pj, 0] TPOMBBONATCS
UpH TOMOINY TOM Ke mpomspofAmed ¢yEkmum W, B KoTopo# Hamo
TONBKO p;, @; B3aMEHHTb Ha pj, @i

W3 ¢opmyn 3aMeHH IepeMeHHHX

L oW o oW
r; = 'a(p_i ’ i 3Pi-
noJaydJaeM
Ws(p;,8;) X\ W5(p;, 0,) 9W; (0, 0;)
ri=1p0; + aei - kZJ 691', aek ‘?Pk + seey .
n (4.4)
o Ws(eny) +iazws(pi, 8;) W (o, 0;)
Q=Y dp; & dp; 00, 39,

0 (] 0 0
CpAss MERNY ri, Qi Wp;, 0; moxygaercs mo TeM sxe gopmynam (4.4),
B KOTODHX HaJ0 BCeM IeDeMeHHHM UPHNHCATH BOPXHAN MHFOKC HYIb.
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ITonmrraemca Ttemepr Tak mofobpars QyEKmmIo Wi, q’roﬁu B Opo-
usBofsameit pymnxmmm F (p3, 0;) oroGpamenms p;, 6 —pi, 67 oTcyr
CTBOBAJIE YJeHH TPeTbed CTeNeHH omocn'renbno V_';’ ITopcrasaw
BHpa}KeHE}I CTapHX IIeDeMeHHHX 7;, @; H Ty, ¢} Yepe3 HOBHe D
0; 1 o3, 0 coorBerctBerHo B $opmyan (4.2). Torma

_ .0 oW, (Pi’ 9?) W, (Pp 95) L AN (ep Pi)
Pi=Pi aeg - 09i t 69- ooy

oW, (Pi: 0,1) oW, (ng 9?) + AN (9,: P,)

api ap(.) 6p.

1

(4.5)

9?:01—-21'[7\..;—- +...

3meck B ABHOM BH[e BHOACAHH TONbKO IIepBHE HEIHHEHHOCTH IO
Vo= sz U3z gopmyan (4.5) moayamm

p;=pi - —@- [Ws (02, 0; — 2ah;) — W5 (07, 8;) + S5 (85, 0D + - - -»
(4.6)
0% — o, — 2m\; +-a—;1,- (W (ol 0; — 27th;) — W (02, 8;) - S5 (65, 7)) -

Taxkuu o6pasoM, WIEHH TpeTheH CTeIeHA B HOBOHM IpOM3BONAINEH
dyEKRIER
F(p% 8) =p! (8 — 2mhy) +. . . +p% (8, — 20k, -+

+ Fs (P?, 9;)+F4 (P(i), ei) +... (4-7)

HMEKT BH]I

Fy = Wa (pf, 0; — 2nh;) — W (0}, 6;) + Sa (8:, 03). (4.8)

ITorasxem, wak mHapmo BHOpate W, urtofm ¢yskxmua Fg obparmaace
B Hyab. BosbMem B S3 [Ba TAaKHX ONHOYJIEHA:

0% [0 sin (k, 0) + p cos (k, 0)I. (4.9)
3nech o™ °a’ o, 2a; — Tmesoe HEOTPHLATEJBHOE YHCIO,
2(e; +as + + ocn;) = 3 ¢ 1 § — HeKOTODHe udcia, OFHOBpE-
MEeHHO He paBHHe myaio, depes (k, 0) o6osmagera Bemmumma k0, -
ks ... RO, e | By | B ... 4| k| =3 mam 1.

Coo'rBeTCTBonnme ogHOWIeHH B Wy B03bMeM B BHJE
p** [y sin (k, 8) + & cos (k, 6)] (4.10y

u noplepem KoadpunmuerTH y 1 § Tak, YTOOH MOHOGHEIE BEM OJHOYICHE
B F; orcyrcrsosanm. llopcrasaas (4.9), (4.10) B (4.8), moaydaem,
9T0 BJAA 9TOTO YU § KOJBKHH yAOBIETBOPATH TAKON cAcTeMe JHHeHHNX
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aarebpamdecKEX ypaBHeHHWM:
v [1 — cos 2n (k, A)] — & sin2n (k, A) = o, (4.11)
v sin 2ndk, A) + 6 [1 — cos 2xn (k, A)] = .
OnpepennTeas 1ol cmcTeMil paseH 4 sin?m (k, A). Ilosromy, ecam
(k, ) me Gymer mexsiM wmesoMm OPHE |k | 4| hy| 4. . -] Fa | <

< 3, To Fy MOKHO HONHOCTHI yHHITOKHTD, IIpm sToM KodpdEumen-
TH y # O HmoaywaroTcsas TaKHMMU:

y=obgognk,R)p, 8= — ctgn(, )0 B (412)

IlpoBexss HEKOTOpHIe JOCTATOYHO IPOMO3JKAE BBRIKIAAKH, MONYIHM,
9TO HpH TaKoM BHOOpe W, uwieHH UeTBepTOd CTemeHHW B IPOM3BOMA-

me#t dpyaknuE F oroGpamkenns p;, 0; —*p(i’, 0] BEUmCAAIOTCA MO POp-
Myie

0, — 2mh;)  853(8; p7)
98y aph

>y OWs (o),
_ a0 T 310
F;——S4(9upz)+ /

k=1

(4.13)

Ecan e ancino (k, A) Gymer neasim, T0 CECTeMa ypaBHeHmi (4.11)
B ofImeM ciyuae pemIeHHA He MMeeT W, CIefOBATeIbHO, COOTBETCTBY-
oiue OJHOYWIeHH B QYHKOWUE Fg yHHYTOMHTL HEJb3A.

ITporensi aHANOTWYHHE IOCTPOEHHA, MOKHO YIPOCTHTH WIEHE!
4eTBepTOl, HATOM M T. Ji. CTEHEHel B MpousBoAAmeit pyHKIun oTo6pa-
skeHnA. B HopmaabHOH dopme oroGpamenus I mpoumsBogamasd QyHK-
uaa GymeT cojep;KkaTh yIVIOBHE IHePeMeHHHEe B BHfle TAKEX KOMOHHA-
it (k, 0), nua xoropux (k, A) — menoe gmesro. Ecan HopManasanus
IpoBefleHA [0 WIEHOB KOHEYHOTO IOPAAKA, TO HOpMajamayloliee Lpe-
ofpasoBanme r;, @; —p;, 0; Oyder aHAJIATAYECKAM OTHOCHTEJNb-

Ho /0y
§ . Honywenwme Pynruun lamanbrona mo orodpamenunio

B rmpepmpgymem mnDaparpade mHokasaHo, Kak oo ¢ymkoam [a-
MEJBTOHA IOCTPOMTH TOYeYHOE orobpaskenue. B srom maparpade Kpar-
KO paccMOoTpHM o0paTHYIO 3afady, Kak oo orobpamernio I MoCTpOHETH
c0oTBeTcTBYIOmMyl0 ¢yEKmuo0o laMmibToHA AWHAMAIECKON CHCTEMEL
Ouesnpro, uro ofpaTHad 3ajaua He HMeeT OJHOBHAUHOTO DPEIICHHS.

IlpomsBonaman ¢yEKoua orofpaskeHHA CBA3aHA C QYHKIHeH
TamuabroHa mocpesmcTBoM cuCTeMH Au(PepeHOEANBHEIX ypaBHOHHH
(3.6). Ilycrs oTo6pasrerme I m pynxmmsa 'amuinbrona H B mX maRe#HON
9aCTH IO I'; UMEIOT HOpMaAbHyo Gopmy. Iloraskem, Rak Haitu H; (¢,
r;, ), ecam msBecrHAa QyHKumA S, (P;, 13, 27).

Bossmem B yHEIUE S5 NBa oflHOYIEHA BHIA

rlem sin (k, @) + ey, cos (k, @)1}
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IRe Cy M €, — KOHCTAaHTH. COOTBETCTBYIONIHE ONHUYIEHH B QYHKIUK
Hgy 6ymem mcxath B BHE

— r*an, () sin (k, @) + bn (?) cos (k, @)]. (5.1)

OyeRnmn a, (1) u by, (t) mmem 2n-nepmopmweckamu mo t. Coraacyo
(3.9) 2(3.10), oEE TOMKHEH yAOBIETBOPATE CJAeHYIOMUEM COOTHOMEHMAM:
em = f (2n) cos 2x (k, A)-- g (2n) sin 2x (k, A), (5.2)
em = — f (2n) sin 2x (k, A) 4 g (27) cos 2x (k, A), '
e
2
j@1) = § (@ (t) cos (&, Ryt — bya (¢) sin (k, K) £] d,

0

an (5.3)
g(27) = \ 1@ (£) sin (k, ) ¢ + by (£) cos (K, M) ] dt.

DyHERUYA ap, (1) 7 b, (t) ompenensiorea us (5.2) u (5.3) HeomHO3HAY-
no. Ecam (k, ) He OyaeT mMeJHM 9UCIOM, TO MX MOKHO CYATATH He
sapucamumu ot t. U3 (5.2) m (5.3) B aToM caydae Aif HAX IOJIydaeM
BHpa:KeHAA

Ay = “i%)‘;)_ [Cm Ct’g n (ka 7“) - em]v

b = X (e, - et (&, 1)),

CooTBercrBylomue ofuouxent (5.1) 8 Hg GYAYT B 2TOM caydae TAKHMH:

Tomath (om sin [ (k, @) + 7 (k, B)] +

+ emcos [n (k, @) + 7 (k, A)]}.

Ecanm e amcao (k, X) 6ymer yeanm, T0 QyEKOAHR G, (1) B by (1)
HOCTOAHHKME IoayunTh Heabss. Ilycrs (k, A) = N. Torga mpmbGas-
neEme K QYHKOHAM ap, () #@ b,, ({) rapmoHEK Buga sin pf ®m cos pi
(p # -+ N) me Hapymaer paBencTB (5.3). Bymem mosTomy HCKaTh

$yHKOEA a,, (1) & b, (f) B TakoM BEJe, KOTJIa OHN He cofiepiKaT rapMo-
HEK sin pf, cos pt gas p %= -+ N. llomommm

@ (2) = ay sin Nt by cos Nt, by () = ay sin Nt + b, cos Nt.
Jlas gucen a;, b; 13 (5.2) u (5.3) monygaeM COOTHOmMEHUA

(b — @) = cm, T(a1 + by) = em.

{— &%

31ech ouATh [POABIAETCA HEONHO3HAYHOCTh OIpENeNeHHEA dr, (f)
u by, (t). HcooasayeM aTy HeOJHOBHAYHOCTH [IA TOro, YTOOH HOIY-
9uTh HCKOMHE OfHOWIeHH B H, B HopmauabHOk ¢opme, T. €. UTOOH
OHA COMepajia CHHYCH H KOCHHYCH TOABKO C apryMeHTaMH BHAA
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k, ) — Nt. B atom cayuae caeayer, 09€BH/IEO, HONOKATDH

em ’m
a1=b2=—2?, az=-—b1=——2;;-

Bxopamue B H, opHouneHs GyayT BMeThb BHN
— o {emsin [(k, §) — Nt] + emcos [(k, @) — NE}r%.  (5.4)

Ilocune Toro Kak ¢ymkmma H, HalifeHa, MOKHO M3 ypaBHeHHH (3.6)
paiita Sy (9, 75, t). [lotoM MoxEo Hadite Hy, Sy, Hym . 1.

IIpoBefieEHEIE PACCMOTPEHHA NPHBOAAT K ClefylOHMeMy, OCHOBAH-
HOMY Ha IPEMEHEHUH TOY6YHHX 0TOGPaKeHui cloco6y HOPMAIH3an UK
27-MepHOAMIECKAX IO ! raMuJIbTOHOBHX cHcTeM. Pemwms ypaBHenus
(3.6), Haxo[WM DPOUBBOAAMYI0 GYHKOMIO S TOUEIHOT0 0T06pamenns T.
3aTeM BBONEM HOBHE KOODAMHATH, B KOTOPHX (yHKnEA S HMeer
HopMmanbHyl ¢opmy. Ilocmegmmit mar — HOJNyYeHHEe IO HOPMAJIH-
30BABHOM NpPOHSBONAMeH (YHKIUE HOPMAaIbHOH (OpPME (yHKOUH
I'amaasToHA .

OcHOBHEE IpemMyIecTBA IPERJaraeMoro cmocoGa HOPMaaH34-
nug ¢ysxmmm lamMmibToHA Hepel KiaaccmdecKuMm cmoco6om Bupk-
ropa, TO-BANMMOMY, CJAeRyiOmMue:

1) Oronapaer HeoGXOOEMOCTh HaXOMHTh LEPHOAMYECKUE PENICHUA
cucteM AmPdepeHnAaNbHEX YPABHEHHHA, ONpeleNAMEX OPOH3BO-
pamyio ¢ynkumio opeoGpasoBanma Bupkroga. 910 mpHBOAMT, B da-
CTHOCTH, K SHAYATEAHbHOMY YMEHHIMICHHIO HeO0XOJUMHX BEIYHACICHHIA.

2) UccnemoBanne HeaBTOHOMHOM HeJimHEHOH cucreMmbl aupdepen-
OEAJLHEHX YpaBHEHHH CBORATCA K HMCCIENOBAHHUIO aJre6pamdecKux
CBOMCTB WOPOHM3BORAMmEH (PYHKOUR 0TOOpaMKeHU.

§ 6. O6 ycroifunBOCTH HENMOABIKHBIX TOUEK OTOOpAKEHMHA
B CIyyae pe3oHauca

B s10M maparpadge paccMoTpEM 3a5iaqy 006 YCTOHIMBOCTA HEMOKBH K~
HHX TOYeK TOYeYHOTO 0TOOpaskeHHA, 3aJaBaeMOTO TaMHJIBTOHOBEIME
papdepeREANBHEME YpaBHeHWAMHE. BYAyT paccMOTpEHHl Caydawm,
KOrZa BeJIMYAHH A; CBA3AHH Pe30HAHCHHIMHI COOTHOIICHHAMH TPETHETO
H Y6TBEPTOTO NOPANKOB. BynyT noKa3aHk IBa yTBEP:KACHHEA 0 HEYCTOM-
wgBocTH. MIX mOoKa3aTeapCTBO OCHOBAHO HA IPHBEOHEHHH TOYEIHOLO
0TO0paKeHNA B OKPECTHOCTH HEMONBEIKHON TOYKH (KOTODPYIO CUHTaeM
COBHAAIOMEel ¢ HawaJoM KOODAHHAT) K HOpMaJbHOH fopme ¢ mociae-
AyoOMEM NPAMEHEeHHMeM TEOpeMH § 2 0 HeyCTOMYHBOCTH HEMONBHMK-
HOi#t TouKH oToGpamenun. [lo anamormuHoi cxeme mCCaeOBaHA YCTOM-
YHBOCTH IOJNOKEHHH PaBHOBECHA TaMHJILTOHOBOM CHCTeMH C ONHOLL
® IByMA cTemeHsAME cBoGomer B paGorax asropa [53, 55, 60] m asto-
HOMHOH# FaMHJIbTOHOBOM CHCTOMEI ¢ HPOH3BOJBHHIM UHCIOM CTeleHei
cBoGomu B paGore XasmHa [92]. Teopemn o HeycTORIEBOCTH, HOXY-
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9YeHHEI® HHKe, IPAMEHAME KaK K CJIy4aio aBTOHOMHOH, TaK I K CIydal0
HEaBTOHOMHOM IaMAJBTOHOBOH CHCTeMBl M colep:Kar B cefe, Kak
9acTHHeE BHBOJM, yTBep:KAEHHA yNOMAHYTHX pabor [53, 55, 60, 92]
0 HOYCTOHYHBOCTH.

PacemoTpmM cHaZana pe3oHaHe TpeTkero mopaaka. Ilycrs B mpons-
Bofiame# Gynrnend (4.1) BeIRIAHE! A; TAKOBEI, UTO A IEJHX HEOTPH-
maTeabHHX 4HceX k;, CyMMa KOTODHX paBHA TpeM, YHCAO KAy -
4 kyhy 4. . . 4 knh, Oynmer mensm, pasarM N. Ilpu atom camraem,
9T0 APYTEX pPE30HAHCHHX COOTHOIIEHMA TPETHETO HOpANKAa HeT.
ITpenmomosxum TakKe, 9TO YyKe HpOBeleHA HOPMAJH3aMds IPOH3-
BONAMeH (QYHKOMHA KO YIGHOB TPEThero uopsaka. Torma, coriaacHo

§ 4, dpoumsBomaAmyo ¢yHKOUWO orTo0paxkennma I MOKHO 3aHACATH
B BHJE

S = Y (g1 — 2rhy) F. . .1 (P — 2mh,) +
4+ asin [(k, @) + bI1r* 4- 0 (r?).  (6.1)

B (49) r* =1 8 20 =k oy .. oy =
= 3/2; O (r?) — Benwumna mopsagka r; 13-+ ... Jrh, a @ b —
HEKOTOpHe 4WCJa, IPUIeM ACHO, 9T0 MO;KHO cymrath a > 0; (k, ¢) =
= k1(P1 +k2(P2 +. .. +kncpn

Teopema. Ecau a = 0, mo nenolsuicHas movka ry = ry = ... =
= r, = 0 Heycmoiluusa.

Jnaa moxasaTeancTBa BHOUINEM CHadYaja TOUEYHOE OTOOpayKeHES
B sABHOM Buje. W3 (6.1) momxyuaem

r; =ri + ak;ro” cos [(k, ¢9) 4 b] + O (r**),

r
r

(6.2)

> sin [(k, ¢°) -+ b] + O (r9).

1

@i = ¢; + 2nh; — aq;

[Ipesxzie ueM IPABORMTH CTPOroe AOKA3ATEALCTBO, MpOBeJeM aHa-
an3 HpuGImKeHEEOT0 oToGpaxenus, octaedB B (6.2) ToabKO riaBEHE

wrern mo r;. Takoe yKopodueHHOe 0TOGpasKeHHWe HMeeT, KaK Jerko
OPOBePHUTH, WHBAPHAHTHEI® MHOMKECTBA

Jj = kyry —kjry =const (j =2,3,..., n). (6.3)

Ecnm Touka M ne:xut Ha mopepxuocrm (6.3), To m T™M Ttome Oymer
JeRATH HA DTOH IOBEPXHOCTH [ BCeX m. Bo3bMeMm HauaabHYIO TOUKY
M raroit, wTo6H OHa IpHHA[JIEkAIa IePECEICHAN0 HOBEPXHOCTEH

klrj -_ kjrl = (. (6.4)
Torga g1d yKOPOYIeHHOro 0TOOpAaKeHHA HOJYIAM
ri =13 4 akgok; " cos [(k, 90) + b,

ey gy O
(k, 9),= (k, %) +- 2AN — a 5 kM) sin [(k, @) 4 b].



g 6] YCTORYHUBOCTE HENOJBMKHBIX TOYEK 119

mech k* = k1'kY . . . kin, OrMermM, uro MH cumTaeM k; 7= 0, T. e.
0 BeIEIMHA 7»1 onng B PE30HAHCHOE COOTHONIeRHNe. JTO, PasyMeercs,
He OrpaHEIMBAeT OGUIHOCTH PAacCMOTPEHHSI.
Hs (6.5) suamo, uro ecam (k, ¢°) 4 b = 0, T0 moCxe m-KpaTHOTO
TpHMeHeHHA orolpaskernsa I HOmydIAM

k, @) = (k, §°) + 2amN,
a BeJHYHHA I; HEOTDAHHIEHHO BO3pacTaer.

Ilocoe aTOro mpeaBAPUTEHLHOrO AHAJIM3A YiKe HECHOHHO nponec'm
CTPOTOe JOKA3ATENbCTBO TeopeMH. JlIA T0oKasaTeJbCTBA HeyCTOHYM-
BoCTHE MocTpouM QYHKOUI V, YAOBIETBOPAIOIIYIO YCAOBHAM TEOPeMEl
§2o0 HeycToﬁanocm. W 6ymem ee cTrpouTh TaK, 4robH o0f6aacTs
V > 0 6mna ysxon o6xacThio, cofiepKamieil BHYTpH cebA mepecede-
Hue moBepxHocTel (6.4). VIMeHHO Takas uied MOCTPOCHHA QyHKIOHE
Yeraepa V 6uma mecnonb3oBaHa B paGoTax aBropa [53, 59, 601, a sarem
XasmauM B paGote [92].

Qyurguio V Bo3bMeM B BHOE

V =r 0l ¢3— 7% cos [(k, ¢) + b]. (6.6)
j=2
3a ofmacts V > 0 Gepem ofGmacrts

k.
[ <@ +B<E, r=air bt 1<)

[onyamm Temeps pasuocts V (r;, ¢;) — V (1}, ¢i). daa sroro mamo
V (r;, ¢;) BrpasmTh uepes 7y, ¢} coriacHo dopmynam OToGparkeHms
(6.2), mpudeM Ias yOpPOMEHHA BHKJIALOK 3TO CHeAyeT JeaaTh Cpasy
gna obmnacrm V > 0.

B obxactm V > 0 oroGpaskenme (6.2) maer coormomenma (6.5).
ToIbKO B IEPBOM M3 9THX PABEHCTB HaLo M0GABUTH BeJIAYUAHY IOPAN-
Kar®, a Bo BropoM — nopaaka r’. Hosromy B o6aacta V > 0 moxyuwa-
eM TaKue ouemm'

H(rl—Jz)—I:IM—m){

=2

0373 01}2 03’” 2

[ +a(Bn—3) Kk "1 +007 ),

cos 0, ) + 5 = cox @ + - a2 sint 0 1 00,

3mech BBefieHo oGosmagwenue O = (k, ¢°) + b.
Teneps ans pasmocra V (r;,@;) — V (rf, ¢i) B obmactm V > 0
moNyIaeM TaKoe BHPaKeH e:
n

V(9 — V% o) = IT (4 — ) {as2hent™ "

J=2

[1 —|—(3n—3)cos(1)+—sm2(D:|+ o™ } (6.7)
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Beamamna, croaman 8 rrypHHX ckoOKaX BHpakerus (6.7), B obaa
8 V > 0 Gyner Goavme epmennn. [loatomy mpm mocratouno MaaHX
r; B o6racre V > 0 pasmocts V (r;, ¢;) — V (rl,

?) momomTeNALEA.
CrenoBaTenbHo, HONONBIKHAA TOUKA 7y == Iy =

-‘—‘rn-0 HE-

ycroiaaBa.
PaccmMorpuM Temeph pe3oHAHC dYerseproro mopsaaka. Ilycts A;
yIOBAETBOPAKT PE30HAHCHOMY COOTHOMEHHmI0 KAy ... Gk, =

=N paan nmenwmx k; >0, cyuMmMa KOTOPHX paBHA 49eTHpeM.
1 oycrh et HPYTUX PE30HAHCOB TPETHETO0 B IETBEPTOTO MOPSIKOB.
IIpowssogsaman QYHKOHA HOPMAJIH30BAHHOTO [0 UJIEHOB dYeTBep-

TOTO MOPALKA IO Vr? oroOpasKeHmA mMeeT BH

.0

(@r— 201hs) + . . . + 7 @n — 27hn) + FEY +602, 0)+ 00T
31ech
F(ri) = ? a,”rﬁo)rgo), aij = Qjjs
i,j=1
(rl’ l) ar(O) SiIl [(k’ (p)+ b]7 a’i > 07 a‘l+a2 +' . '+ O, 32’

BOIWYHEH d;;, ¢, b — HEKOTOPHEe YHCJA.
fIspni Bng orobpaskemma I Takoi:

ry =r1; 4 akg® cos @ 40 ( 05/2),

ro® 3/2
g; = @ + 2mh; — 2 2, a;ri —ao; 5 sin® - 0(r§ ). (6.8)
= i

Teopema. Ecau ewnoamnsemcs HepaseHCIneo
| ak | > | F (k) |, (6.9)
mo venodsuscnasmouwrar® = r® =, . . = r¥ = 0 moueunozo omo6pa-
aenun (6.8) neycmotizusa.

s noxazartenncTsa GyHRIAIO V u obmacts V > 0 GepeM TakmMu
JKe, KAK W IPH De3oHaHce Tperbero mopsgka. B obmacrm V > 0
moJydaeM TAKAe OLEHKH:

05/2

ry = r(l) + ak*k*r cos @ + O ()

o

= ke 10 (13,

)s

H(rl_J)—H(l—"ﬂa) o 3[1+a(3n—3)kak; cosCD+0(°3/2)],

=2 j=2

;= @i+ 2nh, ———Zauk Ty — G ———Itlllt“T]_Sln(D +O(r 03/2)

=1
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(k, @) = (k, @)+ 2N — = [F (k) + ak*sin @11} + 0 ({™")

2r9 . . 0372
{F (k;) + ak®sin @) sin @ + O (ry

cos [(k, @) 4 b] = cos D + T

Hcnoarsya stu onenxn, noaydaeM B o6aacta V > ( Takoe BHpakeHne
0 0
xua pasmocrd V (ry, ¢;) — V (ri, oi):

n
Vg — V% ed) =11 A — )™ x
=2
X [ak*sin? @ + 2F (k;)sin @ - ak®* + 3a(n — 1) k*cos2 @ -+ O (r°11/2’)].
(6.10)
YerpepToe clraraeMoe B KBaJpPaTHHX CKOGKaxX HEOTPHHATENIBHO B 00-
aactu ¥V > 0. CyfiMa jKe HePBHX TPeX CIaraeMHX CTPOr0 HONOHKH-
TeJIbHA, CaIA BHIoxHAeTcA yciaosme (6.9). B camom mene, ary cymmy

MOXHO PACCMATPHBATEL KAK KBATPATHEIA TPeXWIeH OTHOCHTeNbHO sin @.
JduckpumuHaHT TpexdieHa

D = 4 [F* (k;) — a?h2]

H OTPHIATEJ]eH, eCJHW CIPaBegIABO Hepasencrso (6.9).

Cnenosarensno, B o6aacte V >0 pasmocts V (r;, ¢;)— V (3, ¢9)
HONOKATENAbHA W, COTIACHO § 2, HOMOBIKHAA TOUKA Iy = Iy =. .
. = r, = 0 Heycroitausa.



I'JTABA 7

YCTONYNBOCTh TOYEK JINBPAIIAU
B ILJIOCKON KPYT'OBOA 3AJTAYE TPEX TEJ

§ 1. ®yurmqua FavwibToHa 3amaYl Tpex Tel

PaccmorpeM Tpu MaTepmANbHHX Texa (TOYIKHM), B3AHMHO IPATACHA-
parommecsa uo 3axony Heioroma. Kak m » raase 1, Gymem maTepeco-
BATHCH TACTHHIM CIY9aeM 3afadd TPEX TeJ — CIydYaeM OTPaHMICHHON
3aj{a4n.

B raase 1 momysemn mars Touer aumbpamum L; (i = 1, 2,.. ., 5)
OrDaHMYeHHOH 3a[[aYM TPeX TeJX | B cIydae KPYTOBO# 3a/[add MCCIAETO0-
BaHA HX YCTOHYHMBOCTE B mepBoM AuHeinoM mpubnmwxennu. Ilorasano,
970 NpAMOIHHEHHEE ToUkY subpamnn L,, L, 0 L; HoycTOHIHBH B IARCH-
HOM OpuGIMKeHHH, TAK KaK COOTBETCTBYIONMUE UM XaPaKTePACTAYECKAE
YPaBHEHHSA HMEIOT KOPHH C IIOJOKUTEIBHEIME BEMIECTBEHHEIME TaCTsA-
mu. Orciofa caegyer HeYyCTOWIuBOCTH TodeK aAubpanmm L,, L, w Ly
H B CTPOroit HeJmHeiHol moctanoBKe. TpeyroibHEe TOYKH JrOpaqan
L, u L; B nunefinoM npeGAmKennn YCTOMIABR TOJBKO IPHA KOCTATOY-
HO MaJOM OTHONEHHH MAaCC OCHOBHHX HpHTATMBAOmEX 161X S m J;
follee TOYHO, OPH BHIOJHEEAW HepaseHCTB (3.1) raasm 1.

B aToif m mocuemyomMEX TIaBaxX MW3Jjaraercd pemenne 3ajadm o6
YCTORYMBOCTH TPEYTOABHKX TOYeK AubOpanuy B CHEAYIOMHX CAYYaAX
OrPaHMYEeHHOI 3a7[aud TPEX Tea: 1) MI0CKOM KPYroBoM, 2) MPOCTPAHCT-
BEHHOM KPYroBOM, 3) IJAOCKOM BJIAANTHIECKOM, 4) IPOCTPAHCTBEHHOM
ITALTHISCKOM.

Hoayunm Bupamenue qaa Gyaxnen 'aMATBTOHA 3aJalM TPeX Tel.
Ismxenme GyneM paccmMarpmpath B kKoopammarax Hexsmma §, m,
¢ ACTHHHOH amoMaJjmeil v KemIepoBCcKoro apmxennd 1ea S m J B Ka-
9ecTBE HE3ABHCHMOH IepeMeHHo#d. Emmauns namepeHusa BHOGepem
TakmMH, 9TOGH cymMMa Macc Tex S m J, paccrogEHe MEKAY HAMH H
DOCTOSHHAA TATOTEHHA PABHAINCH eEHWIC. Y DABHEHHA JABHKEHAA
sammmyrcsa B Bupe coorHomenmit (1.40) raass 1. It ypasnenus mo-
ryT GHTH 3aIMCAEH Kak ypasBHenus Jlarpamska Broporo posa ¢ Qysk-
nueir Jlarpamka L Buma

L= +0?+ 1% + (1 — &) + T:elm Q. (14)

Mrpux B (1.1) osmauaer pmpdepenmumposamme mo v. Bsema 0606-

OeHHBEe HMOYJAbCH
oL ’ oL , oL -,
pe=ggr =8 —m Pa=gr="+% p=g =t (12)
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¥ OpoBedA 34aTeM HECHAO0KEHE BHKIAIKA, DOJYIHM TAKOE BHPayKeHAe
oA ¢yaxnum TamumisToma:

H =3 (0} + Pa+ p}) + pign — ok +

e€CNs v

e @+ 0+ D) — e W (1D)

1 -} ecosv

§ 2. Kparkas mpegricropua pelreHns 3ajadn
00 yCcTORYMBOCTH JIArpaH:KEBBIX pelmenwi

Jlerko mpoBepuTH, ITO YPABHEHHs J[BIKEHHA ¢ IaMHJIbTOHHAHOM
(1.3) momyckamoT Takoe YaCTHOE peIleHwme:

12 V3
§o=—2—u, Mo =—"35"> Lo=0,
— 2.1)
] 1 —2 (
pgu——_—V_z—7 pﬂoz_—i—u—’ pEoZO'

JT0 YacTtHOEe peHIeHHe COOTBETCTBYeT IePUOAMYECKOMY [BHAKEHHIO
Jlarpamma (roure nmbpammm) sagaum Tpex rtex. Hua pemenns (2.1),
B cjIyYae IAMOTAYECKOH 3a1a9m, TPH Tela BO BCEe BPeMA ABIKEHHUA
o6pasyor B aGCOMIOTHOM UPOCTPAHCTBE PABHOCTOPOHHHH TPEyroab-
HEK, [JIHHE CTOPOH KOTOPOTo mepmopmdeck:m msmeHgiorcd. B caydae
KPYroBoi#l 3a7aud JIMHK CTOPOH TPOYTOJBHNKA IOCTOAHHH. Pemenme
(2.1) o6osmauaercs wepes L,. Cmmmerpmanas orHocmredbHo ocm OF
TpeyroapHas TodKa Jubpamum obosHavaercs depes L.

3amaga 06 yCTOMYHMBOCTH TPEeyrONBHHIX Touex amGpanmm L, =
Lj, B IpOTHBOIMOIOKHOCT 3a7jade 00 YCTOHIMBOCTH IIPSAMOIHHEHHBIX
todek L,, L, u Ly, 0Xa3ajach Upe3BH™aino ciaoxuoi. K Hacroamemy
BPCMEHHE HOJHEI 3aBepHIaloniuil OTBET HA BOIPoC 00 ycroidmBocTH IO
JIAnyEOBY TPeyTrOJdbHKIX TOUEK AEOpPAUE MOJyIeH HE BO BCEX CAyda-
ax. [TonHoe pemenme Bompoca JOCTHTHYTO TOJNBKO B INIOCKOH Kpyro-
soix 3agage. Ho B maockoit sanmnTageckoi 3amave, B IPOCTPAHCTBEH-
HO# KPYTrOBOH M IPOCTPAHCTBEHHOH 3JIMNTHYECKOH 3ajavax AoCTHI-
HYTO 3HAYATEJbHOE IPONBIKEHWE, TAK 4YTO0 LPAKTUIECKN U 30ech
3ajga9a 06 ycroHuMBOCTH OYeHHL OJM3KA K NOJHOMY 3aBepIIeHHIO.
Nsnomennio u 00Cy;RACHAIO BCEX 3TUX PE3YAbTATOB HOCBAIMEHK HACTO-
AMad B mocJegyomue Tpa riaass kaurd. Ho cradana maioKuM o9eHb
KPaTKYI0 OPEJHCTOPHUIO PelieHns 3a4adu 06 yCTOHIMBOCTH TPeYIOib-
HHX TOYEK ambpammu.

Heo6xonuMoe ycaosme ycTORYMBOCTE TPEYTOJbHHX TOYEK JamGpa-
LM KPYroBoii 3agaddm Tpex Ttex

0< 2Tp(1 —p) <1 (0 <p<lpr=2 “1}3/65 — 0,0385208> 2.2)

YIOMEHAETCH, D0-BHANMOMY, Buepshe B 1843 rony s pa6ore I'amo [134].
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B 1875 roxy Payce [169] pemma (B 1naeinomM npubiamxennn) 3aaaqy 06
YCTOMYABOCTE TPEYTOAHLHHX TOUSK AMGPandé 1A HeorpaHHYeHHOH
3ajaum Tpex Texl (Korga macca Tena P me GecKoHeyma Maia, a paBHA
HOKOTOPOH KOHEYHOH BeIWYAHEe, TaK 4TO Tedo P yixe camMo BamAeT
Ha ABIKeHHe ABYX Apyrux tex S m J) m A UPOH3BOJILHOTO 3aKOHA
IpAT/GKERAA. PaccMOTPEB IIOCKYI0 3ala9y H IPEIIOI0KEB, ITO UPH-
TAMEHAe TeJa UPONOPIHOHAIBHO IPOM3BEACHHAI0 MX Macc M ofpaTHO
IPONOPIHOHANBHO N-H CTENeHH PACCTOSHHA MesKAYy Teaams, Paycce
mokasad, 9to IpE n > 3 To9KkE aubpanum HeycToimpm. Ecam sxe
n << 3, TO EMEeT MeCTO YCTOHIMBOCTH IPH BHUOIHERWH HEPABEHCTBA

(m0+m1+ m?.)z > 3 ( 1 + n )2‘ (23)

mgym, + momg - myms 3—n

3nxecy my, m; B my — MaccH Tex P, S m J COOTBETCTBEHHO. Has
ciIydas orpapmienHoi 3agaud (m, = () OpE HHIOTOHOBCKOM IPHTAKE~
Hun (n = 2) EepasencTBo (2.3) NEPeXONAT B YCHOBEE YCTOHIHBOCTH
(2.2). B 1889 roxgy A. M. Jlanymos paccmorpex 3afady o6 ycroddm-
BOCTH B JMHOHHOM UPHOIMWKeHHE TPEYTOJABHEIX ToUex Jaubpammm
IJIA cIyd4as HEOTDaHWIeHHOH HTPOCTPAHCTBEHHOX 8afavId TPex Tex
IpE OPATAKeHHE Ted, OoGpaTHO HPONOPHEOHAIBHOM 7~ CTeNmend
paccroaana MexAy HaMA. CTOPOHH TPeYroibHHKA, o6pa3oBaHHEOTO
TpeMa TelaMH B HeBosMymeHHoM nmxenmm, A. M. Jlauyros me
CUATAGT WIOCTOSHHEHIME, 4 OHH MOI'YT NEPHORUIECKH W3MEHATHLCA.
Peayapratil mccaenosans A. M. Jlanymosa onyGamKOBaHH B ero
samedarenpEoii paGore [48]. PesyapraTs, momysemmne Payccom,
CIGYIOT B3 Pe3yasTaToB JIATyHOBA KAK YaCTHBIA caydait. B megaBamx
paGorax A.JI. Kymmmuma [34, 147) nama mmTtepecHas reomerpmde-
CKag WHTePOpeTAm@s yCIOBHA ycroiumpoct: (2.3) B JamHedHOM
IpuGAWKEEAA U CHOTaHA IONHTKA HOJYICHAA HEKOTOPHX CTPOTHX
BHIBOZOB 06 yCTONYMBOCTH B HEJIMHEHHOH 3ajade.

Uccaenosannsa A.M. JlanoyHoBa IO yCTOHYMBOCTH B JTHHOHHOM
npnGIMAKERRE TOYeK JHOpanyuu IUIOCKOM SJUIMOTHIECKOX OrpaHmgeH-
HOM 3a4auid TPeX Tex GHAE HPOROIKeHH B paborax {19, 42, 99, 103,
104, 110, 136, 144, 152, 153, 160, 161]. Ha pesynsraTax 3THX pabor
Mi moppoGHee ocramoBEMCA B riase 9.

BaykHHI mAar B 3a7age 06 ycToHImBOCTH TOYEK JmGpanmm (B nuoc-
Koif OrpAHMIEHHOR KPYTOBOH 3a7iage) GBI CIENaH B 1959 rony Jimr:-
symom [152, 153]. Om mokasas, 9ro HpE HATAILHOM BO3MYIIOHAHN
MOpAAKA € OTKIOHeHme Texa P OT BEPMIMHN TPEYLONBHMKA 6ymer
AMEeTh TOT jKe IOPAJOK B TeUeHWe HMHTEPBaia BpPeMeHH, PABHOTO
exp (Ae 1 | log €|-3/4), rpe BeXmIHHA A 3aBHCHT TOJBKO OT W.

Hagano DOIHOMY CTPOTOMY DEMEHHI0 3af%aid 06 ycToHIHBOCTH
TpPeyToABLEKX ToUeK Jubpanna orpaHHIeHHOM 3a/la il TPEX TeX 65110
ronomeno B 1962 roxy B pabore A. M. JleorTosuua [37], B KoTOpOK
AIA caydas IVIOCKOH KPYropoil 3ajavd MOKa3aHo, 9TO YCTOﬁqHBOCTL
TO4eK JROpamUE EMEeT MECTO IPH BCeX W, YAOBIETBOPAIOMMX re0bxo-
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AEMMOMY YCIOBHI0 YCTOHIMBOCTE B JHHeiHOM npmOnmKemmm (2.2),
Kpome, GHITH MO;KeT, MAOMKECTBA SHAYGHHEH W, HEMEIMEr0 HYJIEBYIO
mepy. B 1967 rogy denpm moxkasanm [111], 1wro aro mckiaogmTensnoe
MHOKECTBO COCTOMT BCEr0 M3 TpeX 3HAUYeHHH W.

B nenaBmee Bpems 3agaua 006 yCTOHIHMBOCTH TPEYTOJBHHX TOYEK
aubpanma moppobro Omila paccmorpema B muKIe paGor aBropa
[56, 58, 59, 62—67]. K maAM npEMHKaeT TaKKe COBCEM HOJABHAA
paGora ‘A. T. CoKoIbeKoTo [88]. Bce momyuemnme pesyabraTH GyayT
noapo6HO A3T0KeHH HIKe. B 9T0i riase mpoBeeM HCCASTOBAHMS TPe-
YTONBHEX TOUeK JuOpamu®e B IUIOCKOH KpPYroBoH 3amade Tpex Ted.

§ 3. Tammibronnan BO3MYNIEBHOrO ABMGKEHHA

Cravana moayuuMm BrpaskeHHe Aus $yaxuma ['aMmiasToHa, ONMCH-
BaIOIIell ABMKeHAe B OKPECTHOCTE JarpaH;KeBoll ToUKu ambpamum L,.
CnenaeM 3aMeHY HEPEeMEHHEIX

E=8+gq n=n+14¢ £ =100+ qs
P = Pgo + P1» Pn = Pno + P2y Dt = Pto + Pa-
Pemenne (2.1) B HOBHX mepeMeHHHX GyHeT IOX0:KeHHOM DaBHOBECHA

gi=pi =0 (i=1, 2, 3). Pasnaraa pysxnquo Tammasroma (1.3)
B DA 1O CTELEHAM ¢;, Pi, HONYTIaeM

H=H,+Hy +H, +... (3.1)

3xecs oT6pomeHH 4ieHH, He 3aBHCANES OT ¢;, P;, a 4epe3 H,, o06os-
HaveHRa QopMa CTeNeHH M OTHOCHTENBHO ¢;, p;. llepre mects gopum
H,, mony4aiorcA TaKHMH:

1 9 2 2 1 .o
H, = '2—(P1+ Dz -+ Ps) + P192 — q1p2 —+ - 4+

e Ccoswv

+ 2(1 4 ecosv) (a5 + ) + m (43 — 8kq1gs — 5q2), (3.2)
1 7V 3k 3y3 11V 3k
iy = 1fecosv <“ VE: gi+ }g ngz"*‘T]z/— 7192 +

3 3 3k 3
V ?\ V 1Qs V3 92(13) (3.3)

_ 1 37 25k s 123 2 a 15k
H, = TTocosv" (128 1+ 5 o5 D92 — g7 192 — 35 7195 —

3
—‘m%-l-—fs—(h%+T64293+741Q2Qa——g-43), (3.4)
1 [23V3k 285’3 215V 3k
Hy = 1+ ecosv ( 576 @ — 256 ngﬂ_’_zgl;g"‘ﬁ;‘{"

345V3 23 | 555 3k 33Y3 25V 3k 45Y3
+ 092 + g — 0193 — Zg % ;; 9193 V Qe G—

85V 3k 45V3 5V3 - 153
——;/4—q1q§q§ 35— %205 + ‘1/2 095 + 1}5/ qsqa) (3.5)
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1 331 ¢ , 4% s 6105 4 o
1-ecosv (_ 1027t T 138 1192 T 1o 1% —

35k 3 3 7965 2 4 119k 5 383 ¢ 285
— 4 N2 — 102 1192 — 35 N2 + 1094 92 —mng; -

35k 1395 175k 555
— T 019293 + 55 GBS + 5~ 09505 + 555 9295 —

45 35k 255 5
— A — GG — T G+ 5 B) . (3.6)

H6=

B pupaskenmax (3.2) — (3.6) anxa xpaTKocTH BBeIeHO 0G0o3HAYEHHE

E— 3V3—(i—2u) .

§ 4. Pemenne 3apauu 06 ycroiiamBocTH TOYEK IMGpANAR
A 3BAYeHmil mapamerpa B m3 oGiacTH

YCTOAUABOCTH B NEPBOM HPHOIILKERWA

Pacemorpaym crygail miockoil KpyroBoi 3agasn Tpex Tedl. I'aMmias-
TOHHAH BO3MYINEHHOTO [BHKEHNA 3aHUCHBAETCA B BHMNE PasIOKEHHS
(3.1), B xoropoM Hago moamxuTh ¢ = 0, g3 = p3 = 0. Taxknm o6pazom,
mojydaeM [OMHAMAYECKYH) CHCTeMY C JBYMA CTeIeHAMA CBOGOZH,
raMEAbTOHHAH KOTOPOH He copeps:xur ABHO BpemeHHm. Ilycts smawe-
HEE IapaMeTpa W YHOBJIETBODAET ycioBmio (2.2) ycToHImBOCTH Tpe-
YroJbHHX ToueK aufpanua B nepBoM npubamxenun. IIpm erporom nc-~
CIeNOBAHAHA YCTOHYHBOCTH (yNeM IDUMEHATH DE3YIBTATH TEOPHHE
aBTOHOMHEIX IaMHJILTOHOBHIX CHCTEM C JBYMA CTEIEHAMHE CBOGONE
(cm. rmaBy 4) m moraskem cienyiomiee yrBep:xaenze [56].

Teopema. B obaacmu ycmolinwusocmu ¢ aurellHoM npubAUICEHUL
(2.2) mpeyeoavrbie mouku Aubpayul niocKkoli Kpyz060l 0zpaAHUYEHHOIL
sadauu mpex mesa ycmoiinues no JaAnynosy npu ecexr SHAUEHUAT W,
Kpome Oeyx sHaneHull

=2V 0.0242938..., po= _15’;33/-23 —
—=0,035160...,  (41)

npu KOMOpHE UMEEM MECNO HeYCmoUuUUsoCmb.

Ilas noxasatedbcTBa HEOOXOZUMO IOJNYYHTh HODMAJBHYIO $OpMY
rampabToEmana (3.1) M mo cBOWCTBAM HOPMAaJBHON (GODMEI cHelaTh.
BBEIBOJIEI 06 ycToliumBocTH M HeycroiumpocTH. IIpeskne Bcero Hazo mpo-
BeCTH HOpPMaJmsandio rammabronuana H,, coOTBeTCTBYIOmero JIMHEI-
moit cucreme. CoriacrHo riase 2, 3ajjada lInHefHON HOpMAaJH3amum
CBOJHUTCA K HEKOTOPHIM HECHOKHHM ajirefpauvTecKuM omepanumAM HaR
Koadunmenramu ramuasronnana H,. ITocae ux nposefieENA MOTyTaeM
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JmBeiinoe KaHOHMYECKoe HOPMAJW3yomee Npeo0pa3oBaHEe B TaKOM
F3701 (N

41 = 091 + axgs.
9y = a101q1 + asCeqs + a101p1 — @5byPps, (4.2)
D1 = —a;100g1 — 8yoqs + a3 (1 —by) p1 — ay (1 — b)) po,
Pa=a, (1 — b,03) q+a(l— bzmg) ¢ + a,61P1 — 05C3P5.

B (4.2) BRemenn crepyonmme 0003HAYOHEA:

1 4o} +9 8 4k
ai=~§ —a bi=___2 ) C,;.——--———-———"—-.Z .
| 205 — 1] 4oi +9 4o 49
Yacrorol 0; (0, > ©, > 0) yI0BIeTBOPAKT YPaRHEHHIO
27
m‘—m“—}—Tpd—p).—_O. (4.3)

Eciam Temepn elile BBECTH KaHOHHYECKHe HepeMeHHEIE Iy, §; Ho dgop-
MyJaM

. ar, . , —
gi= ——sing;, pi= V 2rm; cos @, (4.4)

10 rammEabToHMaH [, 3ammmerca B BHAe
H, = o, — og7,. (4.5)

CuenyeT OTMeTHTh, YTO JAMHeHHOe HOpMaJm3ylollee mpeoGpasoBaHme
onpeneasercs pynruueir H, Heonrosnauno. B pabore [106], manrpmmep,
npeoGpasoanue, aHajorminoe (4.2), HalimeHo B Hpyroi gopme.

Hansreiimylo (HeJWHEHHY0) HOPMAajH3aNHI0 MOKHO IPOBOJHUTH
Pa3THYHBIMEA CIOCOGAM¥, HAIPHMeD, IPH ITOMOMHA KIACCHIECKOro mpe-
obpasopanua Buprropa maum cmocobom, paspaboramHrM B paGore
[112), mam rakmm-1ubo ApPYyruM DyTeM.

Hopmaawsnas ¢opma 6yger pasaminodl B 3aBHCHMOCTH OT TOrO,
€CTh Pe30HAHCHEE COOTHOIMEHHS MEXAY ©y B 0, Wil BeT. B obmacTn
(2.2) ycroiumBocTH INWHEWHOH 3amauM YCIOBHE OTCYTCTBHS pe30-
HAHCOB J0 9eTBEPTOTO HOPAAKA BRINYHTENEHO

noy + nyey =0 0<<| ny| + | e | < 4)

HAPYIDAeTCA B ABYX COYJasAX: HPE U = Wy B U = Uy Hpum p = uy
HWMeeT MeCTO DPe30HAHC TPeThero MOPARKa
2V5
5 ?
A TPH [ = Py — DE3OHAHC HETBEPTOro IOPAAKA
3V'10
10 °

(D]_ = 20)2 =

(Dl = 3(1)2 =5
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PaccmorpuMm cnavasa Hepe30HAHCHHIA CIy4aid, T. 6. HPeJIIOAOMKEM,
aro p = p; (i = 1, 2). Torza HopMaIHB0BaHHAA O YICHOB YeTBEP-
Toro mopsanka ¢ymrnmsa [ammabrona Gylder EMeTh Takod BH:

H = o, — 01y + Czorf + ey + coams + O ((ry + ro)h).
Kos¢pdnumentn ¢;; moaysenu [empm B cratse [111]. Onm ameior san

o} (1240} — 69607 1- 81)

C. —
T A — 200 (1 —50?) |
W02 (640%0?2 1 43)
€1 = — P z 21 2 2 o ! (4.6)
(1 — 20%) (1 — 202) (1 — 50%) (1 — 562)
o? (1240} — 69602 + 81)
Cog =

144 (1 — 2022 (1 — 502)

Corsntacao Aprouasny m Mosepy (cM. rmaBy 4) npu BHIIOJHEHUW Hepa-
BeHCTBA Dy == Cpo05 -+ €110;04 + Cou®; = 0 mMeeT mecTo ycToHun-
Bocth Mo Jlanymosy. Ilpm momomu (4.6) B cratse [111] momydemo
Takoe BHpakenme maa Dj:
4 .4 2.2
D, — b44wiog — Sdlwio; 4- 36 . %.7)

16 (1 — 4olol) (4 — 250w]

PacemarpuBas wmcamrtens Bmipamenma Kas D, xkaxk GHKBagpaTHSHIH
MHOTOYJIEH OTHOCHT@AHHO HIPOM3BELEHHA JaCTOT ©;0; B HCHOJIB3YA
vpasrenme (4.3), merro moxysars [111], wro D,; o6pamaercsa B HYIE
TOJBKO NP ONHOM 3HAaYeHMH U @3 mHTepBana (2.2):

B o= py = 0,0109136. . . (4.8)

Ha pmc. 6 npepcrasienn rpadur GYHKUHAR Cyg, €1y, Cop U D3 B 3aBH-
CHAMOCTH OT [i.

Taxum 06pasoM, IPEMEHHB B PacCMATPUBaeMOd 3ajjade pe3yIbTaThl
Apuoabia n Mosepa mo Teopuu raMmiIbTOHOBHX cHcTeM, Jlelpm HOKa-
sanm [1411], 910 TpeyroapHme Touxm JmOGpanum yCTOHYMBEL UPH BCEX
p m3 obaactm (2.2), xpome, GHITH MOMeT, TpPeX 3HAYeHHHA U; (I =
=1, 2, 3), npm KoTopHX HempuMeHHMa TeopeMa Aproasga—Mosepa.

PaceMoTpEM YCTOMYHBOCTE DM 9THX TPeX MCKIAIYATONBHHX 3HA-
9epmAX mapamerpa u. Ilpm p = p,; (0, = 20,) HOPMAAM30OBAHHAA
o lmejnon TpeThero mopagxka ¢ymxmmi lamMmiabroma mMeeT BHL
[56, 63

H=or— oy +a, Vg s_in (p1 + 292) +
+ ByraV 11 cos (@1 + 2¢a) + O ((ry + 1)), (4.9)

e a; = 1,322..., B, =0,298... Tar kax af + Bl # 0, o,
coraacEo § 2 rmaBnl 4, EMeeT MeCTO HEYCTOMUHBOCTD.
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Iprp, = P, (0, = 30,) HopMaau3zoBaunas dynkuus ['amaasTona
TAKOBA:

H = oy, — @,ry + céo’_’i__'_f‘ el + 0027': + azerﬁ sin (@y +
+ 3¢,) + ﬁz"z]/ rir €0s (@; + 3¢) +0 ((r, + ra)'4), (4.10)
e o; = 0,948 ..., w, = 0,316..., ¢y = 0,137..., ¢y = _—;-2,176 ey
coe = 0,246. . ., a, = —1,461. . ., B, = —4,235... I/Ime_eu
| €0 + 313 + 9ege | = 4,170 .. ., 3V 3 (af + P3) = 23,282...

2 2y -~ .
Tak kax 3V 3 (st B3) > | €50 + 3e1; 4 9cop |, TO, cormacuo § 3
rnaBH 4, HEMeeT MeCTO HEeYCTORIHBOCTS.
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Puc. 6. KosddunmeETH HOPManHZOBAHHOTO TAMHJIBTORHANA IJIOCKOH 3ajaduH
u ycnoBde ycroitumsoct® Dg == 0,

Teneph PaccMOTPHM YCTORUMBOCTD HPHU (L = [iz. OTO HEPe3OHAHC-
HHi caydait. Jlna pemenms 3afad@ o6 yCTOHUYHBOCTH 3[lech Heo0xo-
AEMO HPOW3BECTH HOPMAJM3ANMIO IaMHUJIbTOHHAHA [0 TJIEHOB BEIIE
9eTBePTOro MOPAJIKA, TAK KaR TJIeHH A0 YeTBEPTOT0 HOPALKA BKIIOYH-
TeABHO BOXIPOCca 00 YCTOHYHBOCTH He pemaioT. 31ech HAN0 IPHMEHATH
TeopeMy 00 ycroHumBOCTH, IpuBefeHHyio B § 5 ri. 4.

Oxasanocs [56], uto masa pemenma Bompoca o6 YCTORYHBOCTH
OPH P = Qg JOCTATOYHO Y4eCTh B TaMHIBLTOHHAHE WICHH HE BHINE
mecToro mopsagka. Ilpa sToM B HOpMaIH30BaHHOK 10 YIEHOB MECTOTO
OOPARKA BRJIOUMTeNbHO ¢yEKumu ['aMpiabToHa KOo9dPENUERTH HMeIOT
TakHe YWCIOBHE 3HaUendsa (HOPMaJHM3anud IpoBojmiachk Ha IBM):

0, =0959. .., o, =028..., €yo = 0,097...,
€13 =— ""’1,389. s ey Cogg = 0,398. .« ey C3Q - —’0,219. “ 0y
g = 1,79%. .., 3= —209,931. .., cp3 = —14,528. . .

5 A. II. Maprees
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,D;JIH 3THX 3HAYCHHI K03(X)|1)KHK9HTOB BEIIOJHAKTCA HEPABEHCTBA
O F= @, 01 F 205, 05 F= 30y, @1 F= 40y, 0) 7= 50, 205 7= 30,
3 2 2 3 _
C39Wg + Cy1 MWWy + C19Wa®y _I_ CogW; = _66,631. .o #= 0.

IlosroMy HpHE | = p3 HMeeT MeCTO YCTOUIHBOCTE.

IIpoBefennpie PACCMOTPEHHA IOKASHBAIT CIPABEJIHBOCTE CHop-
MyJHpPOBAHHON B Havajge maparpada teopeMsl o6 ycTOHIEBOCTH Tpe-
YrOABHHX TOYEK JUGpPAmUd NIOCKOH KPYTOBOH OrpaHWIeHHON 3ajma-
YH Tpex Tedl.

§ 5. 06 ycroiiansocTn TOYeK JMOpaHH
OpA KPATAYECKOM OTHOLIEHHH MACC

B npenmaymem maparpade fokazaHa TeopeMa, IOJHOCTBI0 pella-
jomad 3a7ady 06 YCTOMYMBOCTH TPEYFOJBHHX TOYEK JHOpAmuE i
BCeX 3HAYCHHUH [, JeKAMUX BHYTPH ob6nactm (2.2) yCTOHIHBOCTH B
nmepBoM npubmmxenun. V3pecTHBI HHTEPEC TIPEACTABIIACT TAKKE 3a7a-
7a 00 ycTOHYHBOCTH NpHW IPAHMYHHX 3HadeHHAX p obmacrm (2.2).

Ipun p = O Bompoc pemaeTcA HIPOCTO, TAK KaK 3ajada Tpex Tell
OpH TOM NepexofMT B 3ajady ABYX Tekx, a 3afaia o6 ycToAumBoCcTH
TOUeK JAWGpanud CBONATCA K HCCIENOBAHHIO YCTOHYMBOCTH [BIKEHHA
MaTepHaJIbHON TOYKHM BOKDPYT HENOABH;KHOIO IPATATHBAIOIETO IEHT-
pa, a Takoe [BH)KeHHE, KAK HM3BECTHO, HEYCTOHUHMBO, TaK KakK CKOJb
YrofHO Malloe BOSMYINEHWe HAYaJIbHKX YCJIOBHH OPUBONUT K M3MeHe-
EHI0 HepHofia KeIJIePOBCKOTO JBHJKeHHs; 3JeCh HMeeT MeCTO JWIIb
op6uTadbHEAA YCTOHYHBOCTH (IO TOMY BOIPOCY CM. Take pabory
A. T. Coxoascroro [85]).

HccnenoBannme YCTOHIMBOCTH JBMYKEHHS LU

po=p* = (9 — ) 69)/18 = 0,0385208. . .

(kpumuneckoe omuoweHue Macc WM, KAK HHOIJA TOBOPAT, Kpumu-
yeckoe omuowenue macc Payca) mnpepcraBiser 3HAYHTENBHLIC TPYH-
rocta. Ilpm p = p* wacToTH JHHeHHHX KojJefaHWil paBHH, a JmHe-
apusoBaHHAfA CHCTEMA, KAK YyyKe 0TMeUajoch B IiaBe 1, HeycToiumBa.
Mcenenosanne yCTOHIABOCTH TOYEK JHODANUE IPH u=/p* B HeJHHEH-
Hoii mocranoBKe 3amaud mposefeno A. I'. Coxoasckum B pabote [88]
KaK Ui OJI0CKO# 3aaqd, Tak ® JJisA npocTpaHcTBennoi. KpaTko omm-
meM OOAYYeHHHE DPe3yJAbTATH B CIyJae IJIOCKOH 3ajadd.

IIpg p = p* wmarpana JIHHeapH30BAHHOE CHCTeMH YPaBHEHUMA
BO3MYIIEHHOI'0 [BI)KeHAA K NWAroHaJbHOH (opMe He MPUBOAUTCA.

Ee coGcTseRHEe THcaa paBEH - i)/ 2/2. Jlummeiimoe BeIIeCTBEHHO®
KaHoH@YeCcKoe IpeobpasoBaHme g;, p; — qi, Pi, 3aj4aiomeecss HpH
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HOMOIE MAaTpPHAIH

Y10 Yils V2% _ 3V5
100 50 10 10
V230 45 _Vio VIi15
100 50 10 10
N = — — —_ .
Y23% _ 3V5 VY10 0 ' CRY
10 20 %
17Y10  1nyits Y230 _ 2V5
50 100 20 5

NPUBOAMT KBafpaTmunylo 4dacte H, ¢ymknmnm Tammabrona (3.1)
(upm ¢ = 0) K caegymwmeil HOpMaJibHOU (opme:
PR 1 9 .9 9 s ;o
Ha (@) ) = 5@ + ) -+ L (@ips — aipy. (5.2)

Ilposepss sarem HeammeliHyI0 HOPMaAMBALEIO ¢;, p;—>{§;, D; H
npofleliaB BCe BHUHCJIEHHS coriacHo ¢opmynam paborst [87], mpuse-
NeEEHM, B § 4 riaBu -4, HONYyYUM TaMHABTOHHAH BO3MYIEHHOTO
IBW;KEHUST B BHje

H = Hy(q;,p) + (pi + P) [A (L + P}) + B (g:P2 — 0aP1) +
+C@+ @+ ... (5.3)

B (5.3) He BHIMCaHH WieHH BHIIe YeTBEPTOTO MOPAAKA OTHOCHTEJb-
HO @3, Py Kosdppunuenr A B ramunsronmame (5.3) pasem 0,603...
Tak xax o moxokuTenen, To, coraacuo § 4 raasm 4, Touku aEGpanEm
dopMansHO YCTORYMBHL
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YCTONYUBOCTH TOYEK JMBPAIINN
B IIPOCTPAHCTBEHHOI KPYT'OBOI 3AKAYE

mnow TR'TT

§ 1. Hopmassran dopma Pysx ym lamwmrona

B aroif rnaBe IPOBOJATCA HCCIETOBAHEE YCTOHIMBOCTH TPEYIOdb-
HHIX TO9eK Au0paiud B ciydae IpPOCTPAHCTBEHHOR prronon 3aaun
rpex tex [63]. To ecTh, Kak ® B MCCHENOBAHEH HPEIHAYIIEH IIaBH,
op6uTa OCHOBHHIX HPHTArMBawmux Tel S m J mpeamomaraeTcs Kpy-
TOBOM, HO Ha Teido P GeCKOHEYHO MAJO# MAcCH B HAYAJbHEA MOMEHT
BpeMeHH JIeHCTBYIOT He TOJNBKO IIOCKHE BO3MYNIHH:A, HO W BO3MYyINe-
HOA, BHBOJASIYE er0 M3 IJIOCKOCTH Bpamenmsa Tedx S u J. Tenepb
B TaMAJIBTOHVAHE BO3MYMEHHOTO JBmWeHna (3.1) mpemynymei# ria-
BH CIeAYyeT MOJOKHUTh TONbKG ¢ = (), a KOOpAMHATA ¢3 ¥ UMIIYIBC
ps Hymo He paBuel. M, TakuM o6pasoM, HeoOXOTEMO HCCJIENOBATH
YCTORYEBOCTh IIOJIOMKEHHMA paBHOBecHA ¢; — p; = 0 B aTOHOMHO#
raMEJILTOHOBOR CHCTEME ¢ TpeMsa cremeHsmu cBoOONH. Vayuenme aToit
CHCTeMH OCHOBAHO HA Pe3yJbTaTax TeOPHH YCTOMIMBOCTH MHOTOMEp-
HHX TaMIJIBTOHOBHIX CHCTEM, H3JOMEHHKX B IiaBe b..

Jaa ucciemoBanHs YCTOAYHBOCTH HAAO HOJYIHTH HOPMAJIBHYIO
dopmy ¢yrkqum Iammasronma BoamymeHHoro ABmxenmA. CHadaia
reo6X0qEMO IPOBECTA HOPMAXH3aUuI KBagpargudol Jacrz H, ¢pynk-
ner DammabroEa. CooTBeTcTBYWmAas INHHeAHAA KAHOHHYIECKAA 3a-
MeHa HePeMeHHHIX [JIA BeAmdYdH ¢;, p; (i =1, 2 ) mAMeer BHA (4 2)
raagst 7. IlpocrpamcTBemmbie HepeMeHHHNe g3 W p; UPH JNHHOHHO
HOPDMANM3AIMM HE M3MEHAKTCI: 3 = ¢35, P3 = Pz COeias ele
3aMeHy mepeMeHHHX o gopmyaam (4.4) raaBu 7, B KOTOPHX @y = 1,
moJyYuM KBAAPATHIAYIO 9acTh QyHKUmE 'aMnibrona B BE/AE

L = oy — @1y + 0373 (03 = 1). (1.1)

Ecam wgactorh ®; He CBA3aHH PE30HAHCHHIMHA COOTHOIICHMAMH IO
9eTBePTOro NOPAAKA BRIAWIATEIBHO, T. €. NJIA IEeJbIX JUCeJL 7; BBIIOJI-
HEeHO YyciaoBue

n0; -+ ny0y + ny03 %= 0 mpr 0 <[n(| + [ny| + [ns| < 4, (1.2)
To TpE mnoMomu npeobpasoBamms Bmpkroda gqi, pi—- g, _1')?,

33/1aBaeMOro CXONAMAMACA CTENCHHHMHA psamamu, Qyuxmma Iammas-
TOHA HPABOREATCA K BAAY

= L (ry, Tey T3) + N (ryy 79, rg) + 0 ((ry + 1y + 13)%). (13)
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3pecs L oupeneneno pasencrsoM (1.1), a ¢ymrmma N (ryy T2y Ts)
TaKoBa: v
. 2 . 2 2
N = cpoor1 + enomie + 10177 32‘" 0023"2 + CouTals + Cooars (1.4)
. ” ”
@ri=¢ + pi)

BHUBCIeHAA TMOKA3HBAKT, 90 ycioBHe (1.2) HapymaeTca B Hamel
saja’e B 00JACTH YCTONYABOCTH JTHHEHHOH CHCTEME 0 <27p (1 —
— ) <1 mpm DATH 3HAYEHMAX NapameTpa |, COOTBETCTBYIOMHX
CAeNYIOMEM UATH PE30HAHCHHM COOTHOINGHHSM:

1) 0o, —20, =0, 2) 0, —30;=10, 3)2m,—1=0,

4) 3wy —1=0, 5)20; —we;—1=0.
Vuaatesas ToT Qakr, yro H; u Hy — qerHsie (i)ymﬁmm q3, JETKO
HOKa3aTh, 94TO HAJIWIAE Pe3OHAHCHHX coorHomenmi (3) — (5) me

oy o i o””zf
] } |
‘T " T {I - 4006 -
St : Jr '{
| |
di I l
i |
-0z
4 LT L
| |
1 |

7
H Ky ﬂ*,uﬂ ke b BTH K Ky K

Puc. 7. KospdrnmeaTsl HOPMAJIM30BAHHOIO TAMHJIBTOHUAHA, COOTBEFCTBYIOMIME
TPOCTPAHCTBEHHHM IIepeMEeHHbIM.

IPUBOJET K UOABICHHIO HYJeBHX 3HaMeHaTelel NIpW NOXyuYeHHH
npousBofaAmeit ¢yHKUEM, 3ajapmeil npeobpasoBanme Bupkroda, m
NOTOMY He MemaetT HOdydeHHI0 HopMaabHOA dopmur (1.3). Ilpm pe-
sonancax (1) m (2) myneenie 3namenarenu mnosBiasioTca. CoorBer-
CTBYIOIIMMHE 3HAUYCHHAMHE W GyAyT 3HaYeHHA [; ¥ W2, PACCMOTDEHHEIE
B OpefbAYINeid IiaBe B caydae IIOCKOH Kpyrosoi 3agaudm. Buuro
TIOKA38HO, YTO IPH 3HAYEHUAX |1, PABHHX J; ¥ [z, B INIOCKOH 3aKade
TOYKH AUOpamyd HEeYCTORYUBH. JTa HeyCTOHYHBOCTH, KOHEUHO, ocTa-
eTCA M B pacCMaTpABaeMOM cefiuac cjaydae IPOCTPAHCTBEHHOH 3a-
navm.

Ilyers p = W; (i = 1, 2). Torma mpm Bcex oCTaJbHBIX 3HAYEHHAX
B m3 obaacrm 0 < 27p (1 — p) <1 ycroiuuBocTH B IepBOM IpH-
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OnmeHHH HOPMAJHM30BAHHASA NO WIEHOB 4ETBEPTOTO MOpAAKA BKJIO-
gutenpHo PyEKOuA 'amanbsroHa Oymer mmers Bup (1.3). Ilpm artom,
KOHOTHO, IIPH BCeX [ Cao0 = €20, C110 = Ci1, Co020 = Co2, @ BHPAKeHHA
RaA 3TEX KoapdmmumenToB momygenn B [111] m mpuBexensr B mpems-
mymeit raaBe. [{as ocTaabHHEX Ko3(Q(UIEEeHRTOB HOPMAJLHOK (GOpMH
(1.3) moaxyuaeM mocie IpOBeleHHA JOBOJHHO JUTHTEJNBHHIX BEIKIANOK
crepyomme Boipayenda [63]:

2
2

3(1—202) (4— o)’

8w, ®

Cipp = —

8w0]

3(1—203) (4 — ol

) (1.5)

Co1y —

2 9
0,0,

34h—od(h—ad)

Cooz — —

I'padurm woappunuentos (1.5) B 3aBHCHMOCTH OT |4 TpefCTaBICHH
Ha pHC. 7.

§ 2. Yeroiimasoctb AiA GOMLIIMHCTBA HAYAIBHBIX YCIIOBH

B sroMm maparpade MH ROKaKeM Clefyomee yTBep:KAeHHe.

Teopema. B npocmparcmeennoli kpyzoeoli ozpanudeHnol 3sadave
mpex mea mpeyzoavhble MOYKY AUOPAYUU Ycmotuuss 04 60AbULLK-
cmea (¢ cmuicae mepu Jebeza) HavaroHuL Ycao6ull npu écex N us 06-
AGCTRU  YCMOUMUGOCIMU 6 nepeoM npubauscenull (3HAUGHHA [; H Wy
MCKJII09AIOTCH).

ODoxasareabctBo. Ilpg p=p; (i =1, 2) Toukm amb-
panuu HeyCTOWYHBH, KaK yime 00 sToM rosopmioch Bemre. Ilycrn
B By B N5~ pp. Torga raMuibTOHMAH BOSMYINEHHOTO ABHKEHHA
MOKeT OmTh mpeficraBieH B Bupme (1.3). CorisacHo HCCaefOBaHHAM
Apuonbpia, H3JIOKeHHHM B TJaBe O, AIA JOKazaTelbCTBA yCTOH-
9UBOCTH [JIA OONBHIMHCTBA HAYAABHHIX YCJAOBHA MOCTATOYHO IPO-
BepHTH OTAWYHE OT HYJIA OHpeJelATe]sl 9eTBEPTOTO IOpPAAKA

2N _f_)_é_
3ri6r i ar;
D, = det| - . 2.4)
—877 0

PackpuBas onpemenurenp (2.1) m umcmoansys Boipaenda (1.1) m
(1.4), momyuaem
D,y = o7 (1 — 4CoznCooz) + @3 (cloy — 4caoocooz) +

2,9
+ w3 (c110 — 402000020) + 2(1)1002(01010011 — 2¢g02C110) —
— 20,03 (€110 — 2€020€101) + 20205 (€110¢101 — 2€2006011) (2.2

‘
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IIpeoGpasyem Bripamenue (2.2) K Goxee HMPOCTOMY BHAY, HCIONB3YA
ABHHE 3aBACEMOCTH K03(@HIuenTOB HOPMaXbHOE (GopMH oT ©; H
3 coraacao fopmynam (4.6) raasu 7 m dopmynam (1.5) macrommei
raaBH. Bupasenme gias D, MOMKHO 3amEcCaTh B BAfe QYHKOEE ap-

TyMeHTa U = @y 0, . Ilomyuaem

AO)
D, = 5184 (4 — u)? (25 — 4u (1 + 12u)? ’ (23)

rie uepes f(x) 0603HaYeH MHOTOWIEH HATOE CTEHOHH OT U:

f (2)="73908288u°—356526576u4+-2645643564u®—
—5787985485 u? — 759408680n — 317395600.

U3 ypasmenms (4.3) raaBe 7 moxydaeM

27
oloy = - (1 —p).

A TaK KakK B 06IacCTH yCTOMYMBOCTE B IIepBOM IPACIMMKEHUH BHIION-
grerca HepaBeHcTBo 0 << 27p (1 — p) << 1, TO oueBmAHO, YTO HpH
BCeX |I B DTOiH 061acTH BHIIOJIHEHO HEPABEHCTBO U > 4.

° Muorouwrer f(u) M ero NIpOM3BOGHEE IPH U = 4 HMEKT TaKue
9UCI0BHE B3HATCHHAA:

f = 57769673472, f! = 83259403696,  f! = 78068980614,
fIT = 52599266568, fIV = 26919340416,  fV —= 8868994560.

Tax Kak BCe 9TH 3HAYCHHA NOJOKATENBHH, TO (CM., HaIpHUMep,
(35]) npm u > 4 ypasmernnme f(u) = O me mmeer KopHeit. Tem cambiM
[l0KaaHa BHIIOJHUMOCTh HepaBexcTBa Dy == 0 mpm Bcex W m3 00-
JIACTH yCTOAYMBOCTH B IHEePBOM IpHOIMKeHUH (KpomMe P = [y M [ ==
= Wy). A 3HAUAT, HOKasaHa W cPOpPMyIHDPOBaHHAsA B Hadaje Hapar-
pada Teopema 006 yCTORIMBOCTE TOYeK dubpanudm A GOJNBMHMHCTBA
HAYAJIBHHX YCJIOBHM.

§ 3. dopManbHaA yeTOHIHABOCTD

N3 pesyabraTtoB NOpefbiymero maparpaga ciegyer, 9ro Teso
P 6ecrormedno Masoir Macckr Gymer o0pa3oBHBATH € TelXaM# KOHEY-
HHX Macc S u J TpeyrolbHEK, OJH3KMi K PaBHOCTOPOHHEMY,
nasa GoapmUHCTBA HOCTATOYHO MAJHX OTKJIOHEHHHM OT BePHIHHE
paBHOCTOPOHHEr'0 TPEYroJbHHUKA, COOTBETCTBYIOIHEro HeBOSMYIIEHHO-
MYy NABINKEHHMIO, M RXJAA JOCTATOYHO MAJHX OTHOCHT@IBbHHX CKOpOC-
Teit. U, cormacuo [4], naa sTaX mavanpHMX yCIOBEH, COOTBETCTBYIO-
muX HeCOM3MEDHMHIM YacCTOTaM, [ABW;KeHHe Teaa P Oymer yClIoBHO-
nmepuopwaecknM. TaxmM oGpasom, ¢ BeposATHOCTBIO, GIM3KOA K efH-
HAIe, TPEYTOJbHEIE TOYKH AHOpPANEE B HPOCTPAHCTBOHHOR Kpyropoi
orpaHMYeHHON 3ajaie Tpex Tea ycroiyusBH. Ho KakoBo NBHeHme
Tena P pasg HAYANHHHX YCIOBHA, COOTBETCTBYOIEX COH3MEPEMBIM
(1M Hourm COM3MEPHMEIM) dYacToTam?
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Hcenenyemas mexanmgecKas cucrema ofnafaeT Tpems CTeNeHAMH
cBOGOARI. A B MHOTOMEDHBIX TaMUJBTOHOBHX CHCTeMax, KaK yiKe
moApo6GHO TOBOPUJAOCH B IIATOM IJaBe, MOMKeT GHTH HEyCTOHIHBOCTD
no JlanyHoBy, HeCMOTPA Ha TO, UTO BHIIOJHEHH YCJIOBHA yCTOHYH-
BOCTH [iaf OOABIMHCTBA HAYAJBHBIX YCIOBHIA.

B bsrom maparpade MH paccMOTpUM 3ajady o0 ycmntmnoc'm
rTogyex JauGpamAE C TOYKM 3peHHsA (QOPMATbHOM YCTOHUMBOCTH H
B pesyibTaTe JOKajKeM TaKoe yTBep:KIeHue.

Teopema. O6aacms 0 < 27p (1 — p) << 1 ycmoiinugocmu 6 nep-
gom npubauxcenull pasdusaemcs HA nNAMb UHMEPEA.L08.

0 < p < 0,010913. . .; 0,016376. . . < p <p; = 0,024293...;
b < p < p* = 0,038520. . ; (3.1)

0,010913. . . < b < pp = 0,013516. . .; pp<< << 0,016376. . ., (3.2)

npuuem ¢ unmepsasazr (3.1) mpeyeosvrnuie mouku aubpayul. npo-
cmpancmeenioti Kpyz060il ozparuiennoll sadaiu mpex mes GopMaibLHO
yemotiuuer, a 8 unmepsarazr (3. 2) dopmaavhasn ycmoiinusocme umeem
Mecmo Oas nowmu 6cexr 3HAYEHUL |h; UCKAIOUEHUR, Owmb Moxcem, CO-
cmagasiom 3Hadenus P, npu komopwx uacmoms o; (i = 1, 2 3;
w; = 1) auneiinot sadauu yo06.4emeopaiom COOMHOUWEHUAM 03ynpam-
H020 pe3oHaHca

Koo + kyop + ko, = 0, Ko, + Ko, + Kos =0,
o 3, s (3.3)
ki, k; —yeavle vucaa, 2, |k:| > 17, 2 ki | >
. i=1 i=1

CopaBefIuBOCTH TEOpeMH MHEl TOKakeM B HECKOJBKO 3TalloB.
Cravana, caeaysa [58], mowkamem ¢opMaapHyI0 YCTOHIABOCTEL A
3HaYeHM# W, Jaekamumx B mHTepBadax (3.1). Haa sroro samermm,
9T0 Dpu Iomomu HpeobpazoBanmsa Bupkroda B ¢ymrmmm lamman-
toEa (1.3) MOMKHO HOPMAIU30BaTh COBOKYHHOCTH WIEHOB IATOrO,
mIecToro u T. A. HOPAIKOB. " ecam p mpumammemuT 00MaCTH yCTOM-

YUBOCTA B JHHEHHOM OPHONMKEHHH W N == Wy, | = Hg, TO HOpMa-
JMB0BAHHAZ BO BCeX NOPANKAX (GYHKIUA I‘amnnmona 3amumeTcs

B BHJE
H =L+ N -+ R(ri, @), : (3.4).

rae L m N onpenenens pasencreamu (1.1) m (1.4), a dopmanbusii
pAx R HaumHaercs ¢ WIEHOB He HI)Ke OATOTO HODPsIKA OTHOCHTeABLEO

V' r;. YraoBhe nepemennkie ¢; GyayT conepmamca B R Touamro B BuUME

KoMOnmHATHHA
kygy + k2(P2 + ks@s, - (3.5)

rme k; — measle WmCaa, JJA KOTODHIX BHIIONHEHO PaBeHCTBO
Koy — ke + kg =0 (k| + | ke + 1 k5[ > D). (3.6)
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CmcteMa ¢ rammibToHEaHoM (3.4) mMeeT oueBHAHHIA ¢opMaNbHHK
uurerpar H = const, Tak kak H He 3aBHCHT oT Bpemenum. Hpowme
toro, yuuTHBaa (3.5) u (3.6), HeTpyNHO HPOBEPHTH, 9TO BEIPAKEHHE
L rome Oymer murerpanom (popMaibHBIM).

CocraBuM ¢opmanbHmit mHTerpax G B BAJe

G = L*+4 (H— L)~ 3.7
B PasioKeHUR G = Gy + Gy + ... Gyarkuaa Gy mmeer BHR
C Gy = L* + N (3.8)

QO6Ga craraeMHX B NpPaBoil YacTH paBeHCTBA (3.8) HEOTpPHMIATENBHEL.
IloaToMy ¢yExmuEa Gs OymeT 3HAKOOIpefeleHHOX B OKpPeCTHOCTH

20} ) ;U; 2] |
| |
AVE I
_ a0}t } } Vs | }
izt . \J !
wt R bt
- ! ) | !
S
ar g i .1”’.“71. ”’\p{ N
' E R @\ ER
| "
-z -1 i 5t |
: e V%4 P F | |

i Puc. 8. 3aBucnMOcTH KOIGOUIHEHTOR agy, @1y U Gy OT K.

Hagajga KoopauHAT, ecam npu r; > 0, ry > 0, r; > 0 cucrema ypas-
HeHA#i ‘ '

L=0, N=0 (3.9)
HMeeT TONBbKO HyJeBoe pelmenme r, = ry, = ry = 0. Hccaegyem cu-
cremy ypasHenmit (3.9). Ws mepsoro ypaBuenuma L = 0 wuaiizem
BHpAajKeHUEe I'y uepes r; @ I's U HOJACTaBEM ero Bo BTOpPOe ypaBHeHHe.
Torma cuctema ypaBHenmit (3.9) mepemmmercs Tak:
2 2
Fg = gz — Oy, gy + Qunira + @eor; = 0. (3.10)
B cmcreme ypaBmenmii (3.10) BBepensl ciexyomue 0OGO3HAUEHHA:
2
@0 = Cap0 — C10101 + Co0201,
a1 = C110 + C10102 — 0011(01 — 24020, 03,
Qo2 — 6020 + Co11 W2 + Cooz(!)z

I‘padmun KOS(imelﬁeHTOB @20, @y W dgy WpEJCTABIEHH HAa PHC. 8.
Hospdunment az mpm p = p** = 0,002/8 o6pamaerca B HyIb.
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Ilpz sToM 3HaueHmE W KodQPuumeHTH cucreMun ypasHemmii (3.10)
TAKOBHI:

o, = 0,99042, o, = 0,13811, b = —0,39924, ¢ = 0,56461

n cucrema (3.10) HmmeeT [Be cepHH pelleHHmi:

1) r;, mpomsBoabHO, ry = 0, r3 = —wry;

2) r, = 1,4142r,, ry npomaBoasHO, ry = —1,2625 rs.

JTH pemreHHs He YNOBJIETBOPAIT HepaBeHcTBaM 1y > 0, ry > 0,
rg > 0. Ilostomy mpm p = p** cumcrema ypaBuenmi (3.10) npm
ri>0, >0, r; >0 uMeer TOABKO HyJeBoe pemIieHHe.

IlIpm p 5= p** (@, KoHEYHO, W 7= Wy M P 5= |y) PEIICHHAA CHCTEMH
ypasrenn# (3.40) mMoryt 6HTH, ODHCAHH CHeAYOIMUM 06Gpa3oM:

ry = ajry, rg = Pjrs, r, mpomsBomsHO (j =1, 2),

—an+ V‘lil — 4aggae —an — Van 4axap,
ay = 5 , QOg= y (3.11)
20 2ay,
Bi = 0z — ajo;.
Crmcrema ypaBaenuii (3.10) Torma m TOABKO TOTNa MMeeT HeHyJeBoe
2
pemernme npa r; > 0, r; > 0, ry > 0, Kora BedWIAHH a;; — 4a20d02,
a;, Py ONHOBpEMEHHO HEOTPHHATENBHEL
PacueTs DOKA3HBAIT, 9TO BEIMUMHA @y, — 4dadez TMONOKATENH-
Ha BeCerja, o; ¥ P, Bcerna IPOTHBOIOJOKHH IO 3HAKY, & BeIHUMHHI
a; M Pz ONHOBpEMEHHO IIOJNOKHTEABHH TOJBKO IPH BHIONHCHAH
HEepPaBeHCTB

0,010013. . . < p << 0,016376. . ., W 7= py = 0,013516. . . (3.12)

Taxam o6pasom, dopmanbuuit muTerpas (3.7) Gymer 3HaKooIpefe-
JeHHKEIM TpH BCeX P M3 06xacTd ycTOHYMBOCTH B IepBoM NpHGIH-
JKeHHHM, KpOMe SHAYeHHH M; M My (HCKIOYEHHEIX H3 PacCMOTPEHHSA
¢ caMoro HaJajga, TAK KAK BOOpPOC 06 yCTOMYHBOCTH IpH [ = Y,

H | = Jp Y)Ke pellleH), a TaKie 3HaYeHHH |, TPHHA/VIEKAMUX HH-
repBanam (3.2). Taxem oGpasom, dopManpHas yCTOMYABOCTL TOUEK
auGpanmit M1 3HaYCHUMA W, JesKAIUX B HHTEpBanax (3.1), mokasama.

Pacemorpum Temeps muTepBadbr (3.2). Jlna mokasaTenncTBa yT-
Bep:R/CHEA TeopeMH O (OpPMaIbHOR yCTOHUMBOCTE B HHTepBajiax
(3.2) mamo mccaemoBaTh KOPQOMOMEHTH IPH UaeHAX INECTOro IO-

PAAKA OTHOCHTENBHO V r: B mopmansHO#t dopme dynrmum ammasb-
TOHA BO3MYMIEHHOTO [BHKeHHOA,

HopmaansoBarHas g0 WIEHOB MIeCTOT0 HMOPAAKA BHKIIOYHTEIbLHO
¢yuxnua IamMmapTOHA Hamedl 3afjaum WMeeT TaKoR BHN:

H=L+N+M+0(r+r+r), (3.13)
rme L u N ounpefemert pasescrsamm (1.1) u (1.4), a ¢ymrmma
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M(ryre,r3) HMeeT TaKoir BHA:

3 2
M = 03007? + Cglorirz + Clggrlrg + Cozol2 2‘*— cgmrlr‘;,z—{— 01117'17;27'3 —{—-
+ CoarTars + Cioarya + Coraars + Coosrs.  (3.14)

Hopmaasuas ¢opma $ymxuum [ammisroEa Gymer mmers BYA (3.13),
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Prc. 9. Hoosdduuments: mopmanbmoit (opMH COBOKYNHOCTH 4AEHOB HIGCTOTO
HOPARKA B pas/iIoeHdn PyHKuunm [aManIbpTOHA.

ecrnm 9acTOTH ®; (i = 1, 2, 3) He cBA3aHB DPE3OHAHCHEIMHA COOTHO-
IMeHUAME MO IIECTOr0 NOPAAKA BRJIIATENBHO. B mHTepecyomax
ceifuac mac mHTepBajiax (3.2) msmemeHusa mapameTpa | STH YCJIOBHA
OTCYTCTBAA Pe30HAHCA, KAK MOKA3aJMM paCUeTH, BHIIOIHEHEH.
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KoadduimenTrr popmur M Tperbero mopsasxa (mo r;) B HOpMaAbHOR
¢opme GRIM TMOnyYeHH TPE JIOGHX (HEPe3OHAHCHHIX) 3HAUCHHAX M.
971a pabora mposoguaack Ha IBM. I'padukn Kospumuenron pynrmAw
M mpepcraBaenn Ha pme. 9 m 10.
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Pmc. 10. KoadpduumenTs HEopMaapHoi GOpME COBOKYOHOCTH WIEHOB MECTOLO IO~
PAAKA, COOTBETCTBYIOMHME MPOCTPAHCTBEHEHM IepeMeHHEIM.

Mpemnge weM CTPOMTh M HCCHeZOBATH (OPMaNbHHIA MHTErpai,
HYMEBH JJIA JIOKA3aTeIbCTBA yTBeDP!RAeHHA TeopeMs O (dopMaxs-.
HOM ycTofumBOCTE TOuexk NMOpanmm B EHTepBanax (3.2), IOKaxeMm,
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cne;u_jﬂ {67], uro cmcreMa ypaBHeHHR |
L=0, N=0, M=0 (3.19)

apE ry > 0, 15> 0,.ry > 0 AnA 3HAUenHE p W3 HHTEpBaNoB (3.2)
AMeeT TOJBKO TPHBHAJLHO® pemeEHe ry = ry = r3 = 0.

Kax Tonsko uro 6miIo IOKasaHO BEIIe, IepBue [Ba ypaBHeHHA
cucremu (3.15) aaa sHAavaHWIt |L W8 HHTEPBAJOB (3:2) momyckaror
HETPEBEAJILHOE DeNIeHHE Iy = Olols; I's = Para, Ie O2 H B2 onm-
HOBpPpEMEHHO TOJOMAHATECIADbHDBI. HOH-
cTaBHUB 3TO pemenue B Ppyarnuo M, Fid
MONyYEM, UTO TpeThe W3 ypaBHe- gyl |
pmit  emeremu (3.15) mepexomuT B : {
yPaBHCHHE B ]

M (aars, T2,{Bars) = F(u)rs = 0, 400 {

¥

J 1 S S U U O,

¢ysrnus F(p) B mHTepBatax (3.2) 7 a0 oz 122 Q014

He ofpamaercsa B HYJIb, TO CHCTe- L

ma (3.15) - mecoBmectHa. I'padmx }

¢yErmmE F(u) moas sEavenmit p mws ~Y0) |

mHTepBadoB (3.2) mpefcTaBlIeH Ha |

puc. 11. Oyexnua F(u) B By b He {
|
i

]
=

I

|

|

I

!

I

R

rne F(M)EM (aZa 11 ﬁZ)* Ecnu 1 ]
|

| I

!

|

!

obpamaerca. Taxmm obpasom, cu- -6
crema ypaBHenmit (3.15) mua smave-
HE |, Ae;KaEX B HETepBanax (3.2),
MMeeT TONbKO TpHBHAIbHOe peme- DAC- 1. Bapmcmocta dymkmmm F
HEE Iy =Ty = rg = 0. or p-

Teumeps Bo3bMeM KaKoe-1H60 3HaueRme w H3 HHTEpBaxoB (3.2)
H 3aMeTHM, 4TO BO3MOKHH TOJBKO TpH Cayuas: 1) Korja HeT pesoHaHca
MeRIY 9aCTOTaMH ©;, 2) KOIZla eCTh OJHOKDATHHA PE3OHAHC ;01 +

3
+ koo + kg0 =0, 2. |£:]> 7 @ 3) xorpa 9acTOTH CBA3AHEH JBY-
=1

Msl DPEe3OHAHCHHIMEH COOTHOmeHHamz (3.3) (EByKpaTHBIE pe3oHAHC).

B mepBom cayuae mMeer MecTo (QOpMasbHAS YCTOHYBBOCTH CO-
rnacHo peayasratam Mosepa [157] (em. Taxme § 2 mATOo# riaBH
KEHTH). :

Paccmorpum Bropoit caywast. Ecnm cpepm menmx wmcex ki (i =
= 1,-2, 3) ecrtp uMCIa Pa3HHX 3HAKOB, TO ONATH, COracHO paboTe
Mosepa [157}, . mmeer mecro ¢opmansmas ycrofumpocrs. Ilycte Bce
4HcIa ki AMEIOT. ONMHAKOBHII 3HAK, HalpEMep, OyCTh BCe OHH HOJIO-
mutenpnki. Herpynmo mposepurs (cm. ramme [13]), uro cmcrema

C HOPMajH30BaHHHIM BO BCeX HOpPANKAaX TramMmabToEmAHOM (3.13)
uMeerT TpE POPMAJBHHX HHTerpaja:

(p’, r) = const, (p”, r) = const, H — L = const, (3.17)
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Tlie (P/, k) = 01 (P”, k) = 0’ P'T = (Pit Péy p:;)a P”T == (p;’ p;v P§)1
k= (ky, ks, ks), ¥*= (ry, rs, r3). U3 maTerpamor (3.17) cocraBmM
dopmanbumit maTerpan G BuAa

G=@, P+ @ N+ W +M .2 (348

Cnaraemsie mpaBoii yactu muTerpana (3.18) meorpunarennus:. IToka-
3KeM, 9T0 B HAOIeM cJay9ae OHH MOTYT OODAaTHTHCA B HYJIb TOJIBKO
B HadaJe KOOpAHHAT. JTO W GyfeT 03HAYATH 3HAKOOIPE/eJEeHHOCTH
¢dopmanbHOrO HMHTETpana G.

Jlerko BAmeTs, 4TO mepBHe ABa ciaraemux B (3.18) ofpamalorca
OHOBpEMeHHO B HYJbh TOJbKO Ha gyue r = pk (p > 0). Ha atom
Jyde TpeTbe CAAraeMoe MMeeT BH[

(N(kl’kzyka)()z + Mky ko kg)p® 4 . . L)2

7 NpH JOCTATOTHO MAAHX P 7= (0 He PaBHO HYJI0 B CHJAY HECOBMeCT-
socTm cmcreMsl (3.15) B kBagpamte ry > 0, 1, > 0, r; > 0 (3amernm,
9T0 Ha ay4e r = pk Ppymkima L roxpecTBeHHO paBHa Hyawo). Hrak,
BO BTOPOM cCiydae TaK:Ke HMeeT MecTO (opMalbHas YCTOHIMBOCTH
TOYeK JUOpaLHH.

B Tperrem ciyuae, ciIydae ABYKpaTHoro pesounamnca (3.3), MH
pacmoiaraeM TOJBKO ABYMs (POPMAIbHEME HHTETpajaMu:

(p, r) = const, H — L = const, (3.19)
rme (p, k') = 0, (p, k") = 0. ®opmanbHuit MATErpas, aHATOTHIHBIA
uaterpaxy (3.18), mmeer Bup

G=@p, "+ N+M+...)4 (3.20)

Ilepoe cumaraemoe B (3.20) obfpamaercd B HyIb yiKe He Ha Jyde,
a Ha maockoct: r = pk’ 4 p,k”. Bropoe ciaraemoe Temepn yixe
MoiKeT O0paTHTHCH B HYJH, HOCMOTPS HA HECOBMECTHOCTh CHCTEME
ypaBHenuii (3.15) mpu r; >0, r; > 0, rs> 0. A mostoMy MH # He
MOJKeM TIOKa3arh (Hamum cmoco6oM) (OpPMANBHYIO YCTOMYHMBOCTH B
ciydae ABYKPATHOTO pe3OHAHCA.

IlpoBenenHsIe pacCy:KEKeHAA TOKASHBAIOT TEOpEMY.

3ameganne Harnume dopMaabHOH YCTOMYIMBOCTH mO3BO-
AfgerT yTBePKAATH, 4TO Heycroiumsocth Ho JlamynoBy He oGHapy-
;HUBaeTCA HpU ydeTe B pasiokenum dyaruum amuabrona wireHOB
IO CKOJBb YrogHO 6Goabmoro (HO KOHEUHOIO) HOPANKA. A ecam # cy-
MeCTBYIOT TPAeKTOPHH, II0 KOTOPHM Teao P faxexo yxomat oT Bep-
IIMHE PaBHOCTOPOHHEI'0 TPEYrOJbHUKA, TO ABMKeHHE IO HHAM ILPOHC-
XouT KpaiiHe MeJIeHHO,

[aa moTyueHWA OIeHOK BpeMeHHU «yHAepKauHmsa» Tena P BOausu
BEPUIMHE PaBHOCTOPOHHET'0 TPEeYTOAbHHKA MOKHO Onuio GH HCIOTB-
30BaTh HBJIO/KeHHBIe B maTol raase peayastatel H. H. Hexopommesa
10 HCCIEOBAHMIO CKOpOoCTH nudpdysmu ApHonpaa. JameTHM IS 9TO-
ro, 4To He>0BMecTHOCTh cucTeMH (3.9) B maTeppanax (3.1) m cmcremu
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(3.15) B maTepBanax (3.2) osmawaer, 4TO B 3THX HHTepBalax BBIIIOJI-
HeHHl YCIOBHA Kpyrussn ¢ynknmi L+ M m L+ N+ M co-
oTBeTCTBEHHO, Ho MH BcTpeuaeMcsi €O ClefyIOMIEM 3aTPy/[HEHHEM.
H. H. Hexopomes mnokazan COpaBelIHBOCTh OKCIOHEHIMAJIbHOK
OIeHKM CKopocT: aufdysmd ApPHOABAA A aHAITHTHICCKAX TaMHMIb-
TOHHAHOB, a B HameM caydae [BIKeHHA BOJIMSH IOJOKeHHA paB-
HOBECHs, COBHAfAoOMero ¢ HauajoM Koopimuar, ¢yErmma Iammasb-
TOHA He ABJAETCA AHATUTAIECKOH OTHOCHTENHHO ri (€CThb aHANHTHY-
HOCTH TOABKO OTHOCETeAbHO }/r;). B aBropedepatre paGorst [78]
YTBEPKAAETCS, 9T0 U B 3TOM IIOCHEHEM CIydae MOKHO IIOKa3aTh BO3-
MOJKHOCTh IPEMeHeHHs BKCIOHEHIMAJbHOH OLMEHKHM CKOpocTH AmG-
$ysmm ApHOIBAA, €CIM NCKIOYATE DPE3OHAHCH JO HEKOTOPOro,
AOCTaTOYHO BHICOKOr0, KoHeynoro mopsiika. M torma Gymer mmersh
MECTO CHeAYIOIMmAs OIeHKa:

(D) —riOr)e<e (3.21)

Opu BCeX BHAYCHWAX v (HAIOMHHM, YT0 V — HCTHHHAA AHOMAJIUA
KeIL1epOBCKOTO JBH/KeHHA OCHOBHHX HPHTATEBalommX Mace S u J),
A KOTOPHIX

O<Cv<exp (—:T) . (3.22)

BennunHa € XapaKTepu3yeT MajiOCTh BEJUYHHE OTKJIOHEHMA KOODKH-
HaT W CKOpocTeid Tesia P OT HX 3HAYeHHH, COOTBETCTBYIOIIMX TOIKe
aubpammn. IlomokuTesbHEEe KOHCTAHTH @ H b [ONYCKANT OLEHKY

0<a<bL 5. (3.23)

§ 4. @opmanpHasa ycToHYMBOCTD TOYER JHOpanuH
NpA KPATHYECKOM OTHOIEHHH MACC

Paccmorpam Temepn, caepya paGore [88], samauy o6 ycroium-

BOCTH TOUeK AMOpamu;m LpH KPUTHYECKOM OTHOMEHUH Macc ¥,
ABISIIOMEMCA TpaHuneit 061acTn ycroiiumBocTy B JuHeiHOM Mpuban-
menms. Ilpm p = p* gacToTH miIoCcKHX KoaeGaHEWE pPaBHH MERLy

c060it (0 = 0y = @ = J/2/2), a wacroTa IPOCTPAHCTBEHHHX KOIe-
GaHmA 03, KaK ¥ UpH A100HX 3HAYeHHAX P, paBHA efWHENe. JIMHedk-

HHM BeIEeCTBEHHHM KaHOHMYIECKUM Ipeobpa3oBaHueM ¢;, p; ~—> q;, D;
npuBeneM KBaflpaTHIHYIO YacTh QyHKNHE 'aMANBTOHA K HOPMAJBHOHK
¢opme. [l 2TOro mepeMeHHHEe WIOCKOro ABWKEHHA ¢j, p; ( = 1, 2)
mpeo6pasyem ¢ moMompio Mmatpumu N = | n;; | (i, j = 1,. .., 4),
safaomeiicA paBeHCTBOM (5.1) cembmolt raaBH, & ¢, Pj oOcCTa-
BuM Ges usmenesHA. Torna ¢ysmxnma aMmabTOHA BOBMYHIEHHOT'O
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ABAKEHHUsI IPHMET BH[

1 K s 2 , P 1 2 ,2
H=—(q: + )+ J'g"-‘»(éhpz_ Gap1) + 5 (25 + ps)
: SVL N2 V3 Mg oy
+ Z’ Avwovups@y 92 95 Pr P2 - (4.1)
VitVe{-Vat-Ua+Ue=3

Ilpn woMomu' mpeoGpasoBaHuma Bupxroda g, pi— @;, P; MONKHO
B raMmiaLToHMaHe (4.1) YHHYTOKATH BCe WIEHH TpeThero mMOpARKa,
a uwieHH vuerBeproro mopaAnka ymnpoctats. Dymknma IammasToma,
HOPMAJIM30BaHHASN -0 WIEHOB WETBEPTOr0 NOPANKA BRIKYNTEIBHO,
B HOBHIX HEPEMeHHHIX OyAeT UMeTh BHJ

H=—4@+%) + —Vz—z(alm — b)) + (@ + 1)+
+ (B} 4+ B [A (P + 13) + B (1P — 200 + C (G5 + @) +
@B+ RDBE )+ E@b— b)) +F (@ +) +...  (42)

B (4.2) He BHOACAHH WIEHH HOATOT0 I Gojee BHCOKAX NOPAIKOSB,
roapdunumentnt A, B, C — te ke, uro m B dopmyre (5.3) cempmoit
rmaBel. Hak GyfgeT BHUOHO HMKe, QS NOKa3aTeabcTBa (GopMadbHOR
YCTORUABOCTH CYI[ECTBEH TOJABKO Kodpdmmument 4 = 0,603. . .

Iloxasem (opMaIbHEYI0 yCTOHINBOCTH TodeK JuOpanan. Moo
IOKa3aTh, 4TO IpA MOMOMM GEeCKOHEIHOTO WHCJIA HIaroB mpeodpa-
3osamEusa Bupkroda (Boamoxio, pacxopsmerocs) pyaruua [amuiab-
toHa (4.2) MoKer GBITH IpHUBeleHa K Clefyomeil HopMaabHoR dopme:
Het @+ )+ L2 o —h) + @+ B +

oo
2 =2\ /%2 2 o = < 2 2

+ 2 Qoo (q1 + T2)™ (91 + Pas™ (01D — 4250™ (a5 + D)™

Cy-Oto0a+-0ts =2 (4. 3)

Ifie o; — [ejible HeoTPHIATedbHEE YHCIA.
Kauonmyeckag cuctema ¢ raMuiabToHHaHOM (4.3) mmeer Tpu dop-
MAJABHKX HHTerpaja:

H = const, §,P; — 4P, = const, s+ P3 = const. (4.%)
CnefoBaTedbHO, ¥X KoMOMHAI[HA

G=H — ]%2_@1?2 - 62?1)

rawe 6yneT QOPMATBHEIM WHTErpaiioM. B pasmomennn

G=G2+G4+Gﬁ+---
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PyHRIUA
Gt Co= g @+ B+ AR+ P+ 5 @B+ +
+ (B} + PD) [B(¢1D2 — @2P0) + C(dh + @)1 +
+ (@5 + P3) [D (B} + B3) +E (G1p= — G2D1) + F (45 + P31

opr A > 0 Gymer ompejieJeHHO-IONO0MUTeNbHON (QyHKIOEEH CBOEX
mepemerHux. OTciona ciaegyer PopMajdbHas yCTOAYUBOCTH TPeyroOdb-
HHX TOYeK aA0panuy NMpH KPUTHIECKOM OTHOINEHMH Macc p*.

OTMeTEM B 3aRI0YeHHe, 4TO IpPHBEeHHOe BHINEe KOKA3aTeJHCTBO
$GopMaNbHOA YCTOWYHBOCTH OTIMYAETCH OT JIOKA3aTeJBCTBA, H3I0-
menaHoro B paGore A. I. Coronbcroro [88]. Tlpusemenumit 3mech
HOBHIH BapuaHT JoKa3arelbcTBa Takke coobmen asropy A. I'. Co-
KOJIbCKIM,

§ 5. BuBogm

Hpartko cdopmynupyeM m o6cyquM pesyabTaThl HUCCIeNOBaHHSA
YCTOHYHBOCTH TpPEYrOJbHHEIX TOYeK JUOpalii B KPYTOBOH OrpaHm-
YeHHOH 3ajade Tpex Teur.

Kak B mmockofi, Tak u B IPOCTPaHCTBEHHOH 3afade YCJIOBHSA
YCTOHYMBOCTH B JHHEHHOM NUpPHOAMKEHWM 3alUCHIBAIOTCA B BHIE
HEPaBEHCTB

0 < p < p* = 0,0385208. . . (5.1)

Crporu#i HeqnHeHHHH aHaJWM3 IIOKA3aj, 4T0 B CJydae I10CKOH
3aflaun TOYKKM JHOpamMM yCcTOMIMBH To JIAOYHOBY IJaA Bcex 3Ha-
yeHm mapamerpa [ m3 obgactu (5.1), KpoMe ABYX 3HAUYCHHH

Cpy = 0,0242938. .. m p, = 0,0135160. . ., (5.2)

IpH KOTOPHX HMeeT MECTO HeycroilumBocTh. Tak 4ro 3amaga o006
YCTOAYABOCTH TPEYTOJNBHEIX TO4YeK JHOpaImum NI 3HAYeHWA mapa-
meTpa B m3 obmactm (5.1) B cayuae IIOCKO#A 3afadym pemeHa Iox-
HOCTHIO.

B nmpocrpancreennoil 3agade HeyCTORYMBOCTH HpH W = W; (i —
= 1, 2) KOHeYHO, OCTaeTCA, a UPH 3HAYEHUAX U, He paBHHX H; H
UpHHafAe;KamMx obnactu (5.1), HOKasaHa yCTOHYMBOCTH A GONB-
MAHCTBA HAYaIBHHX yciaoBmid. Hpome Toro, mus mourm Bcex p us
unTepBaia (5.1) (mckmogenma, GHITL MOKET, COCTABIAKT 3HAYEHHSA
[, COOTBETCTBYIOINHE NBYKPATHOMY pPE30HAHCY MEMNy daCTOTAMU
1, @2 B ©3) HOKazaHa GopmanpHag ycrofauBocts. Takum obpasom,
ec/ii B MPOCTPAHCTBeHHOH 3afade TOUKM JUGPALUM M MOTyT OHTH
HeyCTOWIMBEIMA, TO 3Ta HEYCTOMYMBOCTH B GONBIIMHCTBe CJIydacB
Kpaiine caabast.

Hasa sHaueHuil mapameTpa |, 6OJBIIMX KPHTHICCKOTO 3HAYEHUSA
u*, Toukm MOpanUM HeyCTOHMBHI, uYTO OGHAPYKMBAGTCA YIKe B
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JWHEHHOX B3ajaue, TaKk KaK COOTBETETBYIOINEe XapaKTepHCTHIECCKOO
ypaBHEHHe HMeeT KODHE € IOJOMKHATEJIbHHMHA BeMeCTBeHHHMH 4Ya-
crame. Ilpm p = p* Bce KOPDHH XapaKTePHCTUIECKOTO ypaBHEHHS
9HCTO MHEMHE, HO CPeiH HWX €CTh KpaTHHe, a JHHeffHaA cmcreMa
HeyCToiumBa. AHAIH3 LOKa3aJ, 4TO 9Ta HEYCTOHUYABOCTh HMCYE3aerT,
€C/¥ B ypaBHEHHAX BOSMYIIEHHOrO [BH/KEHAs YUATHBATH HOJIHHEHHEI®
aaenw. Iloxkasamo, 9410 mpH p = P* TpeyroibHEHE TOYKH JHGpanum
dopManbHO YCTOHYHBEL KaK B INIOCKOH#, TAK W B IPOCTPAHCTBEHHOM
sajage, Ilo-BEmEMOMY, B WIOCKOH 3amade IpH RN = P* MOMKHO [O-
KasaTh YCTOMYUABOCTH HO JIANYHOBY.



FrTABA 9

YCTOUYUBOCTH TOYEK JIMBPAIIMH B ILIOCKON
IJININITAIECKON 3ATAYE TPEX TEJ

§ 1. Kparkas ucropna paccMaTpmBaeMoil 3aza1w

B aToit rmaBe Mbl DpoBeleM HCCIENOBAHWE YCTOXYHBOCTH Tpe-
VIONBHHX TOUYeK JHOpamu| pAJjA ciaydasd IUIOCKOH 3SIIHITHYeCKOR
orpaEmdeHHO} 3ama4m Tpex red. Ilo cpaBHEHHIO €O ClyuaeM KpyIoBOi
sajladd, pPacCMOTPEHHON B ABYX NPEJHAYMMX FJIaBaX, 3[eCh 3afada
OUeHb YCIAOMHAETCH, TAK KaK He3aBUCHMasA HepeMeHHAsi SIBHO CO-
MeKETCA B raMAIbTOHNAHe BO3MYIIEHHOIO IBHKeHMUSA.

HccnenoBanme yCTOMIUBOCTH TPEYIOJABHEX TOYEK JUGpanuu B ai-
JIMUTAYECKOR 3ajaue Tpex Tea Hadaloch odeHs maBHO. A. M. Jla-
oyaos B 1889 romy umccaemosana ycroiguBocTh (B IepBoM Hpubam-
JKeHAH) TPEYTONBHHX TOYeK NuOpANuH JJIA CIydasa OPOCTPAHCTBOHHOR
HeorpaHWUeHHOE 3agauu tpex tex [48]. Ilpmsmakom ycroium-
Boctm A. M. JlanynoB cdauran GeckoHeuHO Masoe oTamume (HOPMEE
W pasMepoB TpeyroJbHHKA, 00pasoBaHHOTO TpeMA TeJIAMH, B BO3-
MYHOIeHHOM H HeBO3MyIieHHOM jaBmKeHusx. Pesyiavprate A. M. Jla-
IIyHOBAa HEJBb3A HEHOCPELCTBeHHO IIepeHeCTH Ha OTPAHWYEHHYIO 3a-
Jlauy Tpex TeJa, Iie IPU3HAKOM YCTOHIMBOCTH CIHTAeTcA (GECKOHEYHO
Majioe OTIHYIHEe [JIUH CTOPOH TPeyroJbHHKA, 00pa30BaHHOIO TEJaMH,
OT Tex [JHMH, KOTOPHle MM COOTBETCTBOBAJH B HEBO3MYINEHHOM [IBH-
JKeHHA B TOT ke MOMeHT BpemeHu. OfHaKO IpH BHEMATEIBHOM pac-
CMOTpeHHUY ypaBHeHUH ABMKeHHA, ucciaefoBanHsx A. M. JlamyHoBrM
B ero IOCTAaHOBKe 3aJa4M, MOMKHO BeChbMa LPOCTO IOJYYATH Cledylo-
ImAe BHBOAK 00 yCTOMYHBOCTH (B IEePBOM HPHOIMKEHWH) TOYEK JH-
Opanuu W [JJA cJAydYasd OrpaHMYeHHOW 3ajadm Tpex Teia: 1) mpm mo-
CTaTOYHO MAJHX 3HAYEHHAX W TPEYrOJbHLIE TOYKA AuGpanuu ycroii-
quBH, 2) TUPH [HOCTATOYHO MAJHX 3HAYEHHAX IKCIEHTPHACHTETA €
TPeyTroJdbHEE TOYKH JUOpANUM YCTOMYUBHI, €CIHU

0 p(t —p) < — 1 (e)
nim ‘ (1.1)
a5+ 1@<t — ) < 5+ fale),

¥ HeyCTOMYHMBEL B IpoTHBHOM ciydae. B ¢opmynax (1.1) uepes fi(e)
0603Ha9eHE HEKOTODHe NOIOKHUTeNbHEE QYHKOUA e, oGpamatomuecs
B mHyab npu e = 0.
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IlprBenem xpaTkmii 0630p paboT IO MCCIENOBAHHIO YCTOHIABOCTH
JarpaBEKeBHX peIleEMil OrpaHAYeHHOH DIIMITHYECKONM 3ajadd TPex
ten. B 1964 rogy 6mao upoBeNeHO UHCIEHHOe HCCIELOBAHEE B pa-
6ore J[on6m [110]. B aroii paGoTe Ipm IMOMOIMM IMCIEHHOTO MHTETPH-
POBaHEA HCCIEOBAHO XAPAKTEPHCTHYECKOe YPAaBHEHHE JMHEAPH30-
BAHHOM CHCTEMH H B INIOCKOCTH M, € OJYYI€HH 0GJIaCTH yCTORIABOCTH
u meycioiumBoctd. Pesynwrarsi, monyuyenane J[an6m, mpencraBnenn

&

-

8 ® 8§ N

-
§

©
]
J§,
5

@

Puc. 12, O6unactu ycTOUYMBOCTA B JUHEHHOM NPUOAMKEHMH,

#a puc. 12. Ob6nactm ycTOHUYMBOCTH Ha BTOM PHCYHKe BaIITPHXO-
Banbl. Hecxonsko mosske B paGorax I'peGenmkona [19], Bemmerra
{103, 104] u Jlarmano [150] 6mam paccMoTpens pasauYHbEe BOIPOCH,
CBA3AHHEIE € YCTOHIMBOCTHIO B JHHEAHOM IPAGIMKEHAN OPA MAJIHX €,
a TAKMKe YHCICHHO MCCIHENOBAHH XapaKTEePHCTHYECKHE IMOKasaTelH
IIpA TPOM3BOJBLHHIX 3HAUEHEAX HmapamerpoB ¢ m Y. CoBceM HeNaBHO
MOABHAMChL HOBHE PafoTH HO WCCAEJOBAHHI0 YCTOHYHBOCTH Tpe-
yronpHnx pemrenuit [42, 99, 136, 160, 161). B stux paGorax paa-
JHYHEIMA aHATUTHYeCKIME cHoco6aMH B INIOCKOCTH [, € HaiIeHH
rpagEnn  ofsiacreil ycroffumBoctm M HeycroiumpoctH. HauGoxee
TOYHEIe IIOCTPOeHHA ocymecTBieHs B pabore Heiipexa um Komuaa
[160]. B artoit paGore rpanmnb ofaacrei yCTONYMBOCTH M HeyCTOM-
YUBOCTA IONYYEHEI ¢ TOYHOCTHIO [0 4eTBEPTOH CTEHMeHH SKCIEHTPH-
CATeTa BRJIYATENHHO U 0OYeHb XOPOMIO COIVIACYIOTCA ¢ PesyIbTaTaMH,
nmosydeHHEME J[9HOM IpM TOMOIMM YHCJIEHHHX pPAaCYerosB.

TaxuMm 00pa3oM, yCTOHYIUBOCTH JATPaH/KEBEHIX PeINeHHH B IePBOM
npubazKeHNd HCCIEOBAHA NOCTaTouHO monHo. O6mnue pabor, mo-
CBAIIEHHEIX 3TOH 3ajiade, OOBACHAETCSA ee BAMKHOCTLIO NJjisaA HeOeCHOH
MEXaHAKM M TPYAHO IPEOTOIUMEIME CHOKHOCTAMM HCCIENOBAHAA
JUMHelHO# HeaBTOHOMHOH CHCTeMH auddepeHIManbHEX ypaBHeHHH.
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Ho m3 pocraToynmx ycaoBEH yCTOHYHBOCTH B IepBoM HpmnGiam-
JHeHHH HAKAQKHX 3aKIo4YeHdd 00 yCTOMYABOCTH B CTpOToM (HejmHed-
HOM) CMHICIe BCe Ke cfienaTb Heasasd. Crporoe pemenme TpeGyer
paccMOTpeHHA HeiawHeliHo# 3ajaud. V spech HccAel0oBaHAe CTaHO-
BHTCA O4eHBb CJIOKHHM H TPYAHBIM, TAK KaK NPAXOJAMTCA PACCMATPH~
BaTh HeNMHEHAHYI0 HeABTOHOMHYIO cuCTeMy MinddepernuanbERX ypan-
HeHH# B KPHUTHYECKOM Ciydae.

HeKo'ropme 3aMEUAHMA, KACAIOMHECH CTPOTOTO PeNIeHHA 3aaul
06 ycTo#IMBOCTH JarpaHMKeBEIX peNIeHMi, coeJaHs B paGore aBTopa
[62]. B aToit paGore mpm mOMOIMY YHCIEHHHX PACYETOB HpOBEPEHH
pesyIbTaTH paborsi JloaOM W B miIOCKOCTH W, e BHYTpH - oGiacreit
YCTOHUEBOCTH B HePBOM NPHOIMKEHMH HaileHs KpEBHe, Ha KOTO-
PHX JIaTPAHKeBH peMeHHA NPH CTPOTOM HeIWHeHHOM aHa/mMBe 3afia-
9M MOTYT OKa3aThCs HeycToWumBhME. Huske B bTOfi raaBe maiara-
eTCA NOJHOE HCCIef0BAHAE YCTOMYMBOCTH JATPaHKEBHX pemeHUHd B
ILIOCKOM DJIMNTAYECKOH OFpaHMYeHHOH 3ajjaue Tpex Tea. PesyanTaThi
9TOr® HCCIeNoBaHUA OmyGamkoBaHs B paGorax [59, 62, 65, 67].

§ 2. Jluneiinaa HOpMAJIA3ANMA € TOYHOCTHIO
RO NepBOil CTemeHH YKCIEeHTPHCHUTETA

(Oyakoua [aMATBETOHA, COOTBETCTBYIOMAS BO3MYIIEHHOMY [BH-
JKeHHI0 B paccMaTpHBaeMod 3ajade, 3ammchiBaerca B Buae (3.1)
(cMm. raaBy 7), rfie IPOCTPAHCTBEHHHEE §g M Dy HAJO HOJOMHUTH TOMK-
AECTBEHHO PABHHMH HYJI0, & 9KCIEHTPUCHTET € MOKeT H3MeHAThCA
B unrTepBaie (0, 1). Mu mpoBefeM aHamMTH4eCKOe (IPH MAadBIX BK-
CIHEHTPHCHTETAX) H UHUCIeHHOe (OpH IIPOWSBOJBHEIX € M ) HCCae-
DOBaHUA.

B sanmnrmdeckoil 3amaue BO3MOKHO SIBJIEHWE MapaMeTPHEYECKOIO
pesonanca. Ilpm Manux sHaueHHAX e rpamunsl ofdacteil HeycToM-
YUBOCTH MOMKHO HAWTH aHAJIUTHIECKH, WCHOAH30BAB DPE3YJabTATH:
§§ 6 m 7 BrOpOI raaBH. HapaMe’Tpu‘lecxnﬁ pe3oHaHC OOHAPYKHEBaeTCH
B OKPECTHOCTH TeX 3HAYeHMU Iapamerpa M, 19751 KOTOPHIX BeJAUIHHES
Ay H A, B HOPMaJbHOI $opMe KBafpaTEuHOM JacTH QyHKnun [aMuiIb-
TOHA

1 *! L3 1 *! *'
Hy = 5 M@+ PP + -5 A2 (gs + p3d) (2-1)

CBA3aHH NPH ¢ = () pe30HAHCHHIMH COOTHOIIEHHAMH BTOPOTO IO-
panxa

2h, = N, 20y =N, M+ 2 =N (N — nenoe umcio).

Osuepufuo (cM. rnaBy 7), 4ro npm e = () cIHpaBeJJEBH PAaBeHCTBa
Ay = @y, Ay = —@y, TTle ®; ¥ ©, — KODHE yPaBHEHHS '

ot — ot + Lyt —p) =0, 2.2)
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a p m3MmeHsAercA B obmacta
9_ Y69 . '
0<p<p,—2=Y® _ 008521 . 2.3)

Ha pmc. 13 npuBenena 3aBHCHMOCTD 9aCTOT ®; M ®; OF u. B o6xactn
(2.3) BHIONHEEHO TOJNBKO ONHO PE3OHAHCHOE COOTHONIEHHE BTOPOIO
nopagka o, = 1/2. Ilpm stom

p—po—2=2¥2_ 0,0285954. . .

Pacuern no ¢opmynam § 7 raaBu 2 HOKa3bIBAIOT, YTO MPH JOCTATOTHO

MAaJIBIX € TpaHnnh obmacrm
YCTORYHBOCTH B OKpEeCTHO-

I
@y { CTH PE3OHAHCHOTO 3HAYCHAS
0+ } flo ¢ TOTHOCTHIO {0 HepPBOH
A _ CTeNeHH € HMEIT BHJ
| ! B = py 4-¢-0,05641 ...
| OTH rpasunsr B pabore [160)
. ‘ ‘ L OOJy4YeHH € TOYHOCTHIO MO
P a 07 w3 Q4 p €t B [160] ¢ ToumocThiO MO

9/IeHOB NOpAAKA €* moay-
Puc. 13. YacrtoTst @, M ®, JAUHeiHHX ko- 9eHA TAKKe TIpaHHna o006-
Jie0aHmit B OKPECTHOCTH TOYeK IMOpaLuu. JIacTH y(:TOﬁ‘InBOCTH, HACXO0-
JAMAA U3 TPAHNTHOR TOd-
KO U = p¥,

Temepsr paccMOTpPUM 3afady o6 YCTOMYHBOCTM B HeJIMHe#HO# mo-
CTAHOBKE. JKCHEHTPHACATET CIHTAEM MAJHIM, YIOBJIETBODAKIIAM BMECTe
€ |L YCIOBHAM YCTOMIMBOCTA B mepBoM Ipmbamsenmu. JlaA pemrenma
sanayy HY;kHO QYHKIHI0 ['aMUIbTOHA HPHBECTH K HOPMAJbHOA dop-
Me, a 3aTeM, ODPHUMEHUB Pe3YIBTATH TVIABH O, CAeNaTh BHIBOOHL 00
VCTORIMBOCTH WJIM HEYCTOHYMBOCTH TOYEK IHODAIMH.

Ceagaia HAA0 HPOBECTH HOPMAIHM3AHUI0 KBAJAPATHYHON YacTH
Qyaxnqua lammasrosa. B arom maparpage mnocrpoeno JuHed-
HOe, BeIecTBEHHOE, I{aHOHK‘IGCKOB, 2n-IepHoOMIECKOe TO V Ipe-
ofpasosanme ¢;, p; — ¢F, pf (i =1, 2), IPHBOJAUICe KBAAPATHILYIO
vacty, H, ¢yuxumu TamuartoHa K _HOpMAJILHOH dopme (2.1). Hop-
MAJH3yomee mpeo6pasoBanme HAHZEHO € TOYHOCTHIO HO IIep-
BOM cTeleHW SKCIEHTPHCHTETA.

IIycts ©; > w,. Cne.naeM CHAYaJla KAHOHMYECKYIO B3aMeHy Ie-
pPeMeHHHX q;, P; —> ¢i, P; 10 Popmyiaam (4.2) raasu 7, a 3areM — IO
ciegyomuM GopMyJIaM:

. 1 - , — ,
¢ = =0 Pi= Vo (=12 2-5)
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B mepemennmix iji, P; ¢ymruusa H, mpmmer BEJ

1 - ~ o
B= 5o @+ R —polel+ )+

tarers Y GewnBHE (26)
ViVt Re=2
KoopdarmenTtsr @y, MOAYIAOTCA TAKEMHE:
Gagoo = — Oz (80): — 207 — 9), @oz00 = (120)5(80); - ng —9),
dooz0 = 360,00y, dgooz = — 36030,
G1100 = 16,30)?‘”% 1010 = 160,k07, 2.7y
G100 = — 8Pkaia,, o110 = Sk},
o101 = 160kw3, dgo1r = — 36Pw05.

B ¢opmynax (2.7) sBemenn: oGosmauenus
72207 — 1) (40?1 9) V 00 (180202 4 117) (1 — 4olo?

Temeps 6ynem mckaTh npeoGpasosanme Pynxnuu (2.7) & dopme (2.1).
Jna ynobersa manpHeWmMEX BHYHCICHHI IepeiiieM CHAvala K KOM-
IJIBKCHO COLPSKeHHHM IePeMeHHHM ¢j, p; mo {popMyiaaM

9; = P+ ig;, p; = Py— ig;. (2.8)
B xoMmMmiexkcHO coupAKeHHHIX IepeMeHHLEX (QyHEnEA [aMHABTOHa
BRIUMCIAAETCA IO dopMmMynae
H; = 2ng,

roe H, — ¢yrruma (2.6), BHpaskeHHAs 9Yepe3 ¢j, pP; COTJIACHO Hpe-
obpasopanmio (2.8). IMonyzaem

" o

H, (9; ’ P;" »V) = ile;p: ~ [0aqa Py -

. ecosv ” Wy wVp wly kg
+ 21 1 Fecosv Avwvappedr 92 P2 P2 - (2.9)

VifVatprHpa=2

B ¢ysrmgmam H;, xroappunumeATH TAKOBBI, YTO Qvyaits = Tppavives
Yepra 03HaUaeT KOMIIEKCHO CONPAMKEHHYIO BeJIMUUHY. BHIpakeHHs
AnA Ko3pPUIMEETOB mOMydYalOTCS CHENYIONEMA:

”
1 ~ ~ .
Qo000 = 7~ (—@2000 + @oo20 — id1010)s

" 1 - ~ .
Qoo = —7~ (— @oz00 -+ do002 — idor01),
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AP - L
Ayy00 = —— (— @100 + @oor1 — @001 — i@o110)5
4
_ 1, - . S
o = =~ (@1100 -+ @oo11 — id1001 1 i@o110),
- B o ~ 1 ,. .
Ay = 5~ (@2000 + @oo20)s @oro1 = -5 (@o200 1 @ooo2)-

(2.10)
‘Tenepp HalifeM npeo6pa30na1me @ D; —> q, pT* pyrknum Cammrs-

ToHa (2.9) & HOpMaxbHOH (opme B Kommexccno COOPSIKeHHHNX He-
PeMeHHELIX

*k
H, (%‘ ’PJ )-*' llel >P1 +l7vzqz 4‘P;He- (2.11)
Ilycts a1o mpeobpasoBanme 3ajaeTcsAi OPH HOMOIMHM IIPOH3BONSIIEH
$yERIER

@pr + st + Slgi, piT, V),
Irjae

"Np Ng U1 {1}
— Skt s
S=_ 2 swaag ¢ oY P
Vit Vet Re=2
TpEIeM KOOPPUUEEHTH Syypy, HAZO BLI6paTb 20 -mepHOAUIECKAMHA
ook
aowv. CBHBB OepeMeHHHX q], pJ Hu qgi » p_-, HOJIY‘IaeTCH n3 COOTﬂomeHHK

" *k as
X — 0 __,_ s = D3 —_—, 212
qJ q; -+ ap;‘“‘ pi=p;i + o7, ( )
HAMEeT MecTo TO}RI{ECTBO
' ” ” as €
2 ( J+ *7PJ ) Hz (‘ha p] +—— )E’W'(Z‘Jg)

.7

IIpupaBHEBas ONMHAKOBLIE OXHOWIEHH B 00emX dYacTAX ITOrO
TOKAECTBA, HOIYIHM CHCTEeMY AeCATH AupdepeHHATBHEX YPaBHeHAR
JUIAl HAXOMICHHA Syyqug, I1IpaBhe JacTH 3TOH CHCTEMH KBagpaTHi-
HHM 00Pa3oM 3aBHCAT OT Syygy, M CONEPKAT HeolpefleieHHbO eIne
BeJIMYMHEL Ay, Ay. IloCTEMHEE HAXOAATCA M3 YCAOBHH IEePAOAAIHOCTH
DYBRIER Syvpy,-

IlpaBre wactm cmcTeMn AupdepeHITAATbHEIX ypaBHeRHRA npH
JOCTATOYHO MAJHX ¢ GYAyT aHAJIATHYeCKAMH (YHKUBAMH e, €CIH
paccMarpuBaTh 3HAYeHHs W B3 HHTepBaia (2.3), HCKIKYasA rpaHAd-
HYI0 TOUKy objacTm mapameTpmiecKoro pesoHaHca o, = 0,028595.
JlelicTBHTEIBHO, JEIKO HPOBEPHUTH, YTO OPH ITHX 3HAYSHHAX WU

I‘Dnimml-?&N:

rneN—0123..., 12m—12Hoaromy'(CM.§6
BTOpPOH TJaBH) XapaKTepHCTHIECKHe MOKasaTeam OyRyT aHaiuTade-

cKuME QYRKIEAMHA e. YUHTHBAA ellle 0YeBHAHYI0 AHAIMTHIHOCTE H,
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0o e, WOJydaeM, 9TO H (QYHKIEH Syyyup, OYAYT AHAARTHICCKHME
o e.

DYBKNAR Sy, B BeJIAIARN A;, A, OyfeM BCKaTh B BEJE PAAOB

2
Svvaats = es'(lezwxuz + ezs‘sﬁzhuluz + . (2'14)'

M=o —}- Al 1 en® L, 7» = — e + P4 .. . (2.15)

Toncrasme pagw (2.14) m (2.15) B Tompaecteo (2.43) m mpomsmens
pasiioskenEe DO CTEHEHAM e, DOJYIEM cHcTemy nuddepeHNHATBPRBIX
ypaBHeHWH NiIA s@'f\),zu,u,. OrpaEnYEMCa HAXOKECHUEM HOPMAJH3YIO-
mero npeoGpasoBaRUA ¢ TOYHOCTHI0 A0 NEDPBOM CTeNEHH DKCHEHTPH-
carera. llonydaeM cucreMy ypaBHeHHE

ds%)lo (1) dst()llq)n . ” .n (1)
v = — 2icos vamm -+ iM ) = 2icos vagy + ihs . (2.16)

a IJs OCTAaJAbHHX BOCBMH (QYHKIHH Sillz-zu,m

(1) .
j%i& + i [(vi — 1) @ — (V3 — He) 0] ng)r,u‘u, =—2icosv a:zfv,u,u,-
247y
W3 ycToBHMH NepHONMYHOCTH QYHKHUE sihjo I sipp; modryTaem A =
= 7»(2” = (. Tlepmogmaeckme pemenms cmucremst (2.16) — (2.17) mo-
JAy"anTCsA CAefyOmMEMU:
2ia,,
Stvanin = o __\(':;uf'p_z) o {sinv +

A4 i [(vg — py) @ — (Vo — Po) @3] COS V). (2.18)

Crneayer oTMETHTH, YTO (QYHKIUH \(,mu,m COZIePsKaT TOJNBKO IEPBEIC-
rapMoHHKE v. MOKHO IOKasaTh, pacCcMaTpHBaA ClAeRyHI@e IDH-
GumsieHUA Mo €, 9T0 N-A TapMOHMKA HOABJAAETCA B QYHKIUAX Sy,
c Koaq)dmuneHTOM, TPONOPIIOHATLHEIM IKCIEHTPUCHTETY B CTENCHH,
He MeHpme# N

Teneps WO KOMIVIEKCHO3RAYHOH (pynrmum S HalifieM BEIIECTBEH-
HOe mpeobpasoBaHme §;, Pj— q}", p;k ¢yuxnuu (2.6) ¥ HOpMAaIBHOK
¢opme (2.1). Iycrs oma sapmaeTcs mpoHM3BoAAmed (yHKImeH

G1oy + Gops + K (§5r 35 V).

Tar kak ¢ymrnma K mMeer mopsfok e, 7o uz ¢gopmyn npeobpaso~
BaHHA

9K ~ * 0K
q —_ k] 3 = 3 -
J. QJ apf P; p] aq ;
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€ TOYHOCTHIO [0 NEPBOM CTeNeHH DBKCHEHTDPHCHTETA IOJydaeM
~ * dK* ~ * dK* ;
§i=¢ ——=%» Pi=p + —, (2.19)
8p]. an-
tie K* = KW (¢f, pf, v), a K — koopdunuent mpm meppo# cre-
fleHH ¢ B Pasyo:KeHRMHA QyHKiuu K 1o cTemeHAM 9KCIEHTPHCHTOTA.
Bripasam K* gepes SO, Us dopmya (2.12) ¢ ToamocTsio Mo mep-
BOJ CTeIEHW HKCHOEHTPHCHTETA HAXONUM

” % 8.5k ” ¥ ISH*
_OSE o pir oy I8 2.20
9; = ¢q; 6p;"* P; = P Bq;."* ( )

Bnecs S*¥* = SO (qJ , pi’, v). Jagee, yIHTHBas CBA3H KOMILIEKC
HHX KAHOHAYECKHX NEPEeMEeHHEIX C BEM[eCTBeHHHIMH

g; = B + il p; = B, — i,
Gt =0 +ig, pi"=pi—ig
: x W (p* 1 0¥ pF — g
u oGosHagas gepes W (¢;, p;, v) dyuarnuio SOV (p; -+ ig;y p; — ig;,

v), HaxogaM m3 dopmyn (2.20)

~ 1 oW = 1 oW
Ti=d —grgx B=P @y (2.21)

Couoc'rammﬁ dopmyanr (2.19) m (2.21), monygaem K* =-21—W

Dyarnmsa
*‘Vx *’\r: *ﬂ-l *llz

K* = 2 kvt P1

ViHVata-Re=2

6yner Bemecreennoi. IIpm momomu gopmyxa (2.7), (2.10), (2.18) gaa
€e Kod(pHI[MEHTOB IOIYyYaeM TAKWe BHParKeHHA:

kao00 = 7101 [(160F — 1207 — 88w@? + 9) sin v — 16kw] cos vl,

koson = —7P20; [(16@5 — 1205 — 88w: + 9) sin v — 16kw; cos v),
Egon0 = 27101 [(80} — 20t — 45w} + 18) sin v + 8k} cos v],
Kopoos = —2720; [(80) — 203 — 4503 + 18) sin v + 8kw} cos v],

k100 = —2P (9 sin v 4 2k cos v),

k010 = 21107 [8k sin v — (801 — 207 + 27) cos v], (2.22)
kigor = —2Pwyl2% sin v + (407 — 9) cos vl,

koo = 2B@,[2k sin v + (40; — 9) cos vl,

ko101 = 2y.03 [8k sin v — (8w — 23 + 27) cos vl,

kyonn = 8P @, (sin v — k cos v).

I

3necs BBeieno obosnatenme v; = [2(20] — 1)(4o} — 1)(4oj + 9)I™L
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Takmm o6pasom, npeoGpaszosanme Pysknam lammavrroma H, k
HOPMAJBHOA OpPMe ¢ TOYHOCTHIO [i0 HePBOM CTEIeHH OKCIIEHTPHCATET
gaiifero. OHo moaygaercs 3 Tpex npebpasoBaHmii: mo gopmynam
(4.2) rnaru 7, no gopmymam (2.5) m, Hakomen, mo gopmyiaam (2.19).
Koopdunuentr pynxuum K sagaorca popmymamu (2.22).

§ 3. Peszopancunie KpuBhie

[asa pmambHeHImero MCCIENOBAHUSA HANO NPMBECTH K HOPMAJBHON
¢dopme WICHH! TPETHETO W YeTBEPTOTO HMOPSAKOB B PasiioskeHny QyHK-
nua lamuasrona. Hopmanbuas ¢opma 6yfer pasamumoit B 3aBHCH-
MOCTH OT TOT0, OyAyT MapaMeTpPH 1, € Pe3OHAHCHHIME Hiu HeT. OKash-
BaeTcd, 9TO B OJOCKOCTH [, € BHYTpA 06AacTd yCTOWIMBOCTH JEHEa-
PH30BARHHOM 3a/la9¥ eCTh KPHBEE, Ha KOTOPHX BHIOJHAIOTCA Pe30-
HAHCHBIE COOTHOMEHHAA TPETHETO M YeTBEPTOT0 NOPAAKOB. JTH KPUBHE
npu ¢ = 0 mecxogar mu3 Togex p(® ocm Oy, BHOMCAHHKX BO BTOPOMH
cTpoke Taba. 2 mw 3. Ha pmc. 14 BRYyTpH o06NacTH YCTOHIMBOCTH

Taoamma 2
Pesonaneo 3ho== — 1 Aot 2Ae= 0 20t Ae=1 M— 2Ap==2 Sho=—2
plo) 0,014853 0,024234 | 0,035385 | 0,035385 | 0,038026
p® | —0,085955 | —0,286514 | 0,103135 | 0,300928 | 0,110288
Ta6amma 3
Pesonanc A= —1 Mt Bhe== 0 M— 3h=2 2 (Mt M) =1
plo 0,008757 0,013516 0,016597 0,021286
p® | —0,039023 —0,065356 —0,122576 —0,135998
Pe3oHaHC S3hat A= 2 3M— Ae=3 Mt 3he=—1 bhy=3
p® 0,031232 0,035385 0,035385 0,037894
p® 0,219357 —0,094658 0,169066 0,057200

AEEEeHHOH BalaYyM DOCTPOEHH Pes3oHAHCHLIE KDABLIE, KOTOPHE OLIIK IO~
JyYeHH IPH IMOMOINM YHCIeHHHX pacveTor Ha OBM npm mpomsBoib-
ubx e. HaiileM ypaBHeHHS De3OBAHCHHX KDMBHIX IDH MAJHX 3HA-
YeHHAX 9KcmeHTpHcHTera. J{am atoro A; m A, Hamo mONYUMTH ¢
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2 }"(1) }'(1)
TOYHOCTHIO IO €2, TAK KaK BEIMYHHH A;°, A;’ OKaszaimch paBHHIMHE HY-
. 2) o« “ -
mio. Bemmaman AP, A madimyTcA @3 ycaoBmit NePHONEYHOCTH (GYHK-
it 3 1 sy, Heiicrsurensno, us (2.13)—(2.15) momywaem Taxme

4 A,"'.ﬁzgﬂ
FAy=-1

g4+ ~IA=2 ’
Vi Z(Ahg)=1 AEA2 A Fhy=—
A/"‘ZIIZL'” le,"‘llz:f
qzr RFAz 7
T2 A~
. Liﬂz="2
0 a0 Q02 407 q04 2

Puc. 14. PesoHancHEIe KpPHBHE.

nuddepeRnEaANbENE YPABHEHAA IJIA HTHX QYHKIMA:
ast?

1010 _ . S Y) "o L) " L) s
—w = 21 c0s v (4@gg20S3000 1+ @101051010 1~ Z1001 0110 | Fo01151100)
& 2i cos? Vaggge + MY, -
dsiihy - ") ) "W ) 8-4)
v 2i c08 v (400250200 + @011 51001 + @o101S0101 1 Go01151100) +

-+ 2i cos? vagyy -+ iASY.

MoncTaBMe B LpaBEHe 9ACTH 9STHX YPABHOHAH QYHKIHE SSuy ., H
mono6pas A, A?) rak, 4ro6e NoOCTOAHHEE ClaraeMele B IPAaBHIX

gacTAX ObUIA PaBHEMM HYIIO (YCIOBHA HEPHOAMIHOCTH s&’o n séf&l),
TONYYHM HOCHe HeKOTOPHX IpeolpasoBaHHUil, HCHIONB3YIOIMEX (OPMY-

am (2.7),.(2.10) u ypasrenue (2.2), Takue BHPasKeHMS NJIA MY g AP

0,03 (o — 7) @ \ 50} (o —7)
4(4ol—1)(202—1) = 7 4(ho —1) (202 —1)

AP = —

(3.2)

Pesonancuas xpwsas kA, + kb, = N 1pm maanx e 6yZeT EMeTh
YypaBHeHHTE

po=pO® 4 ep® 4 ..,

e p®» — T0YKa, W3 KOTOPOH Ha ocm Ou HaYMHAETCA PE3OHAHCHAs
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kpuBad. Yuntusasa (2.15), ana seamunmn p(® mojyvaeM BHIpa)KeHHe
Ty M 4 kAP

d(l)g d(l)l
k2 dp’ - kl dp.

p(‘l) -

(3.3)

B sroM Bupakenum mpasBas 9actTh BHUmCAsiercsa upH p = ¥, Yme-
JIOBHIe BHAYEHMsS BeXWYMHH () A pe30HaHCHHIX KPHUBHIX TPEThero
H 9eTBepTOr0 HMOPALKOB IPHBEJEHK B TpeThelr cTpoxe Taba. 2 m 3.

§ 4. PesonaHchl TpeThero mopajka

Paccmorpum yCTOMYIMBOCTD JarpanHs;KeBHIX pELOICHHHA HpE 3HaYe-
HUAX [apaMeTPOB {1, €, UPHHAVIOKAMNX DPE3OHAHCHEIM KPUBHM
Tperbero mopsaaka. IIpu MaduX BHATEHUAX HKCIEHTPUCHTETA PE3OHAHC
Ay — 2Ay = 2 He MOMKET UPUBECTH K HEYCTOMIMBOCTH, €CJIM B HOP-
Majgn3oBanHoil ¢ynrumu I'aMuiabTONa yuecTh BCe WISHH TOJABKO [0
TPeTHero MOPAJKA OTHOCHTENBHO KOOPHHHAT MMHYJIBCOB. ITOT pe3o-
HAHC He OPUBONMT K HEYCTOWIMBOCTH W UPH y9eTe B MaMAJIBTOHHAHE
9IeneB YeTBEPTOro mopAfgka, Tak Kak mpu 0 <e << 1 pesonamcnas
xpuBasg A, — 2A, = 2 He HmepeceKaeTcA ¢ HPYIEMH PE30HAHCHEME
KDUBHIMH TPOTHEI0 M 4eTBEPTOTO IOPSIKOB.

Hccaenyem ocrapmmecs dYeThipe pe3OHAHCA TPeTherg MOpALKa,
Hcenenopanme npocro, xoTsa BeckMa rpomosaro. OCHOBHEE TPYIHOCTH
37leCh CBA3AHHI C IIPOBelleHEEeM HopManmsamuu Bupxroda. Mu He 6y-
JieM HPUBOAATH MOAPOOHO BCe RHUHCISHAA, TAK KAK OHU CTAHNAPTHHI
¥ 09eHb TPOMO3JKA. YRaKeM TOJLKO HA OCHOBHHIE MOMEHTHI, CBA3aH-
HHe ¢ TpUMeHeRHeM Ipeobpa3oBannsa Bupkroda, m mpusegeMm KoHed-
fIHA Pe3yIBTAT HOPMAIH3ALHUH.

Bo-mrepBrix, ACHO, Y10 KOYPOHUHEHTH HOPMaIbHON opmbi GYyHK-
yinn [amMmabrona Oymyr aHanuTmYecKuMu GyuKuumaAME e. Bo-BTOpPHX,
3ameuas, 470 N-f TapMOHEKA V BXOJUAT B NPOHU3BORAMYI0 QYHKLIAI
JIHHEHHOT0 HOPMAaJIM3Ymero npeobpasosanusa, a Tawke B Hy; u H,
¢ RO?(OHIEEHTOM, NPONOPHAOHAIBHLM DKCIEUTPHCUTETY B CTCIEHU,
HE Menbmed NN, uoxydaeM, uro npm pesomance kh, + kA, = N ot-
Juane KOIPPUIHEHTOB i, k,, Dy x, B HOpPMadbHOH . dopMe oT HYyRA
MoKeT 00HADPYHUTECA TOJIBbKO B N-M mpubiammeHud 1o e.

Takum o6paszoM, HeyCTONYMBOCTL HpH pesoHaHce 3k, = —2 He
MokeT OHTE OOHAPYIKeHa, TaK KaK MBIl YIUTHIBACM TOJBKO NEPRYIO
creneHb dKcHeHTpucurera. Pesonanc A, 4 2A, = 0 mposasaserca y:xe
B KpyroBoii 3agaue (¢ = 0). Ilpw Mannix e¢ mopmanusoBamnas QyHK-
uma lammasroEa Gymer mMers TakoH BHK:

H = Mpy + Ay, + V5102[f1,2 sin (8; + 26,) + g5 cos (8; + 26,)]
+ 0 ((py + p2)?)- (4.1)

3neck W B falbHedieM gepes O;, 6; 0603HAa7aOTCA HOBHE KAHOHHU-
YecKWe IepeMeHHKE, BBeleHHHe upeobpasorandmeMm Bupxroda. B
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$yuxnua (4.1) npruars obosHadenus

V 3kabyal
fi,a= — W;Vlzgm_f (3608 -+ 24505 — 5150} - 176005 4
-+ 288(!)1(02 —-— 54) + o (62),
V 3kaybial (4.2)
g1,2 = m (880,08 + 448w2w3 + T4w,ws -+ 450,05 —
— 5%4m, 4 243w,) + O (€%).

Janee, Tak kKak Ha pe3oHaHCHOA KpmBo# A; + 2A, = 0 (kak m@ Ha
BCeX Pe30HAHCHHX KPHWBHX) OPH MAJHX € OTAAYME [L OT BHAYEHHA,
COOTBETCTBYIOmMEro moposkpaomedl Touxe p(%), DpOABIAETCS TOJBKO
opa €2, 1o, 4ro6K MONYIATH 3HAYEHHS f;,, g1,, BAOJH DEBOHAHCHOH
KPHBOM ¢ TOYHOCTHIO [0 BeJWdHH HOPAAKA €%, HYKHO B (opMyraax
(4.2) momokmrp p = pu® = 0,024294. Iloaysmm

fie = 1,322 4 0 (e?), g1 = —0,298 4 O (e?).

CpemaeM KaHOHHUECKOe IpeoOpa3oBaHHe

pi =Ry, O =2Av + 91+ 8, 8, =Av + ¥, (4.3)
rae yrod
8 = — arcsin ——2112
Vi, +e,

Teneps ¢pyaxnua l'aMuapTOHA 3anHIIeTCA B BHIE

H=a, V}T]Rz sin (P; + 2¢,) + O ((Ry + R,)?), (4.4)

rae kosddumuent a;, = 1,355 + O (¢*) m mpm [OCTaTOUHO MAJBIX
e oramuen or myinsa. Ilooromy (oM. § 4 rumaBe D) pns sHadeHHEA W, e,
Je)RAEX HA PE3OHAHCHOM KpHBO#E A, + 2A, = 0, mpm xocTaTouHO
MaJBX e JarpaH)KeBHl pelleHHA HeyCTOHIABH.

B cayzae pesomamcos 3h, = —1 & 2A; + A, = 1 HOpManHW30BaH-
Haa Qyurnua ['aMEABTOHA IMeeT COOTBETCTBOHHO TaKOH BAA:

H = Mpy + App + ePzVEz—[fo,a sin (30, + v) + go,3c08 (365 + V)] +
+ 0 ((p1+ p2)?), (4.5)

H = Mpy + Agps + eP1VPz[f2 1 sin (20, 4 0, — v) +-
+ g,1 cos (26, 4 6, — v)] 4+ 0 ((p1 + p2)?)-

3uauenuEA KooQPHEIEEHTOB HA COOTBETCTBYIOIMX DE30HAHCHHIX KPH-
BHIX TaKOBH:

fo,3 = 2,521 + O (e), go,3 =0,780 4 O (e),
fag = —6,939 + O (e), ga1 = 2,372+ 0 (e)-



§ 51 PE3OHAHCHI YETBEPTOI'O IIOPAOKA 159

Jenas saMeRy mepeMeHHEIX, aHAJIOrHYHVIO (4.3), moavIuM QyEKOEH
Tavmnbrona (4.5) B Bmpme, amamormunoM (4.4). Ilpm srtom koaddm-
MHACHT O, 3, = ]/f?:1 %t + g, TPE MaXHX e He Oyaer paBeH Hyo.

CuepoBaresibHO, HA PE30HAHCHHX KPHBHX 3hy = —1 m 2, + A, = 1
OpH [0CTATOYHO MAJNHIX € JarPAaH/KeBH PeMeHAS HEeYCTOHIABH.

§ 5. 06 ycroiiuaBocTH mpE pe3oHAHCAX
YETBEPTOro MOPARKA

B arom maparpade mccaenyercsa yCTOAIHBOCTS JarpamKeBHIX pelre-
HHH OPH pesoHaHCaX YeTBeproro mopsanka. Pesoumament A; — 3h, = 2
u 3\, — Ay = 3 OPH MaJXHX 3HAYCHUAX € He MOTYT IPHBECTH K Heyc-
TOHYHBOCTH IPH ydeTe B HOPMalbHO# ¢opme Pynrnum T'amuabrrona
YjeHOB He BHINe YeTBePTOro HOPAAKA OTHOCHTEJIHHO KOOPAHHAT H
mMnyabcos [157].

Pacemorpum pesonanc A, + 3A, = 0, 00HAPYKUBAIOIMUIACA Yike
B KpyroBoii 3amave. Ha pesomancuoit kpusoit A; + 3A, = 0 mopma-
amsoBaHHaA ¢YHKOuA [aMmiabroHa mosyuaercA TAKOM:

H = hp; + Mapy + €0t + €010z + Coap3 —
— Ps VPlpz [f1,5 sin (6, + 86;) + gy,5 cos (0; + 36,)] + _
=+ O ((p1 + p2)"),
rlte Ko3Q(HIASHTHL ¢ TOYHOCTHIO 10 BEJIMIUH HOPALKA €2 HMeioT CIeAyio-
mde 9ACTOBEIC 3HAYCHHA:
cgo = 0,438, ¢y =—2,177, ¢y, = 0,247,
fi,a = 1,461, gy, = 4,235.

Jenas 3aMeHy mepeMeHHEIX
Pi =Ri7 0 =Av + 91+ 7, 0y = Ay + 1Py,

rme y = —arcsin g,3/(gls -+ f14)'s, momywaem ¢ymxumo Iammis-
TOHAa B BHJe

H = c,,R} + enRiRy + epR; + b, 3R, VR132 sin (Y; + 3¢,) +

. + 0 (By + Ry},
Has aroft Pyakmmn

3V'3| byq | = 23,283 + O (e?),
[e20 + 3eyy + eop | = 4,171 + O ().

IToaroMy IIpE ROCTATOMHO MAJBIX € YCIOBHE HEYCTONIMBOCTH (cm.
§ 5 raaBu ) BHUIONHAETCA W CHPABEIHBO CJIEAYIOLIee VTBEpIKACHEE:
UpA 3HAYCHMAX W, €, NPHHANIEKAIIMX Pe30HAHCHOH KpPHBOH A; -

+ 3A, = 0, KA KOCTATOIHO MANHIX ¢ JIarpaHIKEeBO pelIeHHe HEyCTOH-
YHBO.
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Teneps mpoBepEM BHUOJHHMOCTH YCAOBHH HEYCTOWYMBOCTH IS
OCTAJbHEIX PE3OHAHCHRIX KPHMBHX YeTBEPTOr0 HOPANKA. JHAYCHHAA Be-

AUIHHEL Cyoks -+ ¢y k1K, + Cooks € TOYHOCTBIO MO BemmumH lIOpiIJIKa
€* mpencrasiens B Tabu.

Tabnuna. 4

Pesosanc Ba=3 | 2(+M)=1 |3+ A= 2| Mad-Fham= — 1 | hhp= —1

Caoh® -} exufiyhs + cosk? | 465,621 l —71,366 | 82,782 202,874 | 7,517

damedas, ato upu ¢ = ( Ko3QPHNIEEHT OPH TPHTOHOMETPHEIECKOM
glleHe HOpPMAaJbHOM (GOPMH IJA DTHX pe3oHaHCOB ofpamaercs B
HYJIb, MOJAYYaeM, 4TO OPH KOCTATOYHO MAJHX 3HAUCHMAX € MMEeT Me-
CTO YCTOMYMBOCTH B pacCMATPHBAEMOM HEJHMHEHHOM NPHOIVIKeHHH
(Dpu ygYeTe UYNeHOB YeTBEPTOrOo HOPAAKA B PAa3jIOMKEHEHHN q)ymcmm
I'ammnsrona).

§ 6. Ucenenonanne ycroiiaupocTn
NPY HEPE30HAHCHLIX BHAYCHHAX NAPAMETPOR

Teneps paccMOTPEM YCTOHYHBOCTH JAA 3HAYCHHH IapaMeTpoB e
¥ u, JdeskamEx B ofaacTd ycrofiYMBOCTH B NEPBOM OPHOAMCHUH,
HO He NPHHAMJNEKAIHX PEe30HAHCHHM KPABHM TPETHEr0 W YETBEPTOTrO
mopsaakoB. Ilpw Takux smaueHmAx mapaMeTpoB ¢pyuxuma ['amaanTOHA
BO3MYIIEHHOTO ABWKEHHA NIPW moMmomu npeobpasopanus Bupxrroda
MoskeT OBITH IpHBeleHa K ¢opme

H = Mry + Ay + Czo"% + enre + coz”g + O ((ry + 1)), (6.1)

I7ie ¢ TOYHOCTHIO [0 UJIEeHOB HOPANKA € KOSPOUUUEHTH ¢;; BRIHCIA-
1oTca oo popmynam (4.6) cenbMoii ruaBsl, a Ay = 0y, Ay = —O,.

HccaenoBanme yCTOHIMBOCTH TOYEK JuGpanuu HpH HepPe3oHaHC-
HHX 3HAYEHHUSIX DAPAMETPOB € B i MH HaUHeM C JOKa3aTejbCcTBa CJe-
AYIOMero YTBeD;KAeHHUA. .

Teopema. B oGaacmu yemotinugocmi e nepeom npubiUICEHUU npu
B, npukadaescaupem obaacmu (2.3) yemotnusocmu e kpyzoeoi sadaxe,
U npu SHAYEHUAT L U e, He NPUHAJIAENAUUT DE3OHAHCHHM KDUSHM
mpembezo U uemeepmozo NOPAOK0E, MpeyzoabHble MOUKU Aubpayul &
RAOCKOT 24AUNMUYECKOl, 02PARUNEHKOU 3adaie mpex mea Ycmoluusw
041 60ABWUHCMEE HAYAABHBLE YCA08Ull, ecau skcyenmpucumem docma--
MOYHO Max.

Jlaa mokasaTeIBCTBA ZOCTATOYHO HPOBEPHTH BRIIOJHHMOCTH Hepa-.
BEHCTBA Chy — 4€50Coe 7= 0 (cM. §1 rmaBmr 5) mpme = 0. IlycTh, Kak u B
raase 8, u = @ w,°. Torma B obmactm (2.3) u > 4. McmoanszoBas'
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fIBHEE BHIPAKEHHUA KO3(PPUOHEHTOB c;; U6Pe3 ©y, Oy, HOIYIHM

g (1)
i1 — healor = FEIGup (@ — T (6.2)

rae yepes g (u) 0Go3HaYeH MHOTOWIEH TPETHEH CTENEHH
g (u) = 107172u® + 3298947u® — 8799272u — 384400.

3uauenus MHOTOWwIeHa g (1) M ero NMPOM3BOJBHEIX UPH U = 4 TAKOBHL
g = 24060672, gt =22736560, g1 = 9170022, gl = 643032.

Takx wak Bce DTH 3HAYeHNA IOJIOJKHTEJBHH, TO MHOrowieu g (u) mpa

u > 4 HONOMKHUTENleH W, CIEAOBATENBHO, iy — 4Cs0Ces 7= 0 IPH BCEX
Hepe30oHAHCHEIX p m3 obuactz (2.3). Tem cameim Teopema 06 ycroium-
BOCTH NI GOJAPIIMHCTBA HAYaJbHHX YCIOBHH JoKa3zaHa.

Tenmepb, UCIOIB3YA PE3YJIbTATH TEOPHH MHOIOMEPHHIX TaMHALTO-
HOBBIX CHCTeM, MBIOKEHHEE B IATON rjaBe, HPOBEIEM emle aHaiH3 ¢
TOUKH 3peHHA (PopManbHOM ycroiiumsoctu. Ecnum B cmcteme meT pe-
30HAHCOB [0 YeTBEPTOT0 HOPSAAKA BKIYHTENBHO, TO GyHrHmA ['a-
MHEJBTOHA, HOPMAaJU30BaHHAA N0 UJIeHOB YeTBePTOll CTelleHW OTHOCH-
TeNBHO ¢;, P; BRINIATEAbHO, OyaeT umMeTh BuL (6.1) u 3HaKOOIpEneeH-
HOCTb KBAJ[PATHIHOH GOPMEI Coors -+ 117175 —+ €ooTa B KBapanrte r; > 0,
ry, > 0 sABIsAETCA HOCTATOYHHIM yCIoBMEM (OPMAIbHOH YCTONIABOCTH
[138]. Crawana paccmoTpuMm caydait OTCYTCTBHUS De3OHAHCOB 0 UeT-
BepPTOTO HOPANKA BHINYHATEIHHO.

Wrag, nycts p = pf®, rme p(® — pesoHancHme sHaYeHHMA mapa-
MeTpa WU, HpUBejleHHKEe B Taba. 2 m 3, a SKCUEHTPHUCHUTET € — Makasdg
BeIMIAHA. SHAKOOUDENENeHHOCTh KBafAPAaTHUHOH (GOPMEL  Cyrs -
4 ey + coors mpu e = 0 Gynmer A0CTATOYHHM yCIOBHEM (opMab-
Holl ycroumsoct: npu 0 <e << 1.

Tax xaxk nmpm e = (0 gaA HepesoHaHCHEIX 3HAYeHHH U (B 7 g,
B 7 py) m3 obxactu (2.3) BermumHA f; — 4CooCop TOTOKHUTETBHA, TO
yCIIOBHEe 3HAKOOIPeleJeHHOCTH PACCMAaTPUBAEMOH KBagpaTuIHoit gop-
MH O3HaYaeT, OYEBHAHO, OAMHAKOBOCTH 3HAKOB KO3a(PPUIMEHTOB c;y
HopMaubHoi gopmsl (6.1).upm e = 0. Bce xoodduuments c;; AMEIOT:
OJIUHAKOBEIA 3HAK (HMMEHHO, I]OJIO;‘RHTBJII:HH) B cJefylomeM HHTepBaje
H3MeHeHHA p (cM. opmyan (4.6) cenpmoii rnaBH, a Takie pme. 6):

0,02429438 . . . = p, < p < p* = 0,0385208 ... - (6.3)

Taxwm o6pasom; mui mokasasm, 970 B 06IACTH YCTORIEBOCTY B HEPBOM
npufImKeHN HPE [, JdexameM B maTepBaze (6.3). m upm 3Ha-
YeHHAX W, €, HE NPHHANICIKAMUX Pe3OHAHCHHIM KDWRHM TDeThero H
9eTBEPTOrO IOPANKOB, TPEYTOALHEE TOYKN JHODAIME (HOpPMANLHO'
YCTOMYHMBEL, €CIH IKCIEHTPHCHTET HAOCTATOTHO MAJ:

.Ecam MBH paccCMOTDHM WIeHH BHIIE YeTBEPTOLO HOPAAKA B Pasio-
JKeHHME QyHKku¥M ['aMHIBTOHA B PAX OTHOCHTENBHO KOODAWHAT H

6 A. II. Maprees
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AMITYJI5COB BO3MYIIEHHOTO IBUKEHN, TO MOSKHO I0Ka3aTh POPMAIBHYIO
yCTONYHMBOCTH JJIsA IOUTH BCEX 3HAYEHMH IapamMeTpa jL W3 OCTABIIETOCH
maTepana 0 <p << pq. IlycTs p meskmr B 9TOM MEHTepBase M IpPH
e¢ = ( He BHIOJHEHH De30HAHCHLIE COOTHONIGHWA X0 IECTOro mops-
Ka BKIIOYHTEJBHO (COOTBETCTBYIONME De30HAHCHEE 3HAYeHHA Hapa-
merpa (" mpuBesierr B Tabia. 5 m 6).

Ta6auma 5

Peso- 9h— | 3
wane [Sha= — 1] Ak dha= 0 M i 2 Bt | T of S lep olone— — | It

p(® 10,0057 0,0083 | 0,0093 |0,0124[0,01900,0190{0,0203 | 0,0040 [0,0055

Taonumma 6

Peso-
BaHC

— |20 2 — | 30t | 2000 A e | M | 30—
Bl Bk S o i I G0 I VAt PP Gt I il Bl I\ g

P«(O)

0,0059] 0,0078 10,0100 0,0115[0,0173 } 0,0190 [0,0190 | 0,0218 | 0,0229

Torna HODMAaJIN30BAaHHAA [0 YIEeHOB IMeCTOro ImOopAJKa BKJINYH-
TeJIbHO ®YHKHEH Tamuanrona nMeer BUHA

H = Mry + xz"z + 020"% + eprire + 0027‘2 + 0307';3 + 0217'?"2 +
+ e + 0037‘3 + O ((ry + rp)'f).  (6.4)

Ecim upu r; > 0, r, > 0 m ¢ = 0 cucrema ypaBHeumid

2 2
Caory + C1ails + Coora = 0,

(6.5)

3 2 2 3
€307 + Carl'iTs + Cral'y7z + Cogrz = 0

HE MMeeT pelleHHmil, KpoMe TpUBMANbHOTO Ty, = ry = 0, To RaA Kocra-
TOYHO MAJHX €, COBEPUICHHO AHAJIOTHIHO TOMY, KAK 9T0 CHENAHO B
§ 3 npeanaymeR raaBe, MOKHO OKa3aTh POPMAIBHYI0 YCTOHIHBOCTH
TOYeK AnOpamuu A BCeX PAacCMATPHBAGMHX ceduac mapaMerpos, 3a
HCKIOYeHHeM, GRTH MoskeT, To9eK (¢, [), COOTBETCTBYIOH(MX HBY-
KpaTHOMY PO80HAHCY kl)\']. + kg}\:z = N,, kﬂ»l + kg}:g = N’ (l kl I +
| > 7 1|+ k| > 7).

B paccmarpmBaeMoM cefizac murepBaie (6.3) maMenenms mapamer-

pa § HeHYJIeBHE PeIleHHs IEePBOr0 YPaBHEHHAA CHCTeMH (6.3) MOMXKHO
samMcaTh B TAKOM BHJE:

ry = ay(p)ry, = ay(u)rs. | (6.6)
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Pacuern moxrasniBaior, 910 a,(p) > 0 Bo Bcem mnrepBane (6.3), a
Gy — TOJBKO B 9aCTH 3T0oro HATepBatampa 0 < p << pygy = 0,01574 ...
Taxmm o6pasom, B maTepsate 0 <<p << U,, MepBoe YPaBHeHHe CHCTE-
mMu (6.5) mMeer ABe cepEHM HETPUBHAJIBHKX pemeHHmHE r; = oy (u)ry
(5 =1, 2), a B marepame p** <<p << py — OJHY CepHI0 pemeHHi
1= 0y(p) .

Uto6H BHACHATH BONPOE O COBMECTHOCTH cucteMil (6.5), moncra-
BUM pellleHEA NEPBOr0 YPaBHEHHA I, = oF, BO BTOPOEe yDaBHEHHE.
Torna moxydaum Bropoe ypasuenue B Buge Gy ()3 = 0. Ecam Gy(p)7=0
(k. = 1, 2), To cucrema ypaBHeHu# (6.5) HMeeT TONBKO TPABHAJBHOE
pemenne. PacueTn moxasamm, d9ro ¢ymkmus G; =0 mpm p =p' =
= 0,00861... = p = p” = 0,01656..., a G, obpamaerca B HYID
TOJBKO HPH ofHoM sHavenmum p = p”’ = 0,00509...

TaxuM 06pasoM, PesyabTaTH AaHAIUTHIECKOTO WCCAeAOBAHIA $op-
MAQJBHOH YCTOWUHBOCTE OpPH HEPe3OHAHCHHX 3HAYCHUAX NapPaMETPOB
e Iy MOJKHO CPOPMYIHPOBATH B BHIE TAKOTO YTReDIKICHHA.

Teopema. Ecau skcyenmpucumem docmamouro mar, mo é obaacmu
ycmotinugocmuy, 8 nepeom nPUbAUICEHUL NPU SHALEHUAL |, He DAGHHL
DE3OHAHCHBLM BHAUEHUAM y,(“),”’npueeaennbm ¢ mabauyax 2, 3, 5, 6,
u npu p, He pasunx p', W', W7, a makxe, Guimo mosxcem, SHAUCHULM
p u3 unmepeaaa (0, p,), coomeememsyowum I6yKpamuomy pesoHarcy
anue wecmozo nopadka, mouku aubpayuu @opmasvro ycmouiugyl.

§ 7. YnciieHHOEe MCC/IeXOBAHHE NPH DPOM3BOJILHEIX € M 1

Eciam 3HaveHHA JKCUEHTPHCHTETA He MAaJsl, TO HCCIEHOBAHHE YC-
TOHYMBOCTH HEeOOXOMMMO HPOBOAUTH IIPH HOMOINM BEIIHCICHMI ¢ HC-
monbsopanmeM IBM. llpum sroM pgasa ¢uKcEpoBaEEHX ¢ m P Hamo
cHavaiga npu moMomu JBM Halitm nummeiinoe HOpPMaJH3yIOmee mnpe-
ofpasoBanue, a 3areM HOPOH3BECTH HOPMAaJIA33aHWI0 HeJMHEHHOH ra-
MEIBTOROBOH cucTeMbl. COOTBETCTBYIOImEE RJTOPATMH HOPMAJIA3AMAR
M3JI0KeHH BO BTOPO# ¥ 4eTBepTO# riaaBax. TaM ke HONy9IeHH HYKHEE
HaM 3/leChb KDPHTEDHH YCTOHIHBOCTH H HEYCTOHYABOCTH.

XapaxrepHCcTUIeCKOe VDaBHEHHE JIHHEHHOH CHCTeMH SBJIAETCH
BO3BPATHHIM. JamulieM ero B BHAE

pt — @’ + ap* —ap +1 = 0. (74)

Hoa¢dunment a, paseH ciefy QyHAaMEHTAABbHON MATPHIH JHMHEHHOR
CHCTEMH, BHYHCIEHHOH Ipu v = 2%, @; — CyMMa BCeX ee TIJIaBHHX
MHEHODOB BTOPOT0 HOPSKKA.

B nuaockoctu roapduunmeHTOB @, @, 06IACTH YCTOHUYMBOCTH JH-
HelfHOH CHCTeMH 3ajaeTcA cHCTeMOH nepaBeHcTB [48]

— 2<ay <6, (7.2)
4o —2) < o} < -(as + 2

&*
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H TpecTaBiseT co6od BHYTPEHHOCTh KPHBOJMHEHHOr0 TpPeyrojibHH-

xa, m3ofpajkeHHOTo Ha pmc. 195. '
 Jlna sHaYeHHR a;, dp, JEKAMUX B 00aCTH YCTOHIMBOCTH, XapaK-

TepEcTEIeCKoe ypaBHenme (7.1) mMmeeT HpOCTHE KOPDHH ¢ MOAYIAMH,

2
é‘ .

Pgc. 15. O6aacTm ycTOMYMBOCTH M Pe30HAHCHHE KpUBHE B INIOCKOCTH Ko3(du-
IMEHTOB XapaKTepPUCTHIeCKOTO yDABHEHHSA:

pasEbIME efuAuNe. Bue Tpeyronsmmka, rme ypasmemue (7.1) mmeer

: 1 1
C—D M=Nt—g,la=Nt—g; ——— Mek2p=N, 2yt Ay =N,

Ky

ll

=z
+
u»\l —~
[e5]

!

-
kg
H.
&

li

=
+
ml -

. o 1
A—B ly=N+—;
——— ME3he=N, Mtl=N (N=0z1,+2..)

X0TA OH OJWH KOPEeHb C MOAYAeM, OOJNBIIAM eUHHLE, HCCICLYeMoe
nBmWKeEde HeycroiiumBo. Ha rpaEmnme KpHBOJIEHEHHOTO TPEYroJdbHEEKA
ypasuerne (7.1), .He AMeA KopHell ¢ MoAyaAMHA, GOJLIIAMHA eIHHHIH,
HMeeT KPaTHHIE KODHH ¢ MONYJSAMM, PABHHIME €AUHHNE. ,

Ilycrs koapumumeRTH @, U @, JeKAaT BHYTPH . KPHBOJIHHEAHOrO
TPeyroabHEAKA. 3annmeM KOpHU ypasaenua (7.1) (MyabTHITHKATODH
JHHEHAHOH CHCTEMKE) B BHIE

pr = exp (i2mAk), pyi0 = exp (—i2nAk). (7.3)

Beamumau Ay — BemecrBenHH® uncaa (o4 il; — XapaKTepPHCTHYe-

>
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cKHe IOKaszaTeqd nmueiimoit cucreMsl). Hoaddunmentnr xapaxrepm-
CTHICCKOT0 ypaBHenus (7.1) CBA3aHH ¢ BeIHIMHAMH Ay TOCDPEICTBOM
CICAYIOIUX COOTHOMIECHUM:

a, = 2(cos 2nd; + cos 2md,), @y = 2 + 4 cos 2rth cos 2mth,.  (7.4)

I'panuna KpuBOAMHEHAHOrO TPEYTOABHAKA COOTBETCTBYeT mapa-
MeTpUIeCKOMY pesoHaHcy kA, + kyhy =N (ky, ky, N — neasie gmc-
aa; (k) 41k | =1 nmm 2). 3ta pesoHaHCH O00HADPYKHBAIOTCH
y/xe IpHE amanumse jguHeiino# safaum. Iloxysum eme BHyTpm KpumBO-
JAHeHHOro TPEeYroAbHMKA KDHWBHIE, COOTBETCTBYIOIIME Pe30HAHCAM
TPeThEero U YeTBEPTOro IOPAAKOB, 00HAPYKUBAIIUMCA TPH HEIH-
HeHHOM aHaJm3e.

Ws coorHomenmit (7.4) mosydaeM, 49T0 pe3oHAHCHLIE COOTHOIIE-
gaasg 3y = N, 4, = N m 2(A; &= Ay) = N 0CYMEeCTBIAITCA COOT-
BETCTBEHHO HA IPAMBIX dy = 1 — a3, a; = 214 a, = 0. Pesorancune
coorHOmeHuA A; &= 2h; = N mw A, 2+ 3h; =N (i, j =1, 2; i)
OCYIIECTBIAOTCA IPA 3HAYCHHAAX d; U @y, YAOBIETBOPAMIIAX COOT-
BeTCTREHLO PAaBEHCTBaM €0S 2mA; — cos 4nh; = 0 u cos 2mA; —
—cos 6mh;= 0. Bce atw KpuBhie m3obpaskeHms Ha puc. 15 BHyTpEm
KPUBOJIHHEHHOTO TPEYIrOJbHHKA.

Ilonyaum ABHHI® BHpPa;KEHHA BEJIMYHH ), depes Kod(PmmEEHTHI
XapaKTepPHCTHIECKOTO YPaBHEBHA @y M d,. 13 paBencrs (7.4) caenyer,
410 z = €08 27A; W Z = c0s 2mA, YAOBIETBOPSIOT CJAEAYIOMEMY ypaB-
HEHHIO:

42° — 2a;z + (ay — 2) = 0. (7.9)

U3 sroro ypasrenusa m coorHomenni (7.4) Beamuunsr A, u A, ompepe-
nA10TCA BeoRHO3HATHO. [ MX ogHOBHAYHOrO ONpeleNeRHA BOCHOIL-
3yeMCsl HeNPEepHBHOCTBIO A, W A, mo mapamerpy e. Paccmorpum mpe-
HeNbHBIH caydaidl Kpyrosoi 3ajgaum. Ilpm e = 0 koprm ypaBHemms
(7.5) 6ynyr TaruMHE:

2 €08 2710, -} c0s 271wy 4 | cos 2w, — cos 27w, |
1,2 — 9 .

Herpynno mpoepurs, 910 cos 20, > cos 2n@,. IloaTomy

A = —21? Arccoszy, Ay, = -217 Arccos z,.

Haxee, yaarssas, aro 1 > 0; > V'2/2 > 0, > 0, moayzaem
i
A =1 — 55 rcC0Sz; NpH JIOOHX @) H 0,

1 i 1
\ —y-arccos z; mpm 0 < <v7 ,
2

I

] 1 .
—1 —{——ﬁarccoszg npm —;—<m2<lfzz.



166 VCTORIHBOCTS B IJIOCKOM SIIIANTHYIECKOR 3ANAUE (ri. 9

Takem o6pasoM, HEONHOBHAYHOCTL B OHPeNeNEHHH BeXHYAH Ay H Aq
yerpaHesa ¥ UpH mo0HX e BEYTPH ofiacredl ycroiiausocTs JumeiHod
safja4m, u300pameHHLx Ha pHC. 12 OHM BHTHCIAIOTCA IO CIeLyIOIEM
dopmynam:

1 ay+V o}~ 4a + 8
Ay =1 — —arccos A npy TO0HX 3HAYCHAAX [4,
1 a—V o —4ay + 8 3—2y32
N — =5~ arccos o pa p < po = GV ,
2=
1 ay—V a® —4ay -+ 8
—1 - —— arccos ! 14 2t opa L > .

(1.6)

Ilpusenem cragana pesyAbTATH TUCICHHOTO MCCIEZOBAHHUA YCTOM-

YHBOCTH [JiA 3HAYEHWI mapaMeTpoB e, W, IPH KOTOPHX BHIIOJHEHH
Pe3OHAHCHEIE COOTHOIMEHHAS TPETHETO H ITBEPTOro HOPAITKOB.
- IIpesme Bcero OTMETHM, 9T0 Pe30HAHCHHE KpABHeE kA, + koha = N,
NS KOTOPHX meJisie YAacaa ky u k, AMEIOT pasHHe 3HAKH, B IOXKPOOHOM
HCCIeOBAHAA He HYKIAIOTCA, TAK KaK AIA NOfoOHKX De30HAHCOB
mMeeT MecTo (opmaiabHAs ycroHumBocTh [157], ecam orcyrcrByIOT
JIpYyTHe Pe3oHAHCHbIE COOTHOWEHHA JioGoro mopaaka. B mpormmoOM
cIyuae MOKHO CHeJaTh YTBepPKIeHHe 06 ycToHumBOCTM IIDH yUeTe B
pasiiomendE (QYHKIUM |'aMEIbTOHA WIEHOB JHINP KO dYeTBePTOro
TMOPANKA BKANYATEJIHHO OTHOCHTENBHO KOODAWHAT M MMIYJIBCOB BO3-
MYMICHHOTO [(BIKEHUA.

B o6nracTdH ycToMIMBOCTE AWHEAPHSOBAHHOM 3a7a94d B IJIOCKOCTH
mapaMeTpoB ¢ M \ CYIECTBYIOT IATH Pe30HAHCHHX KPHBHX TPEThHEro
IOpAKA M HA 9eTHPeX K8 HUX BeJWYMHH k; u k, AMET O[UHHAKOBHE
sEaxd. PesonaHCHHE KpHBHe M306panenn Ha puc. 14. B pesyiprare
YHCIeHHOT0 aHAJAH3a BHACHEHO, YTO JJIA BCeX YeTHPeX Pe3OHAHCHEIX
KpHBHX 3A, = —1, Ay + 24y = 0, 2A; + A, = 1, 3Ay = —2 mmeer
MeCTO HeyCTOMIMBOCTH Ho JlAmyHosy.

Ilpm pesoHamcax dYeTBePTOro IOPAAKA KADPTHHA YCTOWIABOCTH
GoJlee ciosxHasA. B o6jacTH ycTOHYHMBOCTH JIMHEHHOR 3afadd CymecT-
BYIOT BOCeMb KPHBHX, Ha KOTODHX BEIIOJHEHH Pe30HAHCHEIE COOTHO-
IIeHHSA 9eTBEPTOr0 HOpAAKa. ITH KpuBHe H3obpaxkenn Ha puc. 14. Ha
IMecTW M3 HEX B PE3OHAHCHHIX cooTHOmMeHHWAX kA, + kA, = N Be-
amunEH k, ® k, mvenor opmHaxoBme 3HakHW. IIpoBememHBle pacuerh
HOKa3aiH, 9TO HAa KPHBHX Pe30HAHCOB TETBEPTOrO HOPARKA CYIIECT-
BYIOT KaK YYaCTKH YCTOMYHBOCTH B WeTBEPTOM NPHGIMKeHNH (IPH
y4eTe B PasJNoKeHNHE FAMHEJLTOHHAHA WIEHOB /[0 YeTBEPTOro MOPAMKA),
Tak H YYACTKHM HeyeTodumBoCcTE Io JlanmymoBy. PeayiapraTh 9HCIeH-
HHX PacyeroB IPeNCTaBIEHH B Tabm. 7.

Ha pmc. 16 u 17 m3o6pakensl Bce Pe30HAHCHLIe KPHBHE TPOTHETO
# gerBeproro mopsaaxos. Ha Bcex kpmBmx, KpoMe Ay + 24y =0 m
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Tabamma -7

I/IHTepﬁanm YCTORUMBOCTH B 4-M
Pesonanc HnTeprajisl HEYCTORIABOCTH . IpHOIMHeHHE

Ay =—1 0,022< e< 0,611 | 0L ¢<0,022; 0,611 <e<0,8

Mt Bhe=0 0<C e< 0,141 4 0,44l<e<0,8
2 (Mt hy) =1 0,026 < e < 0,45 0< e < 0,026
3y Ay =2 0< e< 0,065

Mk 3hg=—1| 0,19 < e<0,207 0 <e<< 0,196 0,207 < e < 0,24
Ay =3 0< e< 0,19

A +3ky = 0, mpu e = 0 mmeer Mecto ycrofiumpocts mo JlAnynoBy
(cm. rnaBy 7). Ha pesonancubx KpuBux Ay — 3k, =2, 3%, — A, = 3,
Ay — 2hy = 2, n3o0paKeHHHX HA PHCYHKAX INTPAX-NYHKTAPHHIME

7 01 a0z P

Puc. 16, WHTepBaNH ycTORIABOCTH H HEYCTOHYABOCTH HA POSOHAHCHWX KPHBHX.

JAUHHAMY, HMeeP MecTo GOpMaJbHAA YCTOHYHBOCTH (OHPH OTCYTCTBHH
APYTHX Pe30HAHCHHX COOTHOmMeHHM# umwboro mopsaaxa). Ha peso-
HAHCHRX KPHEBHX 3Ay = —1, A, + 2Ry =0, 20, + A, =1, 3y = —
TPeTHETO HOPAAKA IPH ¢ 7= (0 HMeeT MeCTO HEYCTOHYHBOCTL WO
Jlanyrosy. Ha pmc. 16 m 17 atm KpEBHe B306paskeHH IYHKTHp-
npmu auEnAmME. Ha pesomamcEmx kpuBmix 4A, = —1, A, + 34, =0,
2 +Ag) =1, 3A + Ry =2, A + 30y = —1 m 4h; = 3 weTsep-
TOr0 HOPAMKA YYaCTKH HEYCTOMYHBOCTH H306paKeHH NYHKTHAPHBIMHA
AHHEMAME, a8 YIACTKM YCTOMYHMBOCTH B WeTBEPTOM NPHOIHKeHEM —
COJIOIIHLIME JHHRAMH.
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Buito mpoBefiero Takike WHCIEHHOE HCCIeIOBAHHE YCTOHIMBOCTH
IpH 3HAYCHHAX NapaMeTPoB, He JeKAMUX HA KPHUBHX, IJle BHNIOIHEHE

£

720

qnt

g

4073 qu37 s

Puc. 17. ETepBasit ycTOHYMBOGTE M HEYCTOMYNBOCTA HA PE30HAHCHHX KPUBHX.

Pe30HAHCHBE COOTHOMECHHA TPOTHEr0 M YeTBEPTOro HOPAAKOB. Hpn
9TOM HM3-3a BHYHCJIHATEIBHEX przmoc'reﬁ, OpOABJHAIOIAXCA OPH

e

-

N

1
57
. Pre. 18, OGmacta gopMankHOi ycTOHUMBOCTH.
Goip1Iax 3HAYEHUAX € WIH OPH MaJBIX SHATEHHAX |1, a TAKKe BOIM3H

rpaEm ofmacredi YCTORYHBOCTY B JIMHeHHOM NpHOIMKEHNH, MH OI-
PaHHYMINCH 3HAYeHHAMA mapamerpos e <_ 0,6 m 0,001 << p << 0,042,
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Bram mposepenn yeaoBma D = cjy — 4cy0Co3 7= 0 ycTORUmBOCTH
15 GOIBIIHHCTBA HAYAIBHLIX YCIOBHH, a TaKKe ycloBHe fopMaIbHOK
YCTOHYIRBOCTH (3HAKOOUNPEREIEHHOCTh (HOPME Cadls + CuTils + Coola
B KBagpante r; > 0, ry > 0). PesynbpraTel pacieroB IpeCTaBIeHH
gapuc. 18 u 19. YcroitampocTs AaA GoJAbIIHHCTBA HATAABHEIX YCI0-
BHH HMeeT MeCTO IMOYTH BCIOAY B 00JacTm yCTOMYHMBOCTHM JAHHEAPH30-
BaHHOH 3amaul, JCKAHOYeHHA COCTABAAIOT PEe30HAHCHHC KPHBLIS,

&

420t

41t

7075 7 4059 7z

Prc. 19. O6aacte dopMaJbHOR YCTOHIUBOCTH.

KOTOPHe MH Y/Ke paccMoTpenu, ¥, Gurb Moser KpuBbie D = 0, m306-
paxenare mHa puc. 18 m 19 myErTupHEME JHEUAMA. CIIOMIHEME
JHHAAMA Ha 9THX PHCYHKAaX H300pa’KeHH KPHUBEE, Ha KOTOPHIX WIH
BHIIOJHEHH DE30HAHCHHE COOTHOIIGHHSI TPETHhero IopAfKa (3TH KpH-
BHe HaJIIHCAHH), WJIM T¢ KPHBHE, IPHU mepexofie Iepe3 KOTODHeE BCe
BeJMIUHEL C;; CTAHOBATCA OFHOTO 3HAKA (AMEHHO, MOJOKUTEILHLIMH).
O6nactu dopmaibHoit yeroiiumsocT® Ha puc. 18 m 19 samrpuxosans.
IIpz srom B o6iacTsAx, OTMEYeHHHX TIOPH30HTAJBHON ITPAXOBKOM,
BHIoaHeHo yciaosume D << 0, a B o6igacTAX, OTMEYEHHHKX HAaKJOHHOM
mTpuxoBKoi D > 0, HO BCe BeJMYMHH C;; MOJTOMUTENBHEL

PesyapraTs, moayYeHHBe IPH IOMOIMM YHACJICHHHX DPAacderoB,
COBHANAIOT C PEe3yJbTaTAMH, MOJYIOHHKRMHY BHIIEe AHAIATHICCKEMA
mMeropamu mpu 0 L e<<& 1.

§ 8. OGcysxpenne MOTYy4eHHRIX Pe3Y/IbTATOB

3mecs Kparro copmyaupyeM W OOCYAMM DPe3yIbTaTHl aHAIUTHYIE-
CKOTO ¥ YHCJEHHOTO HCCAeJOBAHUHA YCTOHIMBOCTH TPEYTOJIHHHX TO-
qex nMUOpAnud, OPOBeJeHHHX B HACTOAMEH TriaBe.

O6macTs YCTOMYUBOCTH B NEPBOM UpHOGIWKeHHH m300pakeHa Ha
puc. 12. Mu nposenn moapo0HOe HMCCIIeOBAHEHE YCTOH4HBOCTE IIA

BHAYEHUI IIAPAMETPOB € | |, JeKAMUX BHYTPH 06IacTh yCTOHIABOCTH
B nepBoM npEOIHKEHHN.
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Ha pmec. 14 nocTpoeHH KpHBHE, COOTBETCTBYIONHE pPe30HAHCAM
Eidy + kyhy = N Tpersero m 4erBepToro mopaARkoB (| ky| + |ky| =
= 3 mam 4). Ha Tex pesoHaHCHHIX KDHMBHIX, A/ KOTODHX IedHe
wacia k, u k, uMeior pasHHe 3HAKH, TOYKA JTHOpanMA ycToiumBy upH
yieTe B pasjokenEH QYHKOHE [aMBIBTOHA WIEHOB [0 9eTBePTOro
HOpANKA BKJIYATEIbHO OTHOCHTEILHO KOOPIMHAT H MMOYJBCOB BO3-
MYIEeHHOTO [BWKEHWA; €CJH K€ Ha TAKHX KPHBHIX He BRIIOJHAIOTCA
ApyTrHe De3OHAHCHHE COOTHOMEHHA (ojee BHICOKOTO HOPAAKA (BHIIE
9eTBEPTOro), TO MMeeT MecTo JopMadbHAsA ycrodumsocth. Ha KpmBHIX
PEBOHAHCOB TPETHEr0 NOPAAKA C O[HHAKOBEIMA 3HaKaMu auced k; u k,
TOYKH Anbpanum oKasaiucs HeycToH9mBuMH 10 Jlaoymoy. Ha ama-
JOTUYHHX KPHBHX, COOTBETCTBYIOIIHX PE30HAHCAM YETBEPTOTO IIO-
pARKa, TOYKH JuOpanmm smbo HeycToiuymBH mo JlaaysoBy, JauGo
VCTOHYMBH TPH ydYeTe B DPA3JNOKEeHMH IaMHJILTOHHAHA WIGHOB [0
9eTBEPTOT0 MOPANKA BRINYATEAbHO. VHTEpBAaNH ycToRIMBOCTH U HE-
VCTOMYMBOCTH NIPM DPe3OHAHCAX HeTBEPTOr0 HOPAAKA IIPHBENEHH B
rabx. 7. YcTOHYABOCTE B CIydae KPATHHX PE3OHAHCOB (COOTBETCTBYIO-
. MUX OepecedeHHI0 KPUBEIX Pe30HAHCOB TPETHEI'0 H YeTBEPTOT0 HMOPAN-
KOB) He HCCIEeNOBANACS.

[na snavennii mapaMeTrpoB ¢ H W, OPH KOTOPHIX HE BRLIIOJHEHHI
Pe30HAHCHHE COOTHOIIEHUA TPETHEr0 M IeTBEPTOTO HOPANKOB, IOKA-
3aHa YCTOHIMBOCTH [ GoabpmiEECTBA (B cMuicie Mepw JleGera) ma-
yaJdbHHX ycaoBrE. Ilpm aToM, KpoMe Pe3sOHAHCHBIX KDHBEIX TPETHETO
H 49eTBePTOT0 HOPAJAKOB, HOPHMIIOCH UCKIIOYUTL H3 PACCMOTPEHHA
KDHEBHE, Ha KOTODHIX MEKAY KodPduumeHTaMH HOPMAJIBHOH (opmul

BHIIOJHEHO COOTHOWIEHHE Cyy; — 4¢pCoy = 0. OTH KpHMBHe mu306paske-
Hil Ha puc. 18 1 19 nyaxrapanmu nuanava. asa smavennit mapamer-
POB e ¥ [, IPA KOTOPHIX HET DE30HAHCOR TPETHETO U YETBEPTOrO
IOPAXKOB, OLLIO IPOBeNEHO HcciaefoBanue (POpMaTBHOH yCTOWYHBO-
cra. Ha puc. 18 u 19 o6aacta dopManbnofl yeTOWINBOCTH OTMEUEHE
IMTPAXOBKOIL.

A xaxoB orBer (KpoMe YCTOHYHBOCTH mo Mepe) Ha Bompoc o6 yc-
TOHYMBOCTH [JIA BHAYEHHMH IapaMeTpPOB € W W, KOTODHE JIeKaT B He-
3aMTPHXOBAHHOR 9acTH IJIOCKOCTH ¢, p Ha puc. 18 m 19 u mpm koro-
PHX HeT Pe30HAHCOB Tperbero W derBeproro mopsaakos? Ilpm mocra-
TOYHO MaJhX € ¥ 3HAYeHHAX |, He HPHHAMIEIRKAIHUX PE30HAHCHEIM
KPHUBHIM LATOr0 H MIECTOro HOPAAKOR (B Tabi. 5 m 6 mpuBemens coot-
BeTCTBYIOIIMEe Hopokfaomue ToIkH p'® mpm e = (), a Tax:me npu
p = p' = 000861, p==p” = 0,01656..., p 5= pn” = 0,00509... =,
6eTBH MoOser, sBHaYeHmAM p u3 muTepBada (0, 0,0242938...), coorser-
CTBYIOIIMM [BYKPATHHM Pe30HAHCAM BEIIE INECTOr0 HOPAHKA, B HAa-
cToAmel riaaBe MBI MOKA3ald QOPMANBHYK YCTOMUYMBOCTE TOYEK JIMO-
panEn. A KaKoBa CHTYaIuA HPYU 3HAYCHHUAX €, HE ABJIAIOMIUXCS MAJbI-
MU ¥ JeKaifAX B He3aIITPHXOBAHAWX obgactax pume. 18 m 19?7

Moskuo 61510 OBl B OPHHI{ENIE NPOBECTH HOPMalHM3anuid (YHKIAH
TaMmapToHa [0 WIECHOB IMIECTOTO MOPAAKA BKIAOUATEILHO U IOKA3arh,
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910 B He3aMTPHXOBAHHHX oGaacrax puc. 18 m 19 (BHe kpuBEHIX, COOT-
BETCTBYIOINHX pE30HAHCAM [0 MIECTOr0 HOPAJKA BKJIYATENLHO, H
BHE HEKOTODOTO YHCJIa KPMBHX, HA KOTOPHX CHCTeMa ypaBHeHmid (6.5)
mMeeT HeTpEBHAJbHoe pemenme mpu ry > 0, r; > 0, m BHe, OniTh
MOKeT, TeX Touek (e, p), B KOTODHX BHIIOJHEHH YCJIOBHA CYMIECT-
BOBaHHA JBYKPATHHX pPe30HAHCOB BHIIe IIECTOI0 HODPSNKA) HMeer
mecto gopMmanrHas yerofumpocts. Ho HOpMannmaanua raMMIbTOHAAHA
[0 WIEHOB INECTOTO INOPARKA B Hamiel 3ajjade CBA3aHA ¢ IPE3BHIAHHO
rPOMO3IKUME BHYHCIeHAAMHA. IlosToMy, mCXona W3 TOro, 94T0 B «00-
meM Ciaydaey Pe3yabTar HCCAeHOBAHHA OyXeT HMEHHO TAKHAM, KaK
TOJABKO Y70 GHIIO CKA33HO BEING, MK W HE OPOBOJHIM UHCIEHHOTO
HCCHeOBAHHSA NPH yUeTe WICHOB [0 IECTOTO HOPANKA B PasioiKe-
-gua pyaxuEr Tammaprona.

B aarxiovuenme BHICKajKeM emle HEKOTODHe coobpaskeHHa o6 yc-
TOAYUBOCTH TOYeK AMGpanuy JJIA 3HAUCHUH IapaMeTpoB € | |4, JeKa-
DMX B HERAIITPUXOBAHEKEIX 00xacTax puc. 18 u 19 m npumagaesrammx
RPHBHIM De30HAHCOB HATOr0 M IIECTOTO HODAAKOB. Ilpepmomo:xmm,
9T0 PE30HAHCH ONHOKPATHHE, T. €, BEIOJHAETCA TOJHKO ONHO peso-
HaHCHOe cooTHomeHHme KAy + kb = N mpm | k) | + | ky| = 5 wam
6 m HeT pe30HAHCHEIX COOTHOMEHHHA (ojiee BHICOKOro MopANKa. B «06-
meM cIydae» Takoe NPeNIONoKeHNe CIPaBelTuRo. MHOKECTBO TOYeK
KDATHHX PEe30HAHCOB HMeeT HYJIEBYI0 Mepy.

IIpm pesomaHce mAaroro mopsapka Qywrnusa laMmasroma B HOp-
MaabpHO# fopMe mMeeT BHN

H = My + Moty + €077 + curira + cors -+
L L]
+ W’12 r,® sin (k191 + Fa@s — Nv) + O ((ry + 19)%).
A 1pu pezoHaHCe IIeCTOro MOPAAKa HOpMamsHasx gopMa GyHeT Taroi:
H = Mry + My + eo0rt + cyriry + Coolz + C3or5 + CarTirs +
1 )
+ carirs + Coars + 8 1y’ sin (ky@; + kap, — Nv) +-
+ O ((ry + r)h).
Ecam B pesomancHoM cootHomermE kA, + k), = N melsie wmciaa
k, m k, mMeror pasHme sHaku, 10, coraacro Moszepy [157], umeer mecTo

dopmanpHan ycroiiansocts. Ecan ke k, m k, nMelor onfuHEaKOBHIe 3HA-
KH, TO BO3MOKHA HEYCTONIMBOCTH, HO [JJIA 3TOr0 HeoOXOAEMO, 9T0OK

BOJMYEHA Cyoki + cyfik, + coika paBHAMacs Hymio. B IPOTHBHOM
crydae mo Teopeme Bpiono (cM. raaBy 5) mmeer mMecTo ¢opMadpHas
YCTOAIABOCTE.

Ymeao BCeX Pe3OHaHCHHX KPHBHIX IATOT0 H HIECTOTO IOPALKOB
paBHAeTCA TPHANATH YeTHPeM: IMeCTHAHIATh PEe3OHAHCHHEIX KPHBHIX
OATOr0 W BOCEMHARMATh — MECTOro IopsaAakoB. JlBaamaTH deTmpem
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M3 HOX COOTBETCTBYIOT Pe30HAHCHEIC COOTHOIIEGHHSA C OHHAKOBHIMA 3HA-
xamu k, u k,: NBeHaAmaTh Pe30HAHCHHIX COOTHONIEHWIH IATOro M JBE-
HaIUATh — MECTOro MOPAXKOB.

3HaueHHA BEONWUMHH Cooky -+ cyikiks -+ Cooka Ha Beex pesoHaH-
CHHX KPHBHX IATOI0 K INECTOr0 NOPAHKOB (C OJMHAKOBHIMHU 3HAKAMH
y uncex k; u k,) 6unm peancaenst #a IBM. Ilpm pacurax mm orpa-
BEYMIACH BHAUeHEAMH e < 0,5. 3HaueHWA mapaMeTpoB e W |, NpH
KOTODHX BeJHHHA Cyoki + cuk k, + cook: obpamaercs B HyIs,
npepcrapiaeHsl Taba. 8. B He#t ke BHIOWCAHL COOTBETCTBYIOIIHE pPe3o-
HAHCHHE COOTHOIEHNA.

Ta6auma 8
de | 3+ 3 AN Mt 5ho=(20-+4Ae={2M m_ 5
EE [+hmplshe——2 Py +2Mi-1 bha——t| {ops | M PP Pt Sty

e 10,192 [0,061 (0,141 [0,191 [0,498 {0,179 | 0,078 | 0,135 | 0,181 0,144
0,01610,0197]0,0392(0,0407]0,0015(0,0154] 0,0183 | 0,0391 | 0,0406 0,097

=

Jlas mepBHiX YeTHPEX Hap Pe30HAHCHHX 3HaUeHEH e H p Taba. 8
B «0o0meM caydae» OyZer HMeTh MeCTO HEYCTONYHMBOCTH IO JIanmymomy,
TaK KaK IPA PEe30HaHCe WATOr0 NOPAAKA YCIOBHE HEYCTOMIHBOCTH
v 7% 0 B «o0meM ciaydae» BEIIOJIHEHO.

Il ocTAJBHEIX MECTH Tap Pe30HAHCHHIX 3HAUeHMI € B [, B 3aBH-
CHMOCTH OT COOTHOIIEHHH Me:RAy KospdmumeHRTaMu HOpMaIbHOH dop-
M pyEknuy IaMuibroHa, BO3MOKHA KaK HEYCTOHIMBOCTE IO Jlamy-
HOBY, TAK U YCTOAYMBOCTH B KOHEYHOM NOPATNKE,
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OB YCTOMYNBOCTH TOYEK JINBPAIINN
B IIPOCTPAHCTBEHHOH 3JUINIITHNYECKONU 3AXAYE
TPEX TEJ

§ 1. ToskpecrBennbi pesonanc

B s10ii raase, caeays [64, 661, paccmorpum ycroiiumBocTh Tpe-
YrONBHHX TOUeK JUGpamuud NpoCTPAHCTBEHHOH JIAAMITHYECKOH 3ama-
qm Tpex Te. 3ajgaua o6 YCTOWYHBOCTU B HTOM CIyYae IO CPABHEHHIO
C y/Ke PAcCMOTPeHHHIMH B IJaBax /—9 ciaydaamMum gBiserTca camoi
cloxHol W rpomosmkoii. Hpome yBeamdenus wmcia creunemeil CBo-
007 Bl M3y7aeMoll IHHAMNTECKOA CUCTEME!, 31eCh BO3SHMKAET emie OfHa,
XapaKTepHAA TOJBKO [JA STOM 3ajadm, 0COGEHHOCTH: HMEET MEeCTO
TOKIECTBEHHEIN (T. €. CYMeEeCTBYIOmMUA IpH BceX ¢ W U) Pe30HAHC,
BO3HMKAMOIMWHA W3-33 PABEHCTBA HEPHONA KEIIEPOBCKOTO [BHUyKEHHS
OCHOBHHX IpETArmBafomux ted S u [ u mepuoja JHHeHHBIX Kojeda-
nuil tena P GecKOHeYHO MaNoil MaccH 110 HANPABICHUIO, HepHeHIu-
KYJSPHOMY IJOCKOCTH HX OPOHTHL

YIOMAHYTHE Pe30HAHC SBJSETCA PE3OHAHCOM IEPBOTO MOPAAKA M
B caydae o0mell fMHAMEIECKON CHCTeMBI OH J0JKeH OBl OB IpABECTH
K HEYCTONUIHBOCTH, KoTopas Owia Gh ofHapYsKkeHa YiRe IPH AHAJH3E
JHHEeHHOM cHCTeMH AupdepeHNUANBHEIX YPaBHEeHUWHA BO3MYIMMEHHOTO
asmxenns. Ho B mameli KoHKpeTHOHN 3ajade B nwHeiiHoM mpHGARIKE-
HYM STOT De3OHAHC HE IPHUBOMHUT K HEYCTONYHUBOCTH. JTO HPOHCXOXAT
noTOMY, ITO B JHMHeilHOH 3aade IJTOCKHWE W NMPOCTPAHCTBEHHLIE KoOlle-
6ammA pasmeNsIoTCA, a UPOCTPAHCTBEHHOE [BUKEHHE ONMCHBAeTCA
npu noMomu QyHrouu [amuasrona

1
h = 5(g5 + p3)s

HE COfepKalieid BO3ZMYMIAIOMIUX WICHOB (MMEOLIMX UacTOTy Kellie-
POBCKOT0 HABHKEHHA), KOTODHE MOrJim OB UPHBECTH K HEYCTOHIU-
‘Boctu. B nHeammelinofi 3amaue TOMRIECTBEHHBIA Pe30HaHC MOMKeTr
IpPUBECTH K HEYCTOHWYHBOCTH, HO dPeKT HeYCTONINBOCTH HPOABJIA-
eTCA TOJIBKO IPU yYeTe B QYHKIHU ['aMUIBTOHA 4I€HOB He HUKe UeT-
BepTOT0 MOPANKA IO ¢;, p; H IPH yUeTe B PAITOKEHUAX KodPurimen-
TOB QyHKIHUA I'aMAXBTOHA CTeenel PKCIEHTPHCHTETA He HAKE BTOPO.
ITosTomy amaiu3 YCTOHYMBOCTH 0YeHBH FPOMO3NOK H TPyHeH. Hmxe on
IPOBOAMTCA MJIA CIYyYas MaNeX 3BHAYCHHI €.
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§ 2. AsropuTM JIaReiiHO# HOpMAIH3AUAH C TOYHOCTBIO
B0 BTOPOii CTEemeHn KCICHTPHCHTETA

Haidinem nuueiiHOoe KaHOHHYeCKoe 2n-TiepHORWIECKOe mpeobpaso-
BaHZe, HOPMaAH3VpINee KBAAPATHYHYI 9aCTh TaMUIbLTOHHAHA BO3-
Mymenroro AemwkeHasn (cM. pasnoxerue (3.1) B raase 7). G TogrocTHIO
70 IepBOi CTeIeHN DKCIHEHTPHCHTETA TaKoe npeobpasoBaHue Haimeno
B § 2 mpearpymei raasu. Tawm ke (B § 3) 6biE Halient (¢ TOTHOCTHIO
J0 WICHOB HOPAHKA €2) BHPaKeHUs JJis BONWIWH A; U A, B HOPMAIb-
HON (popMe KBAaZpATHYHOH YaCTH FaMHJIBTOHMAHA

~ Zx@+m> (2.1)

(OrMeruM, 9TO B paccMaTpHBaeMOH NPOCTPAHCTBEHHON 3ajade BeJR-
gpna Ag = 1). Temeps noraskem, Kak HaliTm HopMajm3yomee Impe-
ofpasoBaHme ¢ TOYHOCTBIO [0 WIEGHOB HOPSAAKA €2

Cravaina chelraeM mpeoGpasoBamme q;, p; — i, Pi mo (opmynam

(4.2) cempMoif rNaBH, a 3aTeM — mpeoGpasoBaHme g, Pi — i, Di
no gopmyaam (2.5) nesaroit ramasu. llocme saTux mBYX mpeoGpasoBa-
HEH KBaJpaTHIHAA dacTh GpyHrnumu ['aMHENbTOHA 3aOMIIETCA B BHAE

Hy (G, V) = By + 5 @+ ),

rne H, Buunciasiercs no gopmyae (2.6) npeamnymei raasel. Tak kak
9acTh raMmiabronmana H,, COOTBETCTBYWOO[aA IIPOCTPAHCTBEHHBIM
ABWKOHHSAM, YiKe MMeeT HOPMAJBHYI0 QOpMY, To B JajbHeHIIEM IIpo-
BeeM HOPMAalHW3anui TOJNbKO QyHRiumH /.

YToOs1 He BBOJHTH HOHNOJHUTEIbHEX 0003HAYCHWH, NepeMEeHHHE,
KoTophie OYAYT BBeJeHH HOPMaAHM3yoIIUM mpeobpasoBanmeM, 0003-
HAUMM, KaK ¥ HCXOJ{HbIEe IepeMeHHbIe, 9epes ¢;, p;. llyers .S — mpons-
Bopamas ¢yswnusa mpeobpasoBamus §;, Pi —> ¢i, Pil

S =qpr + §z02+ 2 Sk (V) G1T5PUPE. (2.2)

v t-Ke-p-HHe=2

QOynruuo S nmem 2n-nepuogudeckoit mo v. HoaphumumenTor sy, p,(v)
W BeIWIHHLI A; IPEJICTABHM B BUJe PAAOB

Skﬂ:’zlllllz = ekklkz!l e (\7) + €2l kakalalte ('V) + cre (2'3)
A= o, + Al e .,
e = — @, + AP 4 2P . (2.4)

Bennannsl ki, (V) HalifeHs B Ipenbimyluei raaBe. OHE BBHIYUCIA-

fo1cs mo popmyiam (2.22). Beamunuer A Haxonarcsa us ycaoBmil me-
PHONMYHOCT QYHKIMA Sk, (V). B mpensigymiei rnase Haitfeno, 910
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A=A =0, a A” peumeasiorea mo Popmymam (3.2). Kparko
onpmeM Temeph, Kak HaATH QYHRUHE legpu, (v). IomcraBms B

TOXIECTBO
LAY . 05 as
Hz(-gq—i ,Pi)Eﬂz(’hs B0’ V) + v

pasnomxenus (2.3), (2.4) m npapaBHAB B ero 06enx IaCTAX IIEHH NPH
BTOPOi CTEHmeHH €, MOJYyIMM I OYHKOAR lpy,,, CACTEMY HeCATH
NAHeHHEX HeONHOPORHHX nuddepeHINaIbHEX ypaBHeHHH, pacoagao-
IMYIOCA Ha TPH CHCTEMH: JBe TPETHEro M OIHY YETBEPTOro HOPSAIKOB.
. Ecan peanunaH A g AP prrameasmores mo gopmynam (3.2) mess-
TOH TJABH, TO 9TH CHCTEMEI MMEIOT JI-IePUOAUICCKOE pelleHme.

ITocae Toro kaxk malieHsl QYHKIHUA Ly, u, (V), MOXYyIAM BHpaKe-
HHe UEepeMeHHHX ¢;, P; 4epes ¢; p;. G TOYHOCTBIO O UJIEHOB
HOpPAKKA ¢® ¢BA3H HOBHX U CTAPHIX IEPeMEHHKX 3afaeTcA IPH HoMOINA
caegyomux ¢opMya:

;1 /41

2V —(E4 eNV 2N T2 | (2.5)
51 P1

P2 P2

(k)

THe 3JaeMeHTH ni;’ MarTpmn N moayJaloTCA TaKHMHA:

n(111) = — k10105 n(l}z) = — ko0 ngls) = —2kqp20, nﬁ) = —Fkoo1rs
n(211) = — kyo01, nglz) = — ko101 n%) = — koon, n&) = —2kyq02,
nt(lll) = 2k3900, ng) = k11005 n.%) = ko105 n(ai) = k10015
ng) = k1100 nﬁ;) = 2kz09, nfs}i) = Ko1100 n&) = ko101,
nﬁ) = — b + k%om + ky001F o110 ng) = ~—lo110 +

+ kio10ko110 T+ Fo110k01015
ng? = —2loozo + 2kg020k1010 T+ Forr0%o011 nﬁ) = —loon +
+ Eio10k0011 T 2K0110% 00020

ny = —Lioor + Eyor0k1001 + Foro1F1001, ny = — loror +
+ Eiooikorro -+ Foors
n%) = —loors F 2koe20k1001 + Kor01%0011s n(zi) = —2lyges +
+ krootkoo1s + 2ko000k 01015
n:(ﬁ) = 23000 — 2k2000k1010 — K1100K 10015 % = lijgo—

— 23000k 0110 — F1100% 0101

(2) __ (2) __
ngs = lig1o — 4kzoookoozo — k1100k 0011, Ny = ligor —

- 2k2000k0011 —2k0002k11007
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2 . (2)
l’gl) = ly190 — 2k0200k1001 — k1100k1010 Ny = 2lozoo —

- 2k0200k0101 — ki106k0110
. @)
n(43) = lp110 — 2Kozookoonr — 2Ko020K11000 Pas = Loror —
— 4k oa00k 0000 — 1106%0011-

Taxkmm o6pasom, nEHediHOe HOpMalu3yloliee HpeofpazoBanme ¢ ToY-
HOCTBIO JI0 YJIeHOB HOPAAKA ¢? HalleHo.

§ 3. Hopmanbnaa dopma pynkgmu Tamunbrona

Ilocne mposenmenus aumHeliHo# HopManmsamum GyEkmua [ammias-
TOHA HpPHUMET BHT

3
H= —;—in(qh p) + Z By (W) q™P" ... (3.1)
i=1 m, n

B aroii popMyse gus KpaTKoCTH BBefeHO 0003HAUCHME

Py ng™P"™ = hmymminin i €a 95 "P1 Pz D5
CYMMEDOBAHHAE DPOMCXONHUT IO IeJhIM HeOTPHLATeABHHNM YHCIAM m;,
n;, CyMMa KOTODHIX PaBHA TPeM HJH YeTHPEM, a MHOTOTouHmeM 0603Ha-
9eHK WIEHH OATOTO ¥ 60jiee BHICOKHX HOPANKOB OTHOCHTENBHO §i, Dj.
IIpu »ToM HIA BCeX ORHOUNEHOB A, ,g™p" wmeno ng = 0, a my
passo 0, 2 unu 4, ¢pynkoum Ay, , (V) — 2n-HepHOFEIECKHE MO V, 4 AX
pasiosennsa B pans Dypbe cofep:KaT HepBhe U BTOPhE TAPMOHUKE V
¢ Ko3¢pmumenramMm, TPOHOPIHMOHAILHEIMA COOTBETCTBEHHO LEpBOi H
BTOPO#l CTeleHAM JKCIEHTPUCHTETA.

Hopmanusanus anenoB Tpetheil m deTBepTodl cremenmeit 8 H mpo-
H3BOJIUTCSA CTAHAAPTHEM NIyTeM IpH IoMomu mpeoGpasoBanms Bmpk-
ropa. Ecam wucno r = kA + kyhy + kghg He Gyner mensm npm me-
aHX k;, cyMMa MOLyJell KOTOPHX He (oJblIe Tpex, To YWIeHH TpeTheit
crelleHN B H MOKHO MCKIOYHUTH IOJIHOCTHIO.

OrmetaM, 9T0 Tak Kak B ¢yuxmuio (3.1) mpocTpaHCcTBeHHEe mepe-
MeHHHEe BXOHAT TOJNBKO B UeTHOH CTeIeHH, TO WHMCIO Kk, BXojamee
B BHIpa)KeHHe IJiA r, TAKOBO, UTO | kg | paBeH Hynio miad aByM. Ecam
ky = 0, To BHyTpPH 00uJacTH yCTOMYIABOCTH B HEPBOM HpPHOIMAKEHEN
r MOMeT OHTH LeJHM YHCIOM HAa PE30HAHCHHX KPHBHIX TPeThEro II0-
PANKA, KOTOPHE COOTBETCTBYIOT INIOCKOR 3ajjade Tpex Tesl. ITH KPHBHeE
mpefcTaBiIeHs Ha puc. 14.

Ecan e | k3| = 2, To B cuay 1or0, 4T0 Ay = 1, umeno r 6ymer
IeIsM IUMb TOTAa, Korga Jubo A;, 6o Ay GYAYT medbIME Y@CHAAMA.
Ho 210 HEBO3MOKHO, TAK KaK OPU BCeX ¢ W |1 BHYTPHE 06aacTh yCTOH-
9@BOCTH B epBoM mpubimxennn 0 < | A; | < 1 (cMm. Popmyns mas A,
B § 7 rn. 9). TakmM oGpasom, wiensl Tperbeil cremeH:m B (yHKHUM
Tamunbrona (3.1) MOKHO YHAYTOMKHATH, eciim mapaMeTpH €, U He OpH-
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HAJUIe;KAT PE30HAHCHEIM KPHBHIM TPETHEr0 MOPANKA, IPefCTABICHHEM
ma puc. 14, m, ciemosarenbHO, HanWume pPesoHAHCA A; = 1 B wiemax
TPEeTber0 MOPAAKA He IPOABATCH.

. OGosnaas wepes g;, p; HOBHe KAHOHAIECKHE HOPEMEHHEE, BBOIH-
MHe npeo6pasosammem Bupkroda nupm yHWITO)KEHHH WIEHOB TpeTbel

CTelleHH, mojydaeM, 9YT0 QyHKIHA ['aMAIbTOHA B HOBHIX IepeMEHHAIX
Oyfer mMeTh BHN

3
’ ’ 2 2 ’ m_m
H' (g5 p) = Y Mi(gs +Pi) + Y hmn (@™ 0" +... (3.2)
=1 m, n

3nech CyMMEDOBaHHe II0 1M, 7 OPOACXONAT AJXA HEOTPHIATEJbHBIX Ile-
JHX THCeX m;, 1;, CyMMa KOTOPHX paBHA uersipeM, k', ,(v) — 2n-
nepuofMIecKae PYHKIUM v, B KOTODHe IePBHE ¥ BTODHE FapMOHEKH
BXOJIT CHOBA ¢ KO3(QUImeHTaMH, HPONOPIUCHAILHBIMA € U €2 COOT-
BercrBenHo. Hpome Toro, ¢, u p; Bxoaar B unenH geTBepTO# CTemeHH
dyarnun (3.2) TOABKO B CAENYOMMX TOTHPEX CAyIaAK:

my=ng=1; my =2, n3 =0, mg =0, ng =2; my + n; = 4

Teneps mpu momomu npeo6GpasoBanus Bupkroda ympoctaM wieHs
4-it crenend B pynknmu amuabrona. J[aa ymoGCTBa BBeeM KOMILIEK-

CHO COLpFAKeHHbEe KaHOHAIECKHe IePeMeHHE® ¢;, p; Mo GopMyIam
9 = q; + ipj, p; = q; — ip;;
¢yrrnuma (3.2) B HOBHX HepeMeHHHX IPUMET BHJ

H" = — ilqypy — ihagaDs — iha@sps + ) P (W @™p™ + .. (3.3)
m, n

Benmauust g3, p; BXOAAT B WiIeHH 9eTBEPTOl CTENEHM B YeTHPeX CiIy-
afgx: mg =ng =1, my =2, ny =0; my=0, ng = 2; my + ny =

= 4. K ¢ynxnun H" yno6Ho npuMenuts mpeoGpasoBanne Bnpxroga.
Ecam uncno

r=(my — mA; + (my — ny) hy + (ms — ng)hy

He OyQeT WeabiM, TO COOTBETCTBYIOINME WIEHH YeTBEPTOH CTEHeHH MO-
ryr OmTh mexmodens. Yuciao r Gymer uemnM Ha KPHBHX pe3oHaHCOB
9eTBePTOT0 HOPAAKA, OOHADYKUBAKIUXCA YiKe B OJIOCKOH DILNHOTH-
9ecKol saiage Tpex Texr. Ouu mpefcTaBiens Ha puc. 14. Ecan mapamer-
PHL ¢, | He IpHHAMIEKAT DTAM KPUBHM, TO BCE WICHH IeTBEPTOH CTe-
menn B H”, He comepxamme g;, p, (LA HEX mg = ng == 0), MoxHO
YHAYTOKATE, KPOMe TPeX, KOTOPHe BAaBHUCAT OT HPOU3BefeHUil ¢, p; M
goPs- Ho K0O()PUIMEHTH IpH HEX MOMKHO CTENATH MOCTONHHEIMI.
Paccmorpum Teneps ofHOuNenH derBeproit cremenu B H”, comep-

amume g, p;. B 9TOM ciydae ms-3a Toro, 4TO MMeeT MeCTO PE30OHAHC



178 HNPOCTPAHCTBEHHAA SINIHAITUYIECKAA 3ATTAYA [TJ1. 10

Ag= 1, KpoMe Tpex OJHOYIeHOB, 3aBHCANAX OT MPOH3BENCHHE
q’JI p; (i =1, 2, 3), Heab3sA YHUITOKHUTH emle BOCEMb OHOYICHOB, CO-
mepsxamux JauGO TOABKO g3 H p;, JAHOO ¢, p; W NPOH3BeNEHAA

¢ipy BAA ¢;p,. TakmM 0GpasoM, ecii MapaMeTpH ¢ B L He IpHHAJ-
JeKAaT KPUBHM pE30HAHCOB TPETHero HJAH YeTBepTOro HOPAfKa, TO
B HOopMaabHOH dopMe ¢pyakmmm Tammas-

Tagnunga 9 TOHa GymeT colep:KaTbCA TeTHPHANNATH

4jeHOB dYeTBepPTOro Iopsgka. B TaGa. 9
OpHBeJeHH 3HAYEHWA COOTBETCTBYIOHIHX
MM DoKasaTeleil cTemeHeir m;, n;. Ilycrs
4;, Py — HaHOHWYECKHe HepeMeHHbe, BBe-

MAMeMzMN2Ny | NUMMTYNTy

200200{101101 HeHHHE mpeobpaszoBanmem Bupkroda npm

flJ % 8 (1) % 0110 2 102 VOPOIIeHA W YJIEHOB UYETBEPTOH CTEmeHH.
01004000 Eciam Ttemepsr HepelTH K BeMECTBOHHBIM

012010/002002

0110111000004 «OONXAPHHIMY KOODAMHATAM IO (opMyiaM

010012/003001 . .

102100{001003 G;j=1iV 20; exp (— i0;),

p;=—iV2;exp (i8;) (G =1,2,3),

TO NOAYYEM TaKoe BHpaKeHMe A HOPMAAM30BAHHOM [[0 WICHOB
qeTBepTOTO mopAaKa ¢yHKouu ammibToHA:

H =Mpy + hyps +ps+ Ap; + Bpips + Cpz +
+93(F191 +F292+F393)+E1 (3-4)

rie A 2n-nepmofimuHa IO yIIOBHM IePeMEHHHM 0; B v B mMeeT IATHIA

HOPANOK OTHOCHTEJIBHO ]/;? B ¢yuxnuu Favmasrona (3.4) BBefeHH
ofo3HaYeHNSA

F; = D; 4+ E; sin (28 — 2v) -+ G; cos (205 — 2v) -+
+ K; sin (403 — 4v) + L; cos (40;—4v).

Benwuunm A4, B, C, D;, E;, G;, K;, L; ne sasucat or 0, 0,, 0, @ v
M AHAJIWTAYHH U0 ¢ IPHW [OCTATOYHO MaJoM ero 3HadeEmu. Hoag-
¢unmertst A, B, C, D; npu e = ( BHYHCIeHH B 3aBHCHMOCTH OT [
B {63, 111] u npuBegenu B ceabMoil U BoCchMOi raaBax. Ilpm MadHX e
B HEX BOSHUKaeT IompaBKa mopapka ¢2. Hos¢pdmmmernth E;, G; upnm
0<e<€1 mMewor mopsAnok ¢®, a Kgu Lz— mopanox ¢t; Ky, K,, I,
u L, paBHHE HYJIIO.

§ 4. Mccnenoranne yCTOMIMROCTH CHCTEMBI
¢ pynrumeii Fammnsrona (3.4)

Ilocne mpoBefeEna HopManHm3anum 3afada 00 yCTOAYMBOCTH Tpe-
YrOJBHHX TOUeK IuCpanyy CBeJach K HCCAETOBAHUIO YCTOXIMBOCTH IO~
JOeHNA PABHOBECHA p; = p, =pa = 0 cumcrempr ¢ QyHKnmed l'a-
muabToHa (3.4). Jlas mccaeoBaHMA yCTOHYHmBOCTH cjiesiaeéM CHAYAJa
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3aMeHY NepeMeHHHX 04 = v -+ ¢. Torma ypaBHenmma psmenms co-
XpaHANT TaMAJAbTOHOB BHN[, HO HOPMAJIN30BAHAAA HACTh PYHKIHH
T'ammabsTOHA He GyHer cofep:KaTh HCTHHHYIO AaHOMAJHI0 W WIeH, M-
He{HHH IO p 3, @ GyeT AMETh BAJ

H = 7"191 + A'zpz + Ap% + Bplpz + CP2 =+
+ ps(Fip1 +Fopet Faps) + H, (4.1)
rae Tenepb

F; = D; -+ E; sin 2¢ 4 G; cos 2 + K; sin 4 + L; cos 4.

JloraskeM CIEAYOMYI0 TEOpeMy.

Teopema. Ecau F3 (V) = 0 npu awbvix snavenHuax P, mo noso-
Jicenlie DABHOBECUA YCMOTIHUEO npu Yueme 8 HOPMAALHOU opme (4.1)
yaenoe 00 uemeepmoz20 NOPAdKa KAIOUUMEAbHO RO Vpi; ecau e cy-
wecmeyiom  snaverus P, npu somopuix Fg (P)= 0, no npu smux sua-
yenuaxr dFg/dyp = 0, mo noaoscenue pasnosecus neycmoiinugo no Jls-
nynoey.

ITepBoe yrBep:xaeHNe CHOPMYIUPOBAHHOMN TEOPEMEI MOKHO JOKA3aTh
OpH DoMOmHE TeopeMsl JIianmyrosa 06 yerofiunBoctn. [Las sToro samerum,
9TO eCi® B HOPMaabHOH (opMe 0TGPOCATH 4WIEHH BEIIE IeTBEPTOTO

HIOPALKA IO Vpi, To yKopodeHHad $yrkuma 'ammasrora H — H 6y-
mer mHTerpasnomM Apmxenns. Kpome Toro, p, u p, Toske GynyT mHTErpa-
mama. Jlas pokasateapcTBa ycrTodumBoctH ¢yHKnmo Jlanynosa
Oepem B Bufe

V =040+ H— A ' (4.2)

flcro, uro dV/dt = 0, a Qyarmus V omnpeaeienHO-IOMOMATENbHA,
ecid ypaBHeHHme [ (p) = 0 He mMeer Kopmeii. Orciofa caefmyer, 910
MOJI0}KeHAe DABHOBECHA p; = p, = py = ( ycroiiumso (miA cmcTeMsl
¢ yropoueHHo#l pynknued 'amunbrona H — H).

Bropoe yrBepiaenne TeopeMbl JOKA3HKBACTCA HECKOJBKO CIOMKHEE.
Jlas foKasaTenbCTBA MCHOJb3yeM Teopemy UeTaeBa o HeycToHdm-
pocta. IlycTs cymectByloT smawenma ', mpm Kotopux F, () = 0,
M IpH THX 3HAYEHHAX IpousBoaHaa dF g/dy 4 0. U3 storo yemosma
u nepmofmunocTm ¢ynknmm F, (Pp) = O caenyer, uro cpemm Kopmeit
ypasHerua Fj(P) = 0 ¢ymecTByeT mo KpaiiHe#l Mepe Of{HO 3HadeHNe,
P = P*, naa kotoporo-dF 4/dp << 0.

Haa gpoxasaTeqabcTBa HeycrofumsocTn Pynknuio YeTaeBa Bo3bMeM
B BHME .

V =pglcos (29 — 2¢*) — cos 2e] — (p; + po)*™. (4.3)

_ 3ech &€ — IOJIOKATETbHOE CKOJb YTOJHO Majoe TUCJI0, KOTOPOoe Ioj-
Gepem Tak, 9T00H Qynknua V ymosmersopsia Teopeme UeraeBa o He-
YCTOMIHBOCTH.
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3a obaacte V > 0 mpmmem o0aacThb, ompefenseMyi0 TaKAMH YC-
JOBUAME:

01+ p2 <ps* [cos (2p — 2¢*) — cos 2e]*n, (4.4)
P=9*+ne (—1<n<1). :

B sToit o06nacTu cnpaBefIABE cnénylonme OIleHKH:

cos (2 — 2¢*) — cos 2e = 2(1 — n?)e? + O (&%),

sin (29 — 2¢*) = 2ne + O (&%),

Fs (§) = F; (%) ne + O (%), (4.5)
Fs (§) = Fy p*) + O (),
p1=0 (1), ps= 0 (p3).

Temeps, yuynmTHBasg ypaBHeHHSA NBWKeHHA ¢ ¢ynruumest I'ammnsroma
(4.1) m mpmEmMas Bo BHEMaHMe OUeHKH (4.5), mociae UpoBeeHHA
HECIOKHHKX BHYNCIeHHH, MoaydaeM B obnacta V ~> 0 Bupasesue Hias
-OIPOU3BOJHONA :

D o 3 [— 26, ($) (1 + 3 e+ Oe) + O (o). (4.6)

13 sroro BHpasKeHHA BHIHO, 4TO €CIH & — HOCTATOYHO MaJjas (mO
¢uKcHpoBaHHAA) BeJWYWHA, TO B JOCTATOYHO MAJNOH OKPECTHOCTH IIO-
JO’KeHHA PABHOBECHAp; = p, = p 3 = ( mpomaBoanas dV/dt noxomn-
renpHA B obnactu V > 0. Cormacuo teopeme UeraeBa, oTciofa caemy-
€T HEeyCTORYMBOCTH HOJIOKEHAS pPaBHOBECHA.

§ 5. YcroiiunBoctp TOYEk JMOpanMum Opu MAJIKIX €

PaccmorpuM ycTOHIMBOCTH TOUeK JMOpANME HJIA MaJHX 3HAYE-
HU# 3KCHeATpHcATeTa. [ToKkakeM, 9TO ecim MapaMeTpH € B P HAXOATCA
B ofJlacTl yCTOHYABOCTH B HePBOM NPHOJMKEHHA U He OPHHANJAEKAT
Pe30HAHCHHIM KDHBHIM TPeTheTr0o W 4eTBePTOro HOPARKOB, TO HPH HO-
CTAaTOYHO MAIHX 3HAYEHHAX € (3aBUCAMEX OT |A) TPEYTOJbHEE TOIKH
apfpanuy yCTOMYUBH, eCIH B HOpMaabHOE dopme Pynrmuu I'ammian-

TOHA IpeHeOpeYhb WICHAME BHIle YETBEPTOTo HOPAAKa mo J p;.
ITycte p He paBHO HE OgHOMY W3 3HaveHmH (¥, 3amaBaemux Taba. 2
# 3 rnasH 9, ® npuHEaguexuT uHTepBany 0 < p << p* ycroiumpoctm
B IIepBOM OpHOIMMKEHNH NiaA KPyroBoii 3afadn. Torna Opm Majbx 3Ha-
9eHHAX OKCIEHTDPHCHTETa OTCYTCTBYIOT DE30HAHCH TPETHEro H JeT-
Beproro MOpAfAKA U HopMadbHaA ¢opMma ¢yEEROuUm I'ammartoHa Gymer
mmerh BUA (4.1). Paccmorpum cBoiicTBa mopManbHO#E (opMEL IpH Ma-
aux e. CormacHo § 4, Ius moKasaTennrcTBA YCTORYMBOCTH HYIKHO IIPO-
BepUTH, 9TO QYHKIUA F3 () oTsrHuna 0T Hys IPH 00X 3HATSHHAX .
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B pupaxennm gns F,; ciaraemie, cofep:Kaliue yrox 1, IpH Ma-
JABIX BHAYEHHAX € MOr'yT OHTH C/IeJAHHE CKOAb YTONHO MAaJIBLIMHA, a KO-
appunment D; npm ymeHBIIEHHH € CTPEMHTCA K (QYHKIHE Cooy (L),
BMelomelt Buj (cM. GOPpMYNY IS Cqop (M) B BOCHMOM TiiaBe)

: p—p) :
Cooz (W) = — Bropd—p)° (51)
CaenoBarensHo, mus 1106010 GEKCHPOBAHHOTO W CYMECTBYET AOCTa-
TOYHO MaJloe HOJNOKHTeabHOe amciio e* (u) Takoe, uto mpm 0 < e <
<< e* (p) pymrrnua Fy(P) GymeT orpunaTenbHOR M, 3HATAT, yPAaBHEHHE
F; ($) = 0 e Gyner mmeTh Kopreit. OTCiofa # Ciefyer ycTOHIMBOCTH
JIaTPaH;KEeBEIX peleHHi.

§ 6. Heycrofiungoets Tower mpanum npm MajbIx B m €

W3 (5.1) Bupno, 9T0 BeMIMHA €y, (1) 06pamaercsa B yanpb npam p= 0.
ITosToMy mpm MalBIX e B |\ BOSMOMKHO HOABJICHHE 06JacTedl HEyCTOl-
amBocTH. Ho TyT yiKe KaueCTBeHHHX OLEHOK, HCHOJB3YIOMUX MAJIOCTH
IKCUEHTPUCUTETA, HETOCTATOUHO [JIA MCcaefoBaHuA. J{na Toro, aToGal
HEYCTOMYABOCTh MOTAa OHTH 00GHAapy)KeHa, CIeyeT HOJIydaTh IHCIO-
BHIe 3HaYeHHMA Koapdunmentos ¢yarnuu F, () mam xora 6 mccaexo-
BaTh HX HOBeleHHe NMPH MAJHX € U [. PeayabraTsl Takoro mccaeoBa-
HOA OpEBoAATcA HmKe. OKa3HBaeTcA, 9TO HpPH KOCTATOTHO MAJTHX e
® | IeWCTBATENBHO CYINecTByeT o6aacts Heycroigmsoctn. Hmme 6y-
AeT LmOJaydYeHO UPHGAM;KeHHOe YpDaBHEHHMe TPAHHIH DTOH 06JACTH B
INIOCKOCTH €, M.

Ecnn yunmTeBath cTemeHm dKCHeHTPHCHTETa HE BHIIE BTODOi, TO
Ko3gpuuumenthl Ky n Ly paBEH Hymso u dyrruusa Fy (Y) Momer GHTD
sammcaHa B BHje

Fg ($) = cpp + €a + €® (8 sin 2 + y cos 2v), (6.1)

rie o, 8, y — HeKoTopHe QYHKIAE W, & ¢y, @Meer BHY (5.1).
Dysrnua (6.1) Opu BHOOIHEHHE HepaBeHCTBA

| Copz + €0 | << 321/62 + 7 (6.2)
MO:KeT 06paTAThCA B Hyab, €CJIH, HALPAMED,

Coz 1 €%t + =
ErE T

Ipu srom Fy (p*) << 0. Takum 06pasoM, eciad ¢ — HOCTATOTHO Maias
BeJMTHHA, TO HEPABEHCTBO (6.2) ects ycioBme HeyCTOMYMBOCTH Jar-
PAHKEBHX peIIeHMIA.

Brno mccnenoBano moseferme GpyHkImit, croAmmx B 06edx IacTAX
HepaBeHcrtBa (6.2) OpE p, cTpemMamemes k aynio. Ilpu sToM, ecam maa

P =Pp* = —;— arctg —% — —é— arccos
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£oeg DTO MOMKHO CJieJIaTh, HCOOAB3YA gopmyay (5.1), To gna QyHrmmi

au J/ & + ¥ HccaemoBaEEe 0UeHb I'POMO3NKO M OHO IpOBOJEAOCH Ha
BEECIATeaAbHOR MammHe. OKasazoch, 9YTO HMEIOT MecTo paBeHCTBA

ooz = —0,4875p +- &, (1), a = —0,0781p + &, (n),
V& + ¥ = 0,12:10"7 4 &5 (n),

rae ¢; (W) — GeCKOHeYHO Majble BEJMYMHH IPA [, CTPEMAMEMCA
K HYAI0, HpAYeM DOPAJOK MAJIOCTH €; H &, BHIIe HepPBOro.

Ns mepaBercrBa (6.2) momydaeM Temepb TaKoe yCJIOBHE HeyCTOH-
9HBOCTH IPH JOCTATOYHO MAJKIX € U Ji: '

¢ > 15625000p. (6.3)

Ilony9eHHAA B HIOCKOCTH ¢, |4 00/1acTh HeYyCTOAIHBOCTH JIATPAHKEBEIX
pemenumil ABIAeTCA 04eHb y3koi. Ilpm mManmx e m p ofHOM W3 ee rpa-
HuL ABaferca och Oe, a APYyroit — KpuBasg, Majo OTIAMYAIOMAACH OT
napaGoas e = 3953 V p.

OTMeTHM B 3aKji09eHHe, 9T0 O0HApPY:;KeHHAA HeYCTOMUYMBOCTH Ja-
TPAHIKeBHIX DPEHICHUA ABISETCA CJIENCTBHEM Pe30HAHCA, CBASAHHOLO
¢ TeM, ITO IaCTOTa BpameHus Tex S u J paBHa 9acToTe KojieGaHUiA Teaa
P mo paumpaBiensio, NepHeHTUKYJIAPHOMY IJOCKOCTE MX BpameHHs.
IT0T pPe30HAHCHHHA 5PdeKT NMpOABAAETCA TOJBKO B HILIHITHICCKOHR
HPOCTPAHCTBOHHOA 3ajmaue. B cayuae KpyroBofi HpoCTpaHCTBeHHOM
3aa4M TOT Pe30HAHC K HOYCTONY®BOCTA He IPUBOJAT.

§ 7. Pe3yibTaThl YHCICHHOTO HCCIICAOBAHUS
NpU NPOMSBOJIBHBIX € M (. Y CTOHYHMBOCTH JIATPAHIKEBBIX
pemiennit B cucreme Cosmme—IOnnTep

B a1oM maparpage KpaTKO ONEIIEM YHCJIEHHO® KCCISNOBAHHE
TpPeyroJbHEX ToueK jmfparnau B cucreMe Coname—IlOnmrep, a Tarmxe
pesyabTaTH YACIEHHOTO HCCAeJOBAHMA NIPH IPOM3BOJBHHX € W M.
HccaenoBanue Grino npusefieHo Ha OBM ¢ npaMerennmeM MeTO/a ToT0q~
HHX 0TOGpasKeHmH (CM. raaBy 0).

Witag, mycTs mapaMeTpH € ¥ [ COOTBeTCTBYIOT cucreme Comane -—
IOnmrep: e = 0,04825382, p = 0,00095388. Cragana my:KHO Haitm
IJdEeHHOe HOpMaamsyomee mpefpazoBaHme. AJTropuTIM €ro HoJyde-
HEA u3J0KeH B § O raash 2. JIuneiinas HOpMaNIM3anAA 9aCTH TAMHAIb-
TOHMAHA, COOTBETCTBYIOM®H HPOCTPAHCTBEHHBIM IEDEMEHHHIM (3, Ps,
He TpebyeTcs, TaK KaK OPOCTPAHCTBeHHAH YaCTh raMmibroHmaHa H,
yiKe ¢ CaMoro HaJajla UMeeT HOPMAAbHYI0 opmy. 3aiiMeMcs HOITOMY
HOpMaJIM3amHedl 9acTH I'aMHIBTOHHAHA HJIOCKOIO JBIDKEHHA.

PacyeTH NOKa3EBAaOT, 4T0 (yHAAMeHTanbHas MATPHIA PpelleHHit
X (v) cooTBeTcTBYOMER cACTeMH AuPPepeHAaTLHEX YPABHOHHA UPH
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v = 21t 6ymeTr TaKo:
10,246067 15,765014 —16,830551 9,400540
X (27) = _5,435207 —8,372406  9,934193 —5,646301
5,056440 8,591016 —8,181647 5,105433
8,833277 15,135589 —16,094789 10,055308

Bennunnu A, u A, Bugncases mo gopmyiaam (7.6) mDpennymed IiiaBhL
Monyaaem

(1.1)

A, = 0,996758, A, = — 0,080802.

Temepr Hago HAalTH Kakoe-aM00 pelmeHHe cuCTeMH ypasHerwmit (5.10)
Bropoil raasH. [lomomuM AnsA ompereNeHHOCTH YeTBepTHE KOMIOHEH-
TH BEKTOPOB €; BEIIECTBEHHHMH M PABHKEIME efuHHUIE. Torga meicTBH-
TeAbHEE M MHHMEE 9aCTH COOCTBEHHHIX BEKTOPOB DONYJAlOTCH Ta-
KOMU:

1,256976 1,389429 1,052220 —0,042113

—1,371205 _fo,273188] 1 —0,607786| _ [ —0,040441

F1=1_0,036985" St =l1,020730] 2= | o0,576385]" 52 = | —0,030937
1 0 1 0

Jas ckanApHHX npomsBefenuit (1, I's,) moxyuaem Taxume gumemosHe
3HAYEHHA:

(ry, Is;) = 1,061233, (r,, Is,) = 0,032162.

Ilaxee, u3 ypaBaenmit (5.9) raaBe 2 HaXOMHM DIEMEHTH MaTpHIH D
dll = 0,485361, d22 = 2,788069.

Temepsr y:ke MOKHO BHIOHMCAThH HOPMAAH3YIMYI0 MaTpEoy N =
=X (v) - P-Q(v), mo

—1,348748 0,234825 1,220173 5,867325
P— —0,265189 0,225503 —1,331058 —3,389100 7.2)
— —0,990844 0,172509 —0,035902 3,214000 || ° (7.
0 0 - 0,970721 5,576138
cos Ayv 0 — sin Ayv 0
o 0 €0S Agv 0 — sin Agv
QW) = sin Ayv 0 €0S AV 0
0 sin Agv 0 coS Agv

Jas nonydenmsa marpunsl N Opw KaKoM-imGo 3HaYeHHE vV HY:KHO Ha
BBMQEHTel‘p]Z[pOBaTB cECTeMy JHHeRHHX AuddepeHOUaILHHX ypaB-
HeHHI NIeCTHANIIATOTO LOpPAIKA.

IIpumenus gaxee axropurTs, H3JI0KEHHKI B ri1aBe 6, moayIaM Ipo-
U3BOAAMYI0 YHKIHMIO TOYETHOTO OTOGPaKeHHsA B OKPECTHOCTH TOUKH
anbpanau

S(rhe) =8+ 8+ 8, +... (7.3)
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e
Sy =1 (g1 — 2mh) + 1" (@2 — 2mhy) + 1¥ (@5 — 2m), (7.4)

=n Vrl (0,036399 sin @, + 0,01804 cos ¢, — 0,00846 sin 3¢, +
_ + 0,102115 cos 3¢,) - :
+r Vrg [8,405704;sin ¢,-2,566987 cos @,1-1,668032 sin (2¢,+¢,) +
-+ 7,148056 cos (29, + @,) —
— 4,391994 sin (29, — @;) — 5,111227 cos (29, — @;)1 +
+rV 72 [1,598739 sin g, +1,071356 cos @, -+22,212749 sin (9,4 2¢,) -+
-+ 36,913857 cos (@, - 2,) — 45,757428 sin (@, — 2@,) —

— 3,059325 cos (@; — 2¢,)] + 2 V72 (98,462795 sin ¢, +
- 27,099458 cos g, -+ 70,044213 sin 3@, + 62,756218 cos 3gy) +
+1r2 V72 10,036203 sin ¢, -+ 0,022801 cos ¢; —
— 0,006481 sin (¢, + 2¢z) — 0,00381 cos (@; + 2¢;) +
-+ 0,019144 sin (@, — 2¢4) -+ 0,011722 . cos (¢, — 29;)] +

+ 12 V10 [4,566664 sin @, + 1,085301 - cos ¢, +
+ 0,137253 sin (@, + 2¢3) + 0,032885 cos (¢, + 2¢5) —
— 0,022454 sin (9, — 2¢,) — 0,004787 cos (9, — 2¢5)]. (7.5)
B supakenuu s S, BEOAMEM TOJBKO T¢ OJHOYISHE, KOTOPHE HeoO-
XOAMME AJA HOJYyIeHHA HOPMAIbHOR GopME (bymemm TamunsToHA
S, = 85 43976r1 + 5293,02 ) 4 25475 856ry -
rirs (39,69968 + 0,09557 sin 2@, + 0, 967033 cos 2¢; -+
-+ 0,000163 sin 45 + 0,0000005 cos 4¢5) +
+ rary (929,176— 3,333 sin 29, -+ 25,54123 cos 2¢; +
- 0,00324 sin 4¢; + 0,00008 cos 493) +
ry (10,65544 -+ 0,00087 sin 2¢; + 0,5505 cos 2¢4 -+
-+ 0,00009 sin 4¢3 — 0,00712 cos 4g3). (7.6)
Tereps,COTIACHO AATOPHATMY TJIABH 6 ,IIPOBe/IeM HOPMAIABALMKIO TO-
TyYeHHOTO 0TOGpakeHHA W IO ero HOPMaJbHOW dopme HaiifieM HOD-
MaJIbHYI0 gopMy coorBeTcTByOIed pyBknmu ['ammiabrona. OHa mMeeT
Baf (3.4). Koadduumertsr A, B u C ¢ TOYHOCTHIO /10 YOTHPEX 3HAKOB

TaKOBHL:
= (,0057, B = — 0,1483, C = 0,6159.
Ins stux 3HaueHmE KoadPuuumeHTOB

B* — 4AC = 0,0079 =+ 0.

TaxzM 06paszom (CM. TIaBy 5), B IIOCKOR 3aade mMeeT MECTO yCTOi-
YABOCTH TPEYLOJABHBIX TOYeK JuOpanuu AJaA GOTBMUHCTBA HATaAbHBIX
YCAOBHU.
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Kosdppunuentn ¢yaxnumit F; ¢ TOTHOCTBIO 10 UATH 3HAKOB GYAYT
TAKAMH:

D, =0,00580, E, = 0,00001, G, = 0,00001, K, =0,L, =0,
D, = 0,05509, E, = —0,00038, G, = —0,00029, K, = 0, L, =0,
D, =—0,00017, E, = 0, G, =0, K3 =0, Ly =0.

Qynxnus F, (P) opm Beex 1P, oueBmAHO, oTpmmartexbHa. Ilosromy
(cM. § 4) B mpocTpaHCTBeHHO# 3ajade TPEeYroAbHEE TOYKH Jubpanum
yCTOMIMBH HpH yueTe B HOpMaabHOK (opme ¢yEkmmm [ammabroma
9AeHOB 710 4EeTBEPTOrO IOPANKA BKIIYHTEIHHO IO KOOpAUHATAM H
VMIYJIbCaM BO3MYHIGHHOTO NBHKEHHA.

Bram nposenens Tawske 9ucHeHHHe PacYeTH € 09eHb YACTOH ceT-
KO B IJOCKOCTM € W | AJA NPOW3BOJBHKX 3HAUEHHN IIapaMeTpoB.
HeycroiamBocTs TOZeR MUOPANEHE IPOCTPAHCTBEHHON 3JIIANTHIECKON
samagu obHapy:kena He Ohua. Ho mpm pacderax, m3-3a pesKoro Bo3s-
pacTaHUA BpPEeMOHW HMHTeIDEDOBAHWA, HEIb3A NOAOHATH IPOM3BOJLHO
6am3ko K ocn b = 0 ¥ K Pe30HAHCHKM KPHBEM BTOporo (rpaEmna o6-
JIacTA yCTOMYHBOCTH JAuHelHO# 3agaum) ¥ TpeThero mopankos. Ilo-Bn-
AuEMOMY, 00JacTH HEYCTOMYMBOCTH, €CIAH M CYMECTBYIOT, TO HX
TPaHMIB IPOXOJAT OYeHb GAHABKO K 9THM PEe3OHAHCHHM XKpuBHM. Or-
MeTEM ellle pa3, ITO CyIMIecTBOBaHME 09€Hb y3KoM ofaacTa HeycTOHIH-
BOCTH IPE MaJHX [L U ¢ B 5TOH IiaBe MH IOKA3aJA aHAIATHICCKAMI
MeTO/IaMH.



TJIABA U

OCHOBbBI METO;IA JEINPU—XOPH
B TEOPUH BOMYIMEHAN I'AMAJILTOHOBBIX CUCTEM

§ 1. Brepenne

M=orne safaun HeGeCHOR MeXaHHKH OMACHBAITCA KAHOHAISCKAMHE
nudpdepeHNNaTbHNMA YpABHOHHAMHE, 3adaBaeMivy QyHKnmedr [a-
muabsTOHA I, copepmameil Majakii mapamerp e:

H = H (x, X, t; ¢), (1.1)

re X® = (2, ..., ), XT = (X,, ..., X,) — BeKTOpH KOOpAMHAT
¥ AMIOYJABCOB COOTBETCTBYIOHIEH MeXaHHUECKOH 3afadmn.

ITycre mapamerp & Bxonut B ramanbToHHaH H ananuraueckn. Ecan
opm ¢ = ( paccMarpmBaeMaa KaHOHHYECKAA CHCTEMa HWHTErpHpYyeMa,
TO A Ka4eCTBEHHOTO M KOJHYECTBeHHOI0 M3YICHHA IBIKEHHSA HPH
|e] <€ 4 wacro mmyT KAaHOENYECKYI0 3aMeHy NePeMEHHHX X, X —
—y, Y, GaA3KyI0 K TOKAECTBEHHOH W HPHBOIANLYIO (bymmmo T'a-

‘muabroHa (1.1) K Takod ¢opmMe, KoTopas H03BOAMIA OH JOCTATOYHO
IpPOCTO MPOBECTH HCCHEOBAHAE TeX WY MHHX CBOHCTB [BHKEHHA B
Hay9aeMoil MexaHAUeCcKoil 3ajaue. B KauecTBe mpEMepa MOIKHO HpHBe-
CTH HeONHOKDPATHO BCTpeYaBMIMeCsA B HpEeAHAYIIHX TiaaBax mpeobpa-
30BaHHA, HCKJIIYAlIMAe ¥3 (YHKOEA [aMEIbTOHA HEPEe30HAHCHEIE
9JIeHHL

Ecnm mcxompas ¢ymknma IammabroHa He comepKuT Bpema i,
TO UpH TPafEOAOHHOM HOAXoNe upeobpasoBanme x, X — y, Y MomKet
6uTh Haiimeno mpm momomu Meroxa Iieitmens [9]. IlpeoGpasosamue
x, X =y, Y 3afjaeTca mpu 3TOM OpPH HOMOIE Opou3BomAmed GyHK-
nea S, 3aBUCAIMEH OT CMEMIAHHKX (HOBHX M CTAPHX) IePEeMEHHHX!

S =2S8(y,X;e), S(,X;0) =(y, X)4 (1.2)

Yepes (y, X) B (1.2) obosHageHO CKajAApHOE HPOHU3BEJeHAE BEKTOPOB
y u X. [Ipeo6pasosarnme x, X —y, Y 3ajaercsa HesABHO HPH HOMOIH
COOTHOIIeHAIA

a8

X = W Y ’ (1..3)
as
Y=3o. (1.4)

OrMeTHM, YTO PACCMOTPeHHOE B riaase 3 npeofpasosanme BEpkrofa e
MHOTHX OTHOIIGHHAX AHAJOIHYHO IpeoGpasoBammio MerTona keimens.
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MoKHO OTMETATH CiaefylIfde CyIeCTBeHHHEe HEJOCTATKE TEOPHH
BOBMYMEHHH, OCHOBaHHO# Ha mpumeHeHHE MeTofa lleiinens. Bo-mep-
BHX, HaXoKjeHWe npeobpasoBaBMA X, X —Y, Y TpebGyer oueHb
TPOMOS/IKMX BHUHCHeHmis. B camoM fiene, AaA BHpaiKeHHA IlepeMeH-
HHX X, X gepes y, Y Hago cHazana o6paTHTH HeJMHEHHOe ypaBHEHHE
(1.4), 9To6H BHpa3ATh BeKTOp HMIYJabCOB X depe3 HOBHE NepeMeHHHe
Y, Y, a moroM peayabrar o0palleHMsA HOACTaBATH B IPaBYI0 YacTh
ypaBueruA (1.3), 9TOGH ABHO BHIPa3WThL BEKTOP KOOPAUWBAT X depes
¥, Y. C mpakTnuecKoil TOYKE 3peHENA yHOMAHYTHe omepanua obpame-
HAA B NOJCTAHOBKHU ABJIAIOTCA BecbMa TpyAoeMKEME. Bo-Brophix, mus
moaydeBMsa o6paTHOro mpeoGpasoBaHusa y, Y — X, X HYMKHO BHIIOJ-
HATH TAKOH jKe 06beM BHYHACICHHWH, KAK M HPH HAXOKACHUE LPAMOTO
mpeoGpasoBanud. 3nech Tpebyercs cHadana o0paTATh ypaBHeHHe
(1.3), 9wToOH BHpa3uTh y Uepes x, X, a 3aTeM Pe3yNbTAT HONCTABUTDH
B (1.4) nna monyvenma BhpaskeHus Y uepe3 X, X. B-tpernmx, Hesas-
HHe coorHomeRnuA (1.3) m (1.4) meropa Leiimena He garoT oGmiero aJ-
TOPHUTMa Ipeo0pPa30BaHWA [OCTATOYHO NPOMBBOJBHOH (yHKIHA
f (x, X; &) nmepBoHavaabHEX (as0OBHX HmEPEMEHHHX X, X B QYHKIHAIO
HOBHIX IepeMeHHNX y, Y. Ha mpakTuke Takoil aaropHTM 09€HB 9aCTO
He0oOXOHEM.

B nocuaenuee mgecatuaerme B padorax (108, 143, 142, 143, 155, 156]
paspaloTaH HOBHIA CIOCO6 MOCTPOEHHA KAHOHHYECKOro npeoGpasoBa-
HEA X, X =Y, Y, B KOTODOM YCTPaHEHH YIOMAHYTHE HEIAOCTATKH
Mmerofa llefimensa. OcHoOBHEE [OCTOMHCTBA DTOTO CHOCOGA COCTOAT
B CIeYIOIeM:

1) dopmyas 3aMeHE IepeMeHHEX X, X —> y, Y DOJAyd4alorcs B AB-
HOil ¢opme;

2) ofparHOe mpeofpasoBanme He Tpefyer HUKAKHX AONOJIHHTENID:
HHX BHYHNCJICHHH;

3) ¢opmyan mpeoGpasoBaHUA UPHUTONHH HE TONBKO AJA KOODIH-
HaT ¥ MMOYJIBCOB, HO ¥ A JI000# QyHKIOEA 0T HEX, B YACTHOCTH IAH
TaMAJIbTOHUAHA;

4) dopMyJR MeTO[la 3aJAI0TCS PEKYPPEHTHO M HeOOXOMHMHEE BH-
9ACHEeEAA MOTYT OHTH ROCTAaTOYHO IPOCTO peaam3oBaEn Ha JBM.

Meron, paspaGorannmii B [108, 113, 142, 143, 155, 156}, ocroBu-
BaeTCA Ha MpocToll Wiee, MCIONB3YIOMed TOT dakT, 4yTo HpeobpasoBa-
Hue $a30BOro MPOCTPAHCTBA, OCYMECTBIAEMOe IPH IOMOINY IBMAKEeERH
raMEJIBTOHOBON CHCTEMH, ABiAeTCA* KaHoHmiecKmM [16]. IlpakTmue-
CKOe OCymeCTBIieHHe KaHOHWYECKHMX OpeobpasoBammii B paborax
[108, 113, 142, 143, 455, 156] ommpaercs Ha MCIONB3OBAHHE DPANOB
Jlu m npeoGpasoBanus Jlu.

OcHOBH YHOMAHYTOTO Merofa paspaGoTaHH He3aBHCAMO Xopu
1442] m Hempu [4143]. Nanwmeitmue paGorm [94, 108, 137, 143, 144,
155, 156, 171] conepmxat ero Gosee neTanbEYI pa3paboTKy M OTIANKY.
Hparkoe nanoxenne 0OCHOBHEIX Mlel MeTola KaHOHHYeCKAX Ipeobpaso-
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saamit Jempn — Xopm comepmurcesa B deximuax K. B. XonmeBHEEKO-
Ba [94] u momorpadmm raranss [137].

Hacroamas raaBa mocBAleHa W3JI0KEHAI0 OCHOB MeTofa Jlempn —
Xopu B TeOpHEM BO3MYIIeHHWA KAHOHWYECKAX cUCTeM. [{aa sicHoCTH M3-
noMeHNs DPENBAPATENLHO PACCMATPHBAIOTCA PAAH JIM W WX HEKOTO-
pHe cBoiicTBa. 3areM ciefyeT moxpoGHOe W3ioskenue MmerToxa llempm
B Mogufmkanue Hommra. VI B 8akaioqeHme riaBel KpaTKO paccMaTpH-
BaeTcA mpeobpasoBamme Xopm. Ilpm m3nokenmm Mmarepumana sTOM
IJaBH HCIONb3YIOTCA OPUTHHANBHHE IyGIMKAaMuM aBTOPOB METOAA,
nexnuu K. B. XommesunkoBa [94], momorpadma [marampa [137],
a TaxsKe MaJo m3BectHaA pabora Hammaa [144].

§ 2. Paper Jln xar kaHommueckoe mnpeoGpasonanue

Hapany ¢ mcxopHO# KaHOHWIECKOH cucreMoi auddepennualbHEIX
ypaBHeHmif, 3afaBaeMoi ¢ynknmesr I'ammasroma (1.1), pacemorpmm
BCIIOMOTATEJIBHYI0 KAHOHWYECKYIO CHCTEMY

dx :_QKV_’ X :_6W’ (2.1)
dt X dt ax
rie W (x, X) — mpomsBoabHAasA [OCTATOYHO TJafKas QyHKIEA.
. Hyers mput =0 x =y, X = Y. OGosnaunm pemenne CHCTEMEI
(2.1) opu ¢ = & gepes

x=x(y, Y, e, W), X=X(y,Y,e, W). (2.2)

IIpousBoabHaa GyHEKENHUA 0T X, X B CHIY COOTHOmeHHH (2.2) CTAaHOBHT-
cd HeKoTopol ¢pyHrmueit ot y, Y, a Taxke or e u W:

Fo6 X) =F(x(y, Y, e, W), X(y, Y, 8, W) =F (v, Y, &, W). (2.3)

31eck 1 fanee B HACTOAMeM Iaparpade geproil 0603HATALTCA Pe3yiIb-

TAT 3aMEHHl HEPEMEHHKIX, OCYIECTBIAEMOl corjlacHo gopmyaam (2.2).

Tax xax pyErnun X, X B (2.2) ABNAIOTCA PEHICHHAMH TaMAILTOHOBOM

cacreMH (2.4), To mpeobpasoBanme (2.2) Gymer kamommdeckum [16].

Mu orpaEMYEMCA pacCMOTpeHHeM CIydasd MajbX 3HadYeHHH |€|.
Ilonarue paga JIm BuTexaer u3 pemenus 3agaum Homm

d
T =8@), zlw=1 (24)

rme 2" =(21, . -, Zm) BT = (g1, - - -, &m) — AHAAMTHIECKAH (PyHK-

IIUsA CBOMX apIryMeHTOB B oKpecTHOCTH TOUKH Z. Pemmenne sanaun (2.4)
npu ¢ = & paerca padox Ju [139]

2= Z‘;—!D"z — exp (D) Z, (2.5)
n=0
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CXORAMUMCA OPH OCTAaTOYHO MajoM €. 31eck D — onepamop Ju

b= 2& @ "Z ’ (2.6)

i=1

D° =1, D" = DD"

Ecim crcrema ypaBuenuii (2.4) umeer Bup (2.1), To pesyapTaT mpume-
Henus oneparopa D r dyHKDuuM f 3aDmMmercs Tak:

Lwf = (-W), 2.7

rrie (f- W) — crobka Ilayccona

o= ) - 2

Buipaxenme (2.7) maswBaercsa npoussodnot Jlu gyusyuu f, nopoxc-
dennoll pynryueii W, a omeparop Lw — onepamopom Ju.

Wwmeror MecTo caexyiommue, JIeTKO TpOBepsieMble CBOMCTBA oIepa-
Topa Jlm:

1) LW (af + ﬁg) = a'LWf + ﬁLW'g ((Z, ﬂ - const),

(2.8)

2) Lw (f8) = glwf + fLwe, (2.9)
3) Lw (f-8) = (Lwf-8) +(f-Lwg),
4) Lvaf = Lvaf -+ L(W.V)f.

Hcnmonsaysa (2.9), HeTpygHO A0Ka3aTh CBOMCTBa CTelleHeH oOmepaTo-
pa Jlu:

1) Ly (of + Bg) = oLwf + BLwg  (a, B — const),

2) Ly (fg) = E CruLwiLly™g, (2.10)
3) Ly (f-g)= mZOC (Lwf-Lw™g).
3necs
m nl .
Cn = =y 12.11)

IIyers pyrkmum W n f — ananaraueckme. Torga oueBumHO, 4T0 opm
AOCTATOYHO MAJOM € pAM

2 i Lwf = exp (eLw) f (2.42)

m=0

Gyner cxomamuMcA. Jlerko NpoBepuTs, UTO HMEIOT MECTO CAETYIIEE



199 OCHOBBI METONA HEIIPH—XOPII [T 14

cBoiicTBa omepaTopa exp (eLw):

1) exp (eLw) (af + Bg) = a exp (eLw) [ + P exp (eLw) g
(o, B — const),

2) exp (eLw) (fg) = exp (eLw) f exp (eLw§g), (213)
3) exp (eLw) (f-g) = (exp (eLw) f-exp (eLw)g).

Kanonmueckoe npeoGpasoBanme (2.2) mpm moMomu psapa Jlw aanm-
meTcH B BHUAE

x = exp (eLw)y, X = exp (eLw) Y. (2.14)

IIpeoGpasoranme, ofpatmoe (2.14), momysaercsa, O4eBULHO, 3aMe-
HOll 3HaKa € Ha ofpaTHHi WiaM, 4YTO TO Ke Camoe, M3MEHEHHEM HA
obparani 3Haka ¢pyaxmuu W. Takam o6pazoM, mMeeM

y = exp (eL-w) x, Y = exp (eL-w) X. (2.15)

BasxkarM mgoctomncTBoM pafa JIu sBiagercs To, 94TO OH ImO3BOJAAET
He TOIBKO HOIydYuTh OpeoGpasoBanme (2.14), HO ¥ NPOM3BOIBHYIO
dyaxmmio f or pemenus. s noGod amaamTHdeckoir GymkmEm
f (x, X) copaBeanuBO clefyoilee COOTHOHMIEHHE:

F(y. Y, &) = f (exp (eLw) y, exp (eLw)Y)=exp.(eLw) f (y, Y). (2.16)

B camoM fejxe, 04eBHIHO, 4TO

Lwf(y, Y, e)z(%, sz*), (247
rge z¥ — 2n-mepHB# BeKTop,r 2% = (Ty, . o oy Tny X1y o - o Xn)y
a Lwz* — 2n -mepHH#E BekTOp, k- KOMIOHEHTAa KOTOpPOI'0 paBHA
(Zk.g;))énn(bd)epenunponan (2.14) wo &, moxygaEm

92 — Lz, (2.18)

Wz coorromennii (2.17) u (2.18) cuemyet, uro

- af Bk af
Lwf (v, Y, &) = (50 » 5) = 3¢ - (2.19)
AHaJIOI‘H‘IHO ooacYuTeBaeTCsA, 4TO
o
nEe Y. g) = 21
LWf (y’ 1 8) 65“
Bnin
-
Z Ll = Lyfey, Y, 0) = Lyf(y, Y). (2.20)
& je=0
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CuemoBaTensno, paznoxenue dpyaxmun f (y, Y, ¢) B pan Teinopa
OTHOCHTEJBHO € [[aeT COOTHOIEHHA

P Yoo = Y 22T Wiy, Y) = exp(eLu) (v, Y).

nl e le
n=g n—g

@opmyna (2.16) moxasama.
IIyctp Temeps ¢yHKmma f 3aBHCHT OT € W LIPH MaJbIX & IpepcTra-
BHEMa B BHJe pAfa

oo

f(x, X, &) = Z%fn (x, X). (2.21)
n=0
Torma Ipu KaHOHAYECKOM npeoﬁpaaoBaHnn (2.14)
F(y, Y, ¢) Z 2 CILR fom (¥, Y). (2.22)
N=0 m=9

Coorromenue (2.22) qerko mOJyYHUTH, 3aMeTHB, 4T0, coriaacHo (2.16)

Faly Yoo) = Y, o La (v, Y). (2.23)

m=90

Topcrasms satem (2.23) B (2.21) m mpmBens mofaoGHbIe WIEHH, HO-
AyaEM npencrasieHue (2.22).

§ 3. O Teopun Boamyumennii [lenpn

B sTom maparpade nosyunuM o6mue COOTHOMEHN, JIEKANAE B OCHO-
Be TeopHW BoaMymeHnu#, paspaGorammoit [lempu B craree [113].
B merone [lenpm mcnonpayerca mpeoGpaszoBanme JIm, KoTopoe momer
GHTHL OUpe/leleHO IOCDeNCTBOM cHcTeMbl NE(depeHNmaTBHEX ypaB-
Hemnit

— = WX (X, X7 t; n)v
2 e —Wex, X, £ 1),

— =0, (3.1)
F=—Wix X, ;)
¢ TAKMMHA HaYaJbHHMHA ycaoBEAME npu 1) = 0:
Xx=y(e), X=Y( e, t=1¢t R=0.
3nech x, X — HCXOAHHEe KOODAMHATH W MMIYIBCH,” y, Y — Koop-
AEHATH W EMIOYJBCH, IOJYYeHHHIe mocae peoGpasoBanma (X, X, Y,
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Y — n-meprnie Bextops) R =K (y,Y,t &) — H (x, X, £ 1) —
ocrarounas ¢pyukmusa, K, H — upeobpasoBaHHHI 1 nepBoRAYAIBEEIH
raMAJBTOHAAEH, W— OpomsBoiamas QyEKOUA mpeoGpasosamma Jlm
(ona oTnmuaercA OT NPOM3BORAMMAX (YHKIEN KIacCHYECKHX CHOCOGOB
KaHOHHYECKUX NpeofpasoBaHmil, TAKAX, HATPUMED, Kak cmoco6 Bupk-
roda num lleiinenn),  — HesaBECHMas IepeMeHHAs, € — IIOCTOSHELIH
MaluB nmapameTp, 1) — IepeMeEHEH Manwit mapamerp (0 <Cmn <C &)

YGenuMcsa BEIOCPEACTBEHHO, 9TO IpeobpasoBanme ABIAETCA KaHO-
nmgecKuM. [leficTBETENbHO, HMEIOT MECTO COOTHOMCHHSA

'&%' dx = AWy = (Wxx, dx) 4+ (Wxx, dX) + Wxdt,

—d‘ln— 8% = 8Wx = (Wxy, 6x) + (Wxx, 8X),

-% dX = — dWy = — (Wx, dx) — (Wx, dX) — Wy,
‘ng 8X = — §Wx = — (Wi, 0X) — (Wix, 6X),

—ad; OR = — 8W, = — (Wi, 6x) — (Wi, 8X).

W3 sTux cooTHomeHmit ciemyer, 9ro Opmpamenus dx, dX, Ox, 6X m
OR, pu3BaHHbe npumpamenusamu dy, dY, 8y m O8Y ymosuerBo-
PAIOT paBEeHCTBY

—;n— [(dx, 8X) — (dX, 6x) - dt 8R] = 0. (3.2)

U3 sroro coorHomenns cienyer, uro Beamguna (dx, 6X) —(dX, 6x) -
-+ dt 8R He 3aBHCHT OT 1) ¥ paBHA CBOeMY 3HAYEHHIO, BEYHCICHHOMY
mpu n = 0. Orcroga moayIaem

»(‘d" ax)—-(iff—, &) — 8H = (ﬂ aY)_(%—, 8y) — OK.

WM dt :
(3.3)

CﬂeJIOBaTeJIBHO, ecnd x u X VIOBAETBOPAIOT CHUCTEMeE KaHOHHYEeCKHAX
ypaBHeHHHI

dx oH aX oH

> Sl e (34)

T0 cucTeMa ypaBHenmit ana y m Y Takike OyfieT mMeTh KAHOHHYECKYIO
dopmy

dy 0K 4Y 9K (3.5)
dt O0Y ' dt . dy

Korna ¢yEkimusa W He 3aBECHT OT 1), CECTeMa ypaRHOHHH 3.1y

nopomaaer paas Jlur (cm. § 2); ecau ke W saBment OT 1; TO B0 TEPMA:

fomornu, BBefiennon [lenpm [113], cucrema ypaBreHnmM (3.1) mopos-
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maer mpeoGpasosanue Jlu. TakuM 06pasoM, MOJKHO CKA3ATH, UTO PAXLL
JIm mpeacTaBasgioT co00H YACTHHEIE ciay4ai mpeoGpasoBanmd Jin.

Tlycte Temeps f (x, X, ¢; 1) — OpownsBosisHasA Geckomedno audde-
pernupyeMas QyHKOHA, OpeJicCTABAMAA B BUJe pAga

(e 5]

f X 0= Y e X 1), (3.6)

n=0
rae

In(x, X, t):[;—nnf(x, X, t; n)] .
n=0

IlopcraBup B (3.6) BhpamkeHHs HDepeMeHHHX X, X 9epes y, Y o e,
nmojyuaeMsie IIpy mMoMoId DpeoGpasoBanus Jlu, mpeacraBuM QyHKIHIO
f B Buge paga

o0

F Xt e) = Y Sy, Y, 0, (3.7)
n=g
rage
Oy, Y, £) = [iﬁf(x, X, & n)]
dn =0
u

—%(X,X,t;n)z of (0]‘ dx>+(6f dX)

an ox ' de

X @) 8
Ormerum, uro fo(x, X, ) =f(x, X, £ 0) u fO(y, Y, ) =
=1 (y, Y, £ 0).

ITorakem, rak mo Habopy ¢yExOumi f, (x, X, ) pasaomenus (3.6)
nocrpouts HaGop ¢yurmmit ™ (y, Y, £), BXomaAm@mx B pasiorKeHHE
(3.7). Ucmonwaysa ypasmenus (3.1), mepemumem cootHomenue (3.8)
B BUIE

df F)
o= 5+ Lwh, (3.9)
rie Lw — omeparop JIm, ompenensemiit ckobkoit ITyaccona
Lwf = (f-W) = (fx, Wx) — (fx, Wy). (3.10)
Monoxus s (3.7) f paBusiv x, X u R u mCmOab3ys (3.1), nonyqﬁ_M
x=y+ ) Sy Y0, (3.11)
n=1 )
X = Y—{—Z—‘Z—!Y(")(y, Y, 1), (3.12)
n=y
H=K— Z% R™(y, Y, 1), (3.13)
n=i

7 A. IN. Maprees
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() ( an W
Y = - X) 1
dn** =0

e jassn > 1

n-1
Y(")—_——( a7 W) , (3.14)
an™t X n=0
R™ — —( 7w )
dn™1 t )
/ N=0
ITycrs Temeps ¢pyExnmua W mpencraBmMa B Bufe pAfa
Wix, X, t; ) = Z 1 Woa (%, X, 0), (3.15)
n=9

a pyuxmua f cuoBa mmeer Buy (3.6). Torma, xak merxo IpoBepHTS,
coorHomerue (3.9) mepemmmerca B caemymomeii gopme:

———(x X, t; ) = 2“! 9 (x, X, 0), (3.16)

n=0

rme st >0
n
f(,}) x X, t) = fn+1:+ 2 CfT:LLmﬂfn—mf
m=0

Lif = (- W)

Boo6me, ans k > 1, u n > 0 MoKHO DOAyIATH, ITO

—f = Z 40, X, 1), (3.17)
- n=y

o (x, X, t) = foat + Z Cn Lm+1fnk-—nl¢)

m=o

IMonoxus B mociegmeM cooTHomemm: 1 = 0, monyumm cregyiomee
peKyppeHTHOe coOTHOmeHWe, HasmBaemoe B [143, 144] ypasmenmem

Henpn:
Py Y =0+ D oLl (3.18)
m=g

rme A i > 1
C Lif = (fy, Wiy) — (fv, Wiy).

B ypaBuemun [lenpn
Y, 0 =Fly Y, 0, 760 Y, 1) =7/®(y Y0
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CnefoBaTeJbHO, ypaBHeHme JlellpE mo3BoJdsAeT BHPasUTh QyHKUHA
f™ (y, Y, t) gepes dpymxmmn f, (y, Y, t) = [fn (x, X, t)],’§=§,’ BXOZA-

mue B pasaoxenue (3.6). [Iponexypy BHYACIeHUE 09eHb Y0GHO NpeA-
CTaBHThH Ha Tpeyroapnmke (cM. pmc. 20).

Hanopuwmep, 5=
O = f1 4 Lyfs, lL'
W £ 71
fi’ = fa+ Lnf1+ Lafo, G L
10 = 1 4 Lyf, (349 ——s P F
Ly -2 4y

0 = J5 + Lifs 4 2Laof1 + Lsfo, }F N YN B T
K = 10+ Luf® + Laf, O L A b
F@ = B 4 Ljo, Puc. 20. f — TpeyronbEEK

(pexypperTHOe  mpeoGpaso-
AHaJOrHuHEe BHYHCIeHAA AAd QyHknmi PREMe QYHKNEmE / mpm mo-
mMomu npeoGpazoBamms Jlum).

H. R,y, Y unnwocrpapywrcs ua puc. 21.
O6parHoe mHpeoOpazoBaHMe MOKHO B3aNHCATh B TAKOM BHJE:

Bn >
y=x-+ —'x(") (x, X, ), (3.20)
Y-=X+ S—T:X‘") (x, X, ). (3.21)

Urobnr mafiTe cBsasp Memay x™, y™ m X®, Y™, pernounm u3
(3.11)—(3.12) m (3.20)—(3.21) Benwuunsl x —y u X — Y u ompe-
nenmm ¢yuxomm u (x, X, ¢, &) w U(x, X, f, ¢) nmpm wnomomum
CIEAYIOMKX COOTHOMICHM I :

u(x, X, t, &) = Z S (x, X, )= — Y oy (v, Y, 8),  (3.22)
MN=1 ) n=jl )
ﬁ En n - - Sn n
Ux, X, t,e)= Y — X, X, t)=— Y Yy, Y, 7). (3.23)
! ! ] Y |

QOynrmuu u 1 U MosHO IpeCTaBATD TaK:
. o Y

u=y—Xx= Z—f:-:— u,(x, X, t) = Z—f:—u(”) (v, Y, 1), (3.24)

=1 n=1
U=Y—X— Z%',i U, (x, X, {) = Z%U(") (v, Y, 1). (3.25)
nz=1 n=1

7*
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N3 pasercrB (3.22)—(3.25) moxydaeM COOTHOmeEHZs, IO3BOJAI-
mue YCTAHOBHTh OYEeHb LPOCTYIO CBA3L KO3(uUImeHTOB mpAMOro M

h ~Wye=R K

yA—— | —— L

7, 12,
//Z__)_”’()__)H/Z) —Wyf—>ﬁl)—->k"'7)

{1, . 2, [4 %
H H ) ﬂ,(g) ﬁ(i) Wt )4 ) /\,’-7) R

|

H-mpeyeansrun K- mpeyeans i
u//y=,§/ ) _M//yzy.’/)
Wzy — y(z) _ VVZ_;I —— y/z)
W”__)M(Z)%ym —W7y . ____)y’.?/

AN b,

Wyy —>gi7'— 47—y ~Wy, —> Yy — Ty ¥

| .

Y- MpeYeOnsHIK V- mpeyeonshur
Puc. 21. TpeyroapHuER [J51 BRYACIeHHS KoopPUnyeHTOB y(n), Y™ ramumasro-
mmada H u ocratogoit pyERnuu R.

oGpaTHOro mpeo6pa3oBaHMiA:
u, =xM(x, X, ), u™=—y"(y, Y, ¢), (3.26)
U, = XM, X,#), U™=_—-Y"y,Y,0). (3.27)

§ 4. Yupomenne anroparma [lenpu

B anropmtve [Henmpm, m3moKeHHOM B HpefmaymeM uaparpade,
pymxmme f™ (y, Y, t) ompemensiorcs mo ¢ysxmmam f, (x, X, ?)
npu nomomu ypasmemmsa enpm (3.18), copmepsamero HeKOTOpPLIe
pcmoMoraTenbHNe (yERIEE fy). Heobxommmsie peKyppeHTHbE BH-
yncaeHMsA yA00HO NDHBOAWMTH, HCHONb3ya ypasmeHme (3.18) m Tpe-
yronpHEK, m300pakennnit Ha puc. 20. Kommr B paborax [143, 144)
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IpeUIORIU yOopomenne adroputma [lenpu. B ero mopudmrammm an-
ropatma [enpm ¢ynrnum f™ BrpamKaloTCA TONBKO Uepes QyHKNUMA
far F™ D C .., f® nyrem BBemeHmA BCIIOMOTATeNbHHIX JMHEHHRIX
onepatopoB. Ilogxox, ocymecTBIeHHHH HamumoMm, ynpomaer Haxomx-
meune o0paTHOro Hpeo0pasoBaHHA M CYDIeCTBEHHO COKpAMAET BRITAC-
JeHnsa, HeoOXoNAMEIe IPHA MCIOIB30BaHUA NpeobGpasoBarns Jla B Teo-
PUE BO3MYMEeHUH.

B sToM naparpade H3I0MKEM OCHOBHEIE M[IeH, IpefIoKennbe Hamn-
aoM B ero paGore [143]. Iepenumem ypasmerme Memp: (3.18) B Ta-
roii gopme:

n—1
1 = Y — Z_OCZLILme%’?m (n>1,k>0). (41

Ilyrem mckmodeHMA QYHKIOWHA, CTOAMAX B OPaBOH JacTH ypaBHEHHs
(4.1), MO}KHO DOJIYYATD BEIPAKCHUE 1 wepes Qpymxmun fr+m), flan-)
., /%), B pesyapraTte IOXydNM

0 = {0 R G (n>1, k> 0), (4.2)
i=1
rrie G; ecTh TUHEHHHIH oneparop, ABaAwmuica ynxnuedt L, Ljy, . . .
..., L,. TlogcraBus (4.2) B ypaBHeEHe (4.1), momyunM TaKme peKyp-
pPeHTHBE COOTHOMIQHUA:
i—1
G;j=Lj— Zlcg'iqleG,-_m A <<jign). (4.3)
m=
Hanpamep,
Gl = L11
Gy = Ly — Ly L, (4.4)

Ga = L3 - L1 (Lz - L1L1) - 2L2L1-

Tlpu k = O m k = 1 u3 ypaBuenus (4.2) momyuaem

1™ = fa 4 21 CLGif ™, (4.5)
f%l) _ ]c(n+1) . ].le C%ij("—iﬂ). (4.6)

Ecan ¢ysrmuo G;fV oGosnauurs wepe3 f;;, TO ypaBHeHHs (4.5)—
(4.6) MoxHO mepenmucaTth TaK:

f™ = fn 4 El Cafi, neis (4.7)

fi? = {00 — 3 Cafi oy (4-8)
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Tae
fi,i = Lif — E CP Lnfiom i

IToncraBnsia B (4.8) BMecTo f BetmauHE Yy W Y, MOKHO OPH HOMOIIA
TpeyroipHOro aaropur™a (pmc. 20) HOJYUHTh TaK#e PEKypPPEHTHEHE
COOTHOIIGHHA [NA BHYMCIeBHs O¢yEKmui y™ um Y™, Bxomammx
B pasnomenns (3.11) =z (3.12):

n—1 B
YW = Wy + _Zl Cre1; npr (4.9)
J=
YW= —Way+ 3 CoaYins (4.10)
P
(n>1),
rage
Y;,e = Liy® — 5 CF LonY; . (4.11)
m=]
. j—1
Y, =LYY— 3 I Ly Yim, s (4.12)
m=1

Ecnn remeps momosmrs B ypaBHenzu (4.7) f =unm f = U (u3 coor-
Homenn# (3.22) m (3.23)), To moxyuum

n—i .
x(?) — — y(n) _l.- ]-g'l C’lej, it (413)
n—1 .
XM Y™ '21 ChY; njs (4.14)
i=

rie Yy n; B Yjn_; OUpefeNeHn paseHcrBamm (4.11) m (4.12).
Oyrxmue  x™ (x, X, 1) # XM (x, X, #), Bxomamue B obpaTHOE
upeo6pasoBanne (3.20)—(3.21), momywalorcsas mo mpocteiM dopmynam

X, X, 1) = ", X, X0 =X, . (415)
Y=X Y=X

Ilycrs ¢ymxnma Famuasrona H (x, X, ¢; €) 3agaHa B dopme
.3

H(x, X, t;¢e)= Z%—Hn(x, X, 1). (4.16)

n=0

IIpeo6pasoBarnas Ppynknma 'aManbToHa MOKeT ORITH HalileHa B BHAS

K(y, Y, t;¢) Z———-K (v, Y, t). (4.17)

n=0

HMonyuum cBasb Mexny Qymxmuamm K, u H..
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ITocie mpuMenenns mpeo6pasoBamna JIm ¢ymnkmua H sanmmercs
(cm. (3.7)) B BuUge

[s<]

H(x, X, t; &) = ZZ—T;H(")(y, Y, 1), (4.18)

n=0

W3 sroro pasencrsa m coornomenda (3.13) moxysaem paa n > 1

Ko = Ho, (4.19)
K, = H,+ R™, (4.20)

Ilonarag B8 (4.8) f = H -+ R, noxydaem
HY + BP = Knyy — ) CoKj njua- (4.21)

j=1

Ho mpm nomomu H- m R-TpeyroabHAKOB (cM. pme. 21) momyuaem
HY = Hoa+ D) CoLnnHom (rn>0), (4.22)
m=9

W= Wy (> 0). (4.23)

U, rarum oGpasom, u3 (4.21) — (4.23) monygaeM peKyppeHTHEIE COOT-
HOIIeHWA [JIA BHYACJAGHHA Opeo0pasoBaHHOTO FaMUIIBTOHHAHA

Ko = Ho, (4.24)
n—1
i ; DW,
K.—=H,+ Z (CIALHn 4 ChaKjneg) — 552, (4.25)
j=1
rae - ! s
DW, oW,
Dt = "5 LnHO’ (426)
j—1
Kji=LiKi— ) Ci1'LnKjm,i. (4.27)
m=1

§ 5. @opMasbHAas TEXHAKA NPUMEHEHNS
npeobpasopanusa Jlu

Paccmorpum cucremy muddepennuansurx ypasrenumit lamunanTona

dx oH dX aH
= — (5.1)

dt . 9X ' dt
¢ 'aMUJIbTOHHAHOM

H(x, X, t; &) = Ho(x, X, t) 4 eH, (x, X, t)-i——;—j—Hz(x, X, t) +
+ X, ... (5.2)
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TTocTpoum B AiBHOM BHJle HECKOJILKO WIEHOB PANOB, 3aMa0IAX IPeos-
pa3oBaHHe, OPABONAMEEe TAMUIBTOHAAH K BUAY

2
K(y, Y, t;6) = Ko(y, Y, £) -+ K1 (y, Y, ) + 5 Ka(y, Y, t) +
3
+ o Ka(y, Y, 04+, (5.3)

HKanonmaeckoe mpeoGpasoBanme x, X —y, Y mpegcraBuM B Bmje
PAROB

X =y+eyW(y, Y, t)+ 8—2y‘2>(y, Y, )+ g—?y@’ ¥, Y, )+ .., (5.4)

X =Y+ eYOy, Y, 0) + 5. YOUy, Y, 1) + 2 YOy, Y, )+ ..
.5)

a ofpaTHOe — WpH UOMOMM PAJOB

Y =X+ exO(x, X, ) + 2-x@(x, X, 1) + 4 x® (x, X, 1) 4 ...y (5.6)

Y = X 4 eXPx, X, :)+ x(”(x X, 1)+ 5 X(3>(x X, t) 4 ..
(5.7)
Hanee, m00y10 aHAIATHICCRYIO d)yHRumo

1(x, X, t;8) = fo(x, X, #) + &f1 (x, X, t)—{— fz(x X, t) +
+?f3(x, X, )40 (5.8)
nocae npeobpaszosarus (X, X)—> (y, Y) sannmem B Buge pafa

Fx X, t58) = Oy, Y, )+ 6f (v, Y, ) + 50 {0y, Y, 1) 4
+-§!—f(3) (y, Y. )+... (5.9

PeKyppeHTHHe BBIYHACJAEHAA HAYMH3KTCA C TOr0, YTO BHIOHCHIBA-
IOTCA OYeBUIHBIE COOTHOIEHMA

Ko (y, XY, 2) = Hy (y, Y, ¥), | (5.10)
O, Y, 8) =fo (y, Y, ). (5.11)

Haxee (cM. (4.25)), HaxOKAEHNe WIEHOB MEPBOrO MOPHAAKA ITPHBONAT
K PacCMOTPeHHI0 CIeAYIIero IMHeHHOIO ypaBHEeHUA B 9aCTHHIX IIpO-
W3BOMHBIX

DWW,

Ki(y, Y, ) = Hi(y, Y, t) — =

(5.12)

Hanomus na ¢ymkmuio K, kakne-1mGo TpeGoBanma (Haopumep, d9To-
6K oHA TOKIECTBEeHHO OGpalmanack B HYJb, He COHepana KOPOTKO-
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HepHONAIECKUX WIOHOB WIW YHAOBIETBOPANA KAKEM-INGO APYTHM OT-
paHWYeHHAM, BRITEKAOIVM H3 COHNED/KAHUA paccMaTpHBaeMoit dusm-
4ecKoil 3afaun), moskHo u3 (5.12) Beramcnnrs dpyrrmuno W, (y, Y, t)
¥ MOACYMTATH CjeAyomue QYHKIUAN: '

yO = Wiy, YO = —W,,
U = —yoO, XO = YO, (5.13)
fuo = Lyf®, O =fi + fr0
HGOGXOI[HMBIe JiA HCOOJI530BaHUA TEOpHUHA BOE}MYID;GHHﬁ C TO4YHOCTBIO
A0 WIEHOB HepBOr'0 IIOpANKa OTHOCHUTEIBHO E.
[ BREUMCIEHHS YIeHOB BTOPOTO HOPANKA NPeIBAPHTENBHO Ha-
XOJiUM

Kl,l - L]_.Kl. (5.14)

Hudpdepennmansnoe ypaBHeHue Haa Haxommenus W, (y, Y, £) mme-
eT B[

Dw
K2:H2+L1H1+K1,1—ﬁl. (515)

Bu6pas W,, kax ato TpeOyoOT yCI0BHESA WCCAeNyeMo# 3afKaun, Hai-
neM n3 (3.15) pyurnuo W, UmeHH BTOoporo mopagka HCKOMHX pas-
JoKeHUHE Oyayr 3aTeM IONCYATHBATHCA COIVIACHO (QOpPMYyJIaM

Y1 = Lyy®, Yy = L1Y(l),

¥ = Way 4 yu1, YO Way + Y11, (5.16)

x@) — — y(g) + 2y1’1’ X(z)': _ Y(2) + 2Y1,1,
fii=LifD,  foo = Lof® — Lif10, f® = fa + 2f1,1 + fa0-

Urobn HAHTY WIEHH TPeTHEr'0 MOPANKA, CHAYAJA ClefyeT BHUNCIUTH
Takde QyHKOUH:

Ko = L1K,, (5.17)
] KZ,I == LZKI —_ LlKl,l‘ (5.18)
JHuddepernunanvaoe ypasuenue qian Wy (y , Y , ) umeer Buy
DW
K3=H3+L1H2+2L2H1+2K1,2+ Kz,l—Tts‘. (519)

Haitns u3 aroro ypaBueHus QyHKRDmiO Wi, MOMKHO BHYUCIUTH 3aTeM
IEHH TPeTheT0 MOPAMKA MCKOMBIX Pa3I0:KeHHHE

Yi,2 = Ly®, Y2 = L, Y®,

Va1 = Loy — Lyyy s, Yy, = LzY(l) — L1 Y1,

¥® = Way + 2y1,5 + ¥a,1, Y® =—Wsy +-2Y1,0+ Yo, (5.20)
x® = — y@ 4 3y 4 3ys,1, X® = Y® 4+ 3Y1,2 4 3Ys,1,
f1,2 = L1f(2)1 f2,1 = sz(l) - L1f1,1,

fa0 = Laf® — Lufao — 2Lafr0, f® = f3 + 3f12 + 3fay + a0
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ITpouenypy mocrpoenus pasioxenni (5.3) — (5.7) u (5.9) momno aHa-
JA0TUYHO DPOROUKATH 70 JI060r0 HOPAAKA OTHOCHTENHHO &, HCHOTb-
sys coorHomenmsa (3.6), (3.7), (3.11)—(3.13), (3.20), (3.21), (4.7),
(4.17) m (4.24) — (4.27). _

§ 6. O reopun BO3Mymenwmii, ocHOBaHHON HA pagax Jln

B srom maparpade moxydamm obmue GOpMyIH MeTOHA BOSMYIMEHH
Xopu, ocnoBaEHOTO Ha psamax Jlu. B merome Xopm [142] ¢pymrruuum f
7 W (cm. § 3) aBarM oGpasoM or 1) He 3aBECAT. IlooTOMY MMEIOT MecC-
TO COOTHOMEHUA (CM. TakKe § 2)

% X) e = (7, Y) + Z o4 [M‘n—’ﬁ] i (6.1)
n=]
L%X) — Lwf (x, X). (6.2)

Tax Kak DpaBas uacTh paBeHCTBa (6.2) He 3aBUCHAT OT 1), TO
d2f (x, X df (x, X
DEX) LA Ly (Lf (x, X)) =4 (5, X) (6.3)

", Boobme, guna k > 1

d"f (x, X)

= Livf (x, X). (6.4)

Yrobn mOCTpOHTL HeOOXOAWMEIEe PaSlIOKeHHsA TeOPUHM BO3MYINEeHW
Xopn, DOI0KEM

eW (x, X) = D} W,(x, X), (6.5)
f(x, X) = nZ=0 fn (%, X). (6.6)
Torma ms (6.2) moxyamm
e I (x, = X) (1)
f (%, X), (6.7)
i ()
B (x, X) = m}_}0 Linsafrm (%, X). (6.8)
Boobme, xua k > 1
kB EX) N\
o SR = Z 9 (x, X), (6.9)

n=0
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rRe
B (5, X) = 3} L3 (x, X). (6.10)
Caenosarennno, "
(d f(x, X) ) Zf(k)(y, Y), (6.11)
rae
Wy, Y) = Z L fi (v, Y). (6.12)

Tax waxk mpeo6GpasoBanme X, X — Yy, Y He 3aBHCHT OT f{, TO H3
ypaBuenus (3.13) cienyer, uro

H(x, X) =K (y, Y) (6.13)
nin
D HuxX) = 3 Kaly, Y). (6.14)

Iogcrasnaa f = H (x, X) B ypaemenue (6.1) m mcmomnays (6.11),
DOIyqaHuM

Ko(y, Y) = Ho(y, Y), ‘ (6.15)
Ka(y, Y) = Ha(y, Y)+Z T BT Y (0>1), (646)
m=0
rme
HR(y, Y) = ZLMH“_y (¥, Y). (6.17)

OTH COOTHOHIGHHA M JagyT (opMyaH, HeoOXoJgmMeie JAA IOCTPOCHEA
npeoGpasoBaEHOrO raMuisToHAaHA B MeTome Xopm. Ilepemmmem co-
oraomexue (6.16) B Bmpe

Ka(y, Y)= H,(y, Y)+

h=—2
. 1 —-m
+ Z [Lm+1Hn~1'>ﬁ(y’ Y) 4+ =y HS ’(y, Y)] + LoHo (y, Y).
m=0 (6.18)
ITpu mopcuere Hap ™ 1o dopmyme (6.17) caemyer momoxaTH
i—1

HY = Kiyg— Hiyy — Zgz%m HGT™D, (6.19)
m=0
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BrhimpmeM mepBHe 4ieHH pas3lioKeHAA mpeobpasoBAaHHOr0 TaMBJABTO-
HHaHA
K, = HOv
K,=H, + L.H,,

K2=H2+L1H1+';—L1(L1H0)+L2H07 (6.20)
K;= Hs_ +L1H2+L2H1+ %‘Ll(Iq(LlHo)):T"LaHo—l—
o Ly(LaHy) + 5 Ly (L) + 5 La(LaHo).

Paszymeerca, coornomenus (6.20) cupaBeIuBH He TOABKO IS TAMAIL=
TOHHAHA, HO U AJaa awGoil pyarmum or x, X,
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NEPUOANYECKUE JABIGKEHNA, BJIN3KUE
K TPEYTOJ1bHBIM TOYKAM JINBPAITUN
KPYTOBOI OTPAHNYEHHON 3AJTAYN TPEX TEJ

§ 1. Beepenne

B raarax 7—10 moppobuo mccaenoBana safaua o6 yCTOHYMBOCTH
TPeyroapHuX Touek aubpaiuu. [lo-BuguMomMy, A 3aaq, CBA3AHAKX
¢ UCCaeAOBAHAEM TPEYTOJBHEIX TOYEK JUOpATH, CIeqYIOMHAM BayKHEM
BOIPOCOM ABJAAETCA BOIPOC O CYIECTBOBAHMH, IIOCTPOCHMM H YCTOM-
YEBOCTH TMePUONMYIECKUX [BIGKEHVH, OAHS3KAX K TOUKAM JHOpamum
KpPYToBOA orpanumveHHO# 3agayd Tpex red. Paccmorpenmio sToro som-
pOCa IMOCBAMIEHA HACTOAMIAS IIABA.

B 1899 rogy llapase (cM., mampamep, [94:]), a sarem B 1901 ropy
IInammep [163], mcumonbpzoBas ¢yHmaMeHTANBbHEE Pe3yAbTATH JlAmy-
noBa [49] u Ilyammape [82], ycramoBmmum cymecrBoBamme AByX ce-
Me#ficTB MaJibIX IEePUONAMYECKHX IBWKeHNH, OJUBKUX K TPEYIOJbHHM
TOYKAM JTUOpaliy IIOCKOH KPYroBoil OrpaENYeHHON 3alaul TpeX TeJ.
JateM mociemoBano Goxbmoe 4ECIO paboT B OCHOBHOM 3apyGesKHBIX
aBTOpoB, B KoTOphix pesyabratel [llapase u Ilnammepa pasBusammen
u yrouasiaacek. Ilo-Bmpumomy, s3aBepmaromeit paGoToit «HeMamIHHHO~
ro» srala WCCAefOBaHAS IOPHOAMIECKUX [BHMKEHU BOIUZH TPEYronb-
HHX TOYeK numbpamud Mo;HO cuutarh pabory 0. A. PaGoma 1952
roga [83]. Meronsr, ocHoBaHHEEe Ha mcHoNb3oBarumn DBM, Onuim cos-
nausl B paborax [empu, Paiiba, Xenpapaa, MImunra m np. [114—123,
140, 165—167, 172], m K HacTOoAmeMy BpeMeHH 3ajiada IOCTPOEHASA
TepUONMIeCKAX HBWKeHHH, OIM3KAX K TPEyrolNbHHIM TOYKaM nubpa-
OUH KPYroBoil OTrpaHHYeHHOH 3a/adM Tpex Tea, HOAYYMAa 6OJBIOs
pasButHe.

B paGorax Hempm [114, 115] mpenmosken MerTon aHAIHTHIECKOTO
OPONOIKEeHNsA, KOTOPHIA TECHO CBA3AH € KIACCHIOCKAMH IpPOIeNypa-
mu Jlanynosa u Ilyankape B 0 CyTH [ieJla CBOAMTCA K PEKYDPPEHTHO-
My BHYECICHAIO K09(QQUIMEHTOB pAa3IOKeHWA HePHONUYECKOro [BH-
JHEHHA B paAA 00 opOmranbHOMy mapamerpy. B [114, 115] ommcam
npucHocobaennnii faas IBM anropurM Haxoskmenusa sTHX Koadu-
OUEHTOB, KOTOPHI NOSBOJAET YIUTHBATL B PA3JOMEHHH HepHOfHTe-
CKOTO NBMWKeHUA Gospmmme cTelleHd OPOHTAIBHOrO DapaMeTpa.

Hasepuoe, 6onee unrepecna u sddextuBna npyras mogmduKamma
MeTOJa aHAJHTHIeCKOro IPONOKEHWA, OCHOBAHHAs HA WMCIOIbL30Ba-
HAN Teopuu Boamymenuit [lempm — Xopu m ommcaHHas B paborax
Ienpu u Xenpapaa [116, 117].

Ilpumenenne MeTOfa aHAIATHYECKOrO NpPONONAKEHHS IO3BOIH-
JI0 cmenaTb BEIBOX O TOM, 9TO H3-33 Me[JIEHHOH CXOJUMOCTH PAROB,
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OIHACHIBAIOMEX IePHOAHIECKOE JBIKEHHE, ITIA IIOCTPOSHHUA IepHOfATe-
ckHX OpOHT ¢ GOaBIIAMA AMILTATYNaMH 3TOT METOJ] Ml O IPATOACH, AaMKe
eCIW YYHTHBATH 04eHb (0JbIINe CTelleHN MaJoro opGHTanbHOro mapa-
meTpa. B oroM caywae Ha moMOm[p TPEXOAAT METOX THCIEHHOrO IpO-
ROJDKEHNs, BIePBHE IIpHMeHeHHLIE B paGorax Poii6a [165 —167] n
Hambosee moaHO ommcanubiii B paGore lenpm mw Xenpapma [119].

B paGorax [114 —121, 165 — 167] Mmeroms aHaJWTHYIECKOrO I
YHCACHHOTO HPOTONKEHUS MCIOIB30BAHB A HOCTPOCHAS IEPHONH-
gecKnx oplur, POKTANIMUXCA A3 TPEYTONBHEIX TOUEK JEOpamuu CH-
crem Conurge — IOnurep u 3emna — Jlyna. Hpome toro, B aTmx pa-
Gotax HalijleHH XapaKTepUCTHIECKHAe ITOKA3AaTeNH, COOTBETCTBYIOINHAE
HOCTPOEHHEIM OpOHTAM.

B cratee [lempu [122] mccrmemoBaHbl mepmopudgecKde IBHKEHHA
HpH 3HAYEHHMAX OTHOMEHHS Macc OCHOBHHIX Tel, GONBINMX KPHUTH-
4eckoro 3HadeHmsa K*, a B paborax [140, 172] paccmorpen Bompoc v
CYNM[eCTBOBAHAU MEPUONMIECKAX NIBIKEHHHW HpPH TAaKUX B3HAYCHHAX
OTHONMEHHUA MAace b, A KOTOPHX WX CYHeCTBOBaHHe HE CJeyeT U3
TeopeMbl JIlauyHOBa 0 roJoMopdHOM mHTErpaie.

B o63opuoit cratee lIenpn n Xenpapaa [123] oGcympmatorces pe-
3YJABTATH MCCIEOBAHMI HepHONAYeCKUX OPOHT INIOCKOH KpyTroBo#
OFpAHWYEHHOH 3a7ja9d TpeX Teld, KOTOphle ORIM HOXydeHH IOCTe
1966 roma. PesyasrtaTsr Goee paHHero mepHofia OMACAHE B MOHOTpA-
¢mu Cebexest [175].

Bce BHmeynoMaHyTsie paGoTH MOCBAIMEHH MCCAefOBAHAIO IMEepHO-
AUdeCKUX [ABIKEHHWHA B paMKaX ILIOCKOH KpYroBo#l OrpaHHYeHHOHR 3a-
maux E He GBI PACCMOTPEH BOIPOC 06 YCTOHYMBOCTH IEePHONHICCKAX
ABIKEHHA B CTPOrod HeIMHEHHOH IOCTaHOBKE.

B macroampeii riaBe paccMaTpUBAeTCs 3a7aUa O HOCTPOCHMH U ycC-
TOHIMBOCTH MAJNKIX UEPHOJMICCKAX NBIKeHUHE, OJHBKAX K TPEyroib-
HEIM TOYKaM Jr0panuy KPYroBoii OrpaHMYeHHOHE 3aJa4M TpeX Teal B
IIOCKOM U MPOCTPAHCTBEHHOM CIYIasX. 3amaua o6 ycroiiumBocTH pe-
HIaeTCA B CTPOrod HenmHeHHON moctaHoBKe. Ilpm manoskennnm pesysis-
TaToB MH ciefgyeM paGoram [68, 69].

§ 2. Tpu THNA NEepPUOTUYECKHX JIBHIKEHMIl

CymecTBOBaHAe HEePHOAUIECKAX [BIKeHMH, GIM3KAX TPeyroib-
HHM TOYKaM Aufpanydd orpaHMIeHHOR KDPYroBo# 3aladé TPeX Tel [i0-
KasnBaeTca Opu momomu meopemst A. M. Jlanynosa o 20r0mopdrom
unmezpane [22, 49].

Teopena (A. M. JI;myHOB) ITycmov dana cucmema 00bLIKHOBEHHHLT
dugepenyuarivnilr ypasnenut suda

dx dy
2 X, L=+, |
n 2.1)

dx:
=Nk X (=1,2, . m),

k=1
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20e & — noaoscumevras nocmoannas, aj — NOCMOAHHYE BEUJECTIEEH-
nue xosgppuyuenmul, a X, Y u X; — eoromopdruie GyHKyuU seAunun
Z, Y, Tj, PA3I0ICEHUA KOMOPHL He codepiucam 4HaeHo8 HUdxce 6mopozo
nopadka masocmu u 064a0am NOCMOSHHBLMU 6EUECTMEEHHAMY KO-
guyuenmanu. Iycmov ewnosnens caedywuyue dea ycaosus:
a) Ypasnenue
D (o) = | a —0b; | =0, (2.2)

20e 8; — cumeor Kponekepa, ne umeem roprei euda ilN, z0e i —
MHUMan edunuya, a N — yeqoe wuco.

6) Cucmema (2.1) umeem e 3asucawuil om 6pemenui 20.0MOPPHHBL
unmezpan, 8 KomopoOM CoBOKYNHOCMY %AEH08 6M0P0o20 Nopadra codepacum
nepemennbe T U Y.

Toeda ypasnenus (2.1) umerom nepuoduueckoe pewenue, npedcma-
sumoe padamu suda

[+ ]

© -
pm S eum, y= 3 ey, 5= 3 @I
k=1 k=1 k=2

20e & — GocmamouHO MAAAS NPOUSEOALHAS NOCMOSHHAA, a ece z*)
y®, xgk) — nepuoduueckue @GYHEYUL @peMeHU ¢ obwum nepuodom T,
A6ASOWUMCA  2040MopPHol.  Pynryuel. & Dynryuu ), yk), P
npedcmasAfIOMes KOHEUHBMU DROAMU KOCURYCO8 U CUHYCO8 Yerx
kpamuocmeti geaudund, 0, onpedeasemoii gopmysamu

g 21 (tT—— t) 2n

T2 (2.4)

npuiem ece g, — 6noane onpedeienHvie nocmosxHbue, a ty, — emopas
npou360ALHAR NOCTOAHHASA.

Beamunna & Ha3HBAIOTCH OpOUMAALHELM NADAMEMPOM WIH <AM-
OIuTYRON» HepHOAEYecKoro ABMWKeHEHA (2.3).

B panpHeimeM paccMaTpHBaeTcs ABWiKenme BOaumsau L4, omHako
BCe BHIBOAH BepHH ® 1asA L, 'aMunhTOHMAH JBHKEHHS B OKPECTHOC-
TH TPEyroAbHOH TouKM ambpamum L, ompenenserca dopmynod (3.1)
raaBH 7, B KOTOpOd Hano moaoxuTth ¢ = (. Mn GyjaeM @cclieffOBATEH
OepHOfinIeCKAe [JBE;KeHWA ANA 3HAYeHMA IapaMeTpa [, Je;KAIEX B
obnactn 0 << p << p* = 0,0385208 ycrofumpocTH TOYeK aHMGpanUA
B JiAHe#HOM Npn6amKeHEd. Y paBHEHAA [BIKEHHA Tela 0eCKOHEYHO
Majioit Maccnl B6amam L, mpu 0 << p << p* Beerma MOMKHO 3aIHCATh B
page (2.1). Bmemem nanee oGosHaueHHA

}‘1 = W, 7"2 = —0g2, }’3 = 1’ (2-5)

Ile @ ¥ 02 — KOPHE ypaBHewuHs (4.3) us cenpmoit rnaBH (0 << w0y <<
<V22 < o <1).
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Ilna pemeHmss BOIPOCZ O CYIMIeCTBOBAHUH HepHONMdeCKHX [ BHKE-
mmit, Giuskax K L4, mpumemnseM Teopemy JlamyHnoBa o romomopdroMm
HHTETpase, 32 KOTOPHH B paccMaTpHBaeMOH 3aflade MOKHO'UPUHATH
oyurnmo [ammiabrona H.

PaccmorpuM cmagana IUIocKylo 3agadgy. B arom caydae xapawre-
PHCTHYECKOe YpPABHEHUe JIHHeAPH30BAHHOH CHCTEMHl MMeeT [iBe IIaphl
9YECTO MHUMEIX KOpHe# =+ iw,, =iwy. YTOOH crenars 3aKi09eHHS O
CymIeCTBOBAHUY HEePUONAYECKUX [IBMKEHWHA, HAJ0 IPOBEPHTH TOJBKO
BHIIOJIHAMOCTb YCJIOBHs a) TeopeMil JlamyHoBa o roaxoMopdHOM HH-
Terpaje, T. e. TPeOOBAaHUA OTCYTCTBAA PE30HAHCHHEIX COOTHOIIEHHH
BHIIA

A’i - NA/l, (2.6)

e N — ODpou3BOJIBHOE IEJI0e THUCI0, a A;, A; IPTHUMAIOT 3HAYCHAA
Ay wnm Ay (D= ).

Bynem HasmBarh mepuofwdecKue [BIUKeHHUS, COOTBETCTBYHOIIHE
qacrore w,, nepuoduieckumu Osuxcenusmu 1 muna. Ux mepmon t, =
~ 2n/w;. OOBYHO X HA3HBAIT Koponikonepuoduveckumu deudicenit-
mu. Tlepuonuueckue ABU/KEHHA, COOTBETCTBYIOMHEE gz, OyAeM Hase-
BaTh nepuoduueckumu Osuscenusmu 11 muna. Ix mepmon T, =~ 2n/m;
(donzonepuoduneckue Odeurcerus).

Ina mepmopmuecknx nsmwxenni 1 tuma (I = 1, i = 2) coorHome-
une (2.6) mpuHEMaeT BE ®; = N®@;. 9TO PAaBEHCTBO He BHIIOJIHEHO

HE Opu Kaxmx measrx N, tark Kak 0 << 0y << V22 < w, < 1. Ta-
KuM o6pasoM, m3 TeopeMsl JlamyHOBa 0 rosoMop$HOM MHTerpaje mo-
AydaeM, 9TO IepHOAMYECKAe NBIKeHHS | THIA CyMecTBYIOT HPH BCex
i M3 paccmarpmBaemoro matepsaza 0 << p << p*.

Insa nepuopmueckux aswrennit 11 tama (I = 2, i = 1) coornome-
Hue (2.6) MokHO Iepenmcath TakK: ®; = Noy. C ydeTroM ypaBHeHUS
(4.6) rmaBH 7 3TO COOTHOIIEHHEe HPHHIMAeT B[ [22, 83]

4N?2 ;
2Tu (1 — p) = ﬁh‘z (N=1,23,...). (2.7)

Torma mosydaeM, 9To Meprofudeckue fpmxenna 11 tuoa cymecTByor
npu Bcex | m3 mETepBana O << p << p*, Kpome, GHITH MOKer, 3Hade-
HEH |\, YAOBIETBOPAKMUX paBeHCTBY (2.7).

Temepr paccMOTpEM HpOCTpaHCTBeHHYI0 3afady. [lpm Bcex p
u3 uaTepBaia 0 << u < p* mo-mpe;REeMy OyayT cymecTBOBaTE LIEPHO-
KAYeCKAe BWKeHNA | Tmma, a mpu W, He YAOBIETBODAOINEM PAaBEHCT-
By (2.7), m nepmonmieckue ABmxenus 11 rnna. Us-3a roro, uro mpoct-
paHCTBeHHEE IEpeMeHHBe 3, P BXONAT B TaMAIbTOHMAH H HeTHBHIM
ofpasom, nepuogmaeckue gBuwxennsa I u I Tanos m B mpocrpaHcTBeH-
HOI NMOCTAHOBKe 3aJaYfl OCTAOTCH B INIOCKOCTH BpAIEHWA OCHOBHBIX
npaTAruBamEx Macc. Ho B HpOCTpaHCTBeHHOX 3afjage CYMECTBYIOT
eme nepuofunyeckue npwxennA 111 Tuna, nepuox KOTOPEIX Ty =~ 25t/ hg=
= 2m.
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Ilpu pemeHwnm Bompoca 06 ycTOHIHBOCTH HePHONHIECKAX NBIKE-
geir 1—I11 TomoB cmemyer paccmaTpmBaTh HATH pasIMYHBEIX 3a4aq:

la) 3apmaga o6 ycTOWYMBOCTA LHepWONMYEeCKHX IBWKeHud | rtuma
B IUIOCKOM cliiydae;

16) samaua 06 ycToMYMBOCTH NepHOXMYECKHX ABWHeHmi I Tuma
B IPOCTPAHCTBEHHOM Clyvae;

2a) 3agaga 06 ycroAumBOCTH mepmopmueckux ABmwxenmi Il tmoa
B INIOCKOM Caydae;

26) sagada 06 ycTOHYMBOCTH NepHOAMYeCKHX ABMKenmi 11 tuma
B IPOCTPAHCTBEHHOM CIYydae;

3) sagaga 00 ycroiiumBocTH Hepuoiudeckux ABwxenmit [II rmma,
CYIMECTBYIOMUX TOABKO B HPOCTPAHCTBEHHOM Clyuae.

3agauau 1a) u 16) cymecrBeHHO pasiuaHb. B samaue 1a) mayuae-
Maa MeXaHWYeCKas cHcTeMa HUMeeT ABe, a B 3amade 16) — Tpm creme-
HH cBOGOIE. AHANOTHYHAA CUTYaNlUsa U ¢ 3agadamu 2a) u 26).

Kasxmoe us paccMaTpuBaeMBIX MEPUOAAYSCKUX [BWKEHUA 3aBHCHT
OT AByX D0AapaMeTpPOB: OTHONIEHWs MACC OCHOBHHIX TeJd | W «aMILIH-
TyAsy € (B Bajjade 06 yCTOHYMBOCTH 3aBHCHMOCTH II€PHOTHISCKOrO
JNBUKEHHA OT HAYAIBHOIO MOMEHTA BpEeMeHW [y, HEeCYIIeCTBEHHA),

§ 3. Cxema uccrenoBaHHA YCTOHYUBOCTH

flcuo, 4TO IO OTHOIIEHHWI0 K BOSMYIEHHAM KOOPAMHAT M WMIYJb-
€OB, COOTBETCTBYIOIIUX IEPUONUISCKAM [BUKCHUAM, 5TH NBI/KEHNA
Gynyr HeyCcTOHYWBH Ho JIAIIyHOBY, TAK KaK MX NEPHON 3aBHCHAT OT
HAadYaJbHEIX YCIOBHH (BeTWdmHA € B BHIPAKeHUMH AAA mepuona (2.4)
3aBHCAT OT HAYAJNBHHX ycuaoBmi). OaHako IpefcTaBisgeT WHTEPEC
sagaua 06 OpOHTAJBHON YyCTONIMEBOCTH.

Iipm pemenmm 3agauim 00 ycrofiumBocTH GydeM MCHOOIB30BATH
nopxon, Koropmit mpummenen A. JI. Bpono, B pa6orax [10, 14].
B otmx paGorax, B oTimume 0T KIACCAYECKOHR DOCTAHOBKE 3afaud o0
yCTOHYABOCTH NEePHORNISCKAX JBIKEHAN aBTOHOMHELX TaMHEIbTOHOBEIX
cucreM, 3HAUCHHUE IOCTOSHHON BHEPIAN He PUKCUPYETCA, a 0Ha MOMKeT
H3MEHATHCS B HEKOTODOM HHTepBate. TeM caMbiM He HMCIOXB3YeTCA
DOHWHeHNe 9YACIa CTelleHed CBOGOABI raMHIbTOHOBOM CHCTEME, KaK
9TO MeNaeTCA LUPH H309HEPreTHUeCKol penykuuu. Tawoii momxoxm mo-
3BOJAET UCCAEHOBATH HOJHYI OKPECTHOCTH IePHOTUYECKOIO NBHIKE-
HHEA, MCOONB3YA KAaHOHHYECKHe HpPeo6pasoBaHMsd, a B OKPECTHOCTH
HepUOfNIeCKOro NBMKEHHs MOKHO BBECTH TAKHMe JOKAIbHEE KOODAH-
HAThl, ITO FAMUIBTOHEAH BO3MYIIEHHOTO ABIKEHHs GymeT uMers Hop-
MaJbHYI0 QOPMY, aHAJOTMYHYI0 HODMAJBLHOH (GOpME B OKPECTHOCTH
nosoKeHMA paBHOBecus. Taxum oGpasoM, 3amada o6 opburaabHOR
YCTOHIHBOCTE IEPHOAUYECKUX [BHMKEHHH CBOTUTCH K 3amade o0
yerojiamsoctn 1o JlanyHoBy mo orHomemmo K JIOKANBHLIM KOOPHH-
HaTamM.
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B Hamei 3ajaue cxeMaTU9eCKH KOHCTPYKTMBHOe NpHMeHeHHe JO-
KAJIBHOTO MeTO[a MOMKHO HpefCTAaBUTE B BHJEe IOCIeKOBATEIHLHOCTH
ClleflyIOIUX OIepanmii:

1) momydeHMe HCCIELyeMOro IepHOAHYECKOro NBHKEHHA B Iiepe-
MEHHEHIX JieficTBHe — YyTIOJ;

2) BBefeHHme B OKPECTHOCTH NEPHOAHYECKOr0 ABMWKEHWA JOKAIb-
HHX KOODAMHAT M HosaydeHue QyBKmum I'aMHIbTOHA BOSMYMIEHHOTO
N BUKEHNSA;

3) mepexop K HOBOH He3aBUCHMON IepeMeHHOH «yroi», JUHEHHas
HOPMAJM3aNEA U MOJyYeHWEe BHIBOJOB 00 yCTOHYMBOCTH B JAHHEHHOM
npubInMHKeHAR; '

4) Bo3BpamieHne K CTapoil HE3aBHCEMOMA MepeMeHHOR W NpOBeieHue
HeJquHeHON Hopmanmsanuu QyHkmuu 'aMumibTOHA;

5) Ha OCHOBAHHH CBOHCTB K03((QUIHMEHTOB HOPMAJbHOH (OpMH
¢yurmun I'aMmibTOHAa MOJNyYeHUHe BHBOXOB 00 OpOwMTANbHOM YCTOH-
YHBOCTH HEPHOAUIECKOr0 [BIKEHUS,

§ 4. Oponrel nepBoro NPHONMKEHHS

Ecam B ¢ynkmun Iamuaprona (3.1) raass 7, ONHCHBAOMe# ABH-
menne BGaman Ly, cienats (npm e = 0) 3amMeHy mepeMeHHHX Ho ¢op-
myaam (4.2) rnaBu 7, a 3aTeM Ho gopMyraM

, 1 . — ,
G-—d. m=Verh =12 @1

Ve;

TO OHA HpUMET TAKOH BHU[:

H =H L HY 4+ ... +HL ..., (42
rjae

3
HY =5 Y halad + ),

* o N1 Ve g B (4.3)
Hpy = 2 h\‘xvz\’auuuzuaq;k ‘03 "3 npiu:pgung '
Nt =M
(m>3).

Pemenme cucremsl juHeHHHX AuddepeHNnaNbHHX yPaBHEHAR ¢
o *
¢pyuruumeit I'amunprona Hy, mmeer BEJ

gr = ag c0s (| M | v + Br)s pr = (=¥ oy sin (| A | v + Br) (4.4)
*k =1,2,3),
e &, Px — HDPOM3BOIBHHE IOCTOSHHEE, 3aBHCAMHAE OT HAYANBLHHX
YCIAOBHHA.
Ecau HauaibHEe YCIOBHS TAKOBH, YTO BCe oy IpH k 7 l paBHH
HYJTI0, TO ypaBHeHHA (4.4) GyAyT OOACHBATH mEPBOE nprbamKeHne
HepHOAHIECKOTO [IBIKEHAA I, II nam 111 Tuna (! — HOMep THIA He-
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PHOAMYECKOTO JBWKEHNA, paBHHH coorBercTBenHo 1, 2, 3). Ilepmo-
puueckue /ABmwxenna 111 tuma B mepBoM nprOAMAHeHEH IIPefCTABIAIOT
coboit imHelinbie KoreGanmaA (¢ 9aCTOTOM, PaBHO eIHHAIIE) B HAIIPAB-
JeHAHW, NePHeHIAKYJAPHOM IUIOCKOCTH BPAIGHHAA OCHOBHBIX Tei.
Paccmorpum monpobuee nepuogmueckne Apmxenns 1 u 11 tamos. B ko-
OpAMHATAX Gk, P (CM. TIaBY 7) 9TH [BHKeHHWA MOKHO 3alACATH B BHIE

0 = 2Lzll (40t + 9) cos (0,v + B)).

2a,

gr = — —L {3_12_-2_- (1 — 2p) cos (w;v + B;) + 20, sin (o,v + ﬁl)}? (4.9)

%
=0 (1=1,2), z,=V2 (20 —1)@E+9).

B cucreme roopauHat L4q19s9; ypaBaenus (4.5) OpeACTABIAIT CO-
Goil 3amHCaEHHIE B DapaMeTPWYeCKOM BWE YPABHEHUS BJIIUICOB €

‘:73?/r

%
!
!
!
!
s !
]
1
|
I
]
L L 1 VlL
J 401 qos “ Jenna Nyna
Puc. 22. 3aBHCHMOCTH SKCIEHTPH- Puc. 23. JiamynoBckme Op-
cHTeToB OpPOHT mEepBOro NpmOImie- 6uTH mepBOro HpHOIMKe-
HAS e; M e OT OTHOIMEHHA MAace uuA BOausm Toukm L, B cH-
OCHOBHHX Tel M. creme 3emiaa — JlyHa.

nenTpoM B L,. Boabmme HOAyoCH 9/JIMNCOB HAKIOHEHH K OCH Laqy
TIOf YIJiIOM Y, OHpefelAeMHM COOTHOMEHNEM

tg2y = )3 (1 —2p)

d upa 0 < p << p* pasabiM mpuGausuTenbHo 30°. OKCIEHTPUCHTETH
3AANCOB BHIMCIANTCA o PopMyaaMm

1—‘/ 2V9—4a)2m (=12

(207 +3) + V9 — 40)10)2
U OJMHAKOBEL A BCeX Ha4YaJabHHX ycaosuid. I'padmueckme 3asmcn-
MOCTH DYKCI@HTPHCHATETOB JJAUICOB ¢; OT IapaMeTpa | MpHBeJeHEI
Ha pmc. 22. W3 puc. 22, B 9acTHOCTH, BAXHO, 9TO IPHA BCEX W IKCLEHT-
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PHCHTET KOPOTKONEePHOAMICCKAX OPOUT MeHbIIe SKCHeHTPHUCHTETA 0~
romepmonmueckux op6mr. Ha pmc. 23 cxemarmuecku mpefcTaBiaeHHI
SIIAHTAYECKAe KOoporKomepmogmdueckme (T, = 2n/®,) um pmoaroume-
puogudeckue (Ty = 2n/w,) OpOUTH NepBoro upuGimKenua IAA
COOTHONIEHHWST Macc cmeTeMbl demas — JlyHa (u = 0,0121507 . . .,
e, =087...,e=098...).

§ 5. Ilocrpoenne nepHOmRUECKHX ABIKEHM

[as mocTpoeHns HepHONWYEeCKHX [ABIMKEHUN HeNMHeHHOH 3afadm
BOCIONB3YEMCS MeTONlOM KAHOHWYECKAX IpeolpasoBaHMil, HO B BHIE,
HECKOJBKO OTIUIHOM 0T npeobpasoBarmit pabor [116, 117].

MpencraBaym Gopmer Hy, u3 (4.2) B TaKoM Buje:

Hoo== DN HY s, (5.1)

§=0
*
e Hs, m-s 03HAa9YaeT COBORYHNHOCTH YJIEHOB CTeHeHH S 110 nmepeMeHnHBIM
* *
(KOOpIIHHaTa u BMOyJasc qp, pl) C HOMEepOM l (l — HOMEp TUulla mepuo-

IU9eCKOr0 ABMKeHMA) U CTEIeHW /. — § MO OCTATHHHIM IEepeMeHHEBIM.
CpemaeM Temeph TaKoe KaHOHWYEeCKoe IpeofpaszoBaHude:

q’;:’ P:* Qx> Dx (k - 11 2, 3)’ (52)

9100H BO Bcex $opmax HoBoil ¢ynrmmm 'amuasroma H Hopmammso-
Barhy wieskl H,, o u yHwatomkuts wieHs H,,_, ;. Takoe mpeoGpasosa-
Hue Gyzmer cxomamumca (28, 72].

TIpeoGpasoBanme (5.2), Kak u BooOme BCe gaabHedmue HeJHHEH-
Hbhle HOPMAIU3YKI(Ue KaHOHWYeCKHe NpeobGpasoBaHHA BTOH TIJIaBH,
nposopunocs Merogom Hempu — Xopw. JTOT MeTOH MCHOIB30BAICH
B mopudumranuu Mepcmana [156].

Paccmorpum mompoGuee mpeoGpasopamme (5.2). IlpomsBopamyio
¢yurmuio 7 sToro mpeobpa3oBaHWA, 3aBHCAIMYI0 TOIBKO OT HOBBIX
mepeMeHHHX, NpefCTaBAM B BHIE

T=TgdeeetdtTm+... (5.3)

Torga omepaTopHOe ypaBHeHHe [JIs ONpeflelleEnsa KosPunueHTOB IpO-
u3BonAmel pyHkuma u HOBOA GyHKmum ['aMuirTOHa MMeeT BHI

Don=ﬂ=Tl:’!_Hm (m:37 )7 (54)
rae omeparop D, ompefensercs ClefyoIuM 06pasoM:

3 * *
DT = —(HY Ty = — Y oH, oT,, 9oH, 9T,
aqk apk apk aqk

k=1
B (5.4) ¢yurnun " BHpaIKAITCA depe3 QyHKUAA

Hy ....Hm Hg,...,Hpo, Ts .o Tincre (5.6)

} . (5.5)
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Omepatoproe ypaBHeHMe [Jf OHpefeleHAA Ko3Q(HOueHTOB Mpo-
m3BofAmeld QyEKImA m HoBod ¢ymknmm lammabpToHa OyHeTr HMETH
sux (5.4) He3aBHCEMO OT aJrOPUTMAa HOPMAIHW3aImd, 6yaL TO Kiacch-
qecknit anropar™M Bupxroda, amropmrm [enpm — XopH HIM KaKoOi-
EUOYIb APYroil aJrOpWTM HEJMHEHHHX KAHOHWIECKAX IpeoGpasoBa-
puit. C GopManbHOM TOUKE 3peHMA OTIHINE MEKAY dTHMHA AJTOPHTMA~
MH HOPMAJIM3aIUHA 3aKII0IAETCS TOFBKO B CII0COGe BHYUCHCHAA PyHK-
nuit A, wepes Ppynrnun (5.6). Ipm mcnonssoBammu anroput™a Jen-
pun — Xopu B monaduxanun MepcmaHa HY;KHHe HaM B JajbHeiniem
dopmat y: g8 BHpamanTca gepes QyExnmz (5.6) ¢ MOMOMBIO COOTHO-
menui

H; = Hj,
1
H{=H;+—D o(Hs + Hs), (5.7)

Y = 0+ Do[ Hi + Hy + < Dy (Hi — Hy)| -+ Do(H3 + H).

3necs|

Ecnu ypasmenma (5.4) mus Bcex m yiKe penieHH B HalfeHHI COOT-
BeTCTBYWINHe WieHH pa3fioMeHusa HpousBojsAmell PyHKUHE B paAfn
(5.3), To momyuemnoe TakmMm o6pasom DpeoGpasoBamme (9.2) Gymer
WMeTh BHJ

e R m * 1 m
Qk=(1k+§_,mp Qi Pk=Pk+27n—!D 147 (5.9
m=1 m=1

rae D — omeparop, ompefenseMuid ¢opMyioi

D = D) D,,

n=g
a omepartopsl|D™ oOIpefeNsAOTCA TaK:
D =f, DY=Df=({-T),..., D"f=D (D™, ...

3necs f — npousBosnbHas QYHKIMA NEPEMEHHHX g, D.

Ypasuenne (5.4) Aia oupenenenua Ko3gPuimeHToB TPON3BONAMEit
dymxuuu 7 mpeobpaszosanms (5.2) B KodQPUIEEATOB HOBOH PyHRIEE
Famanerora H B Kam[goM NOpAJKe M OTHOCHTEIHHO KOOPAHHAT W HM-
OyJIbCOB pacHmafiaeTcss Ha TPYINH, COOTBETCTBYONue wieHam Hi; B
opexcrapienud (5.1); 910 03HAYaer, YTO HOPMANKBANKI) ITAX WICHOB
MOKHO HDPOBOJATL He3aBACHMO APYr or Apyra. Ilpm Hopmammsammm
wieHoB H;; B BHpaKeHHAX [iA K03QPUUHEHTOB NIpOM3BOAAMEH
¢ynxmum mpeobpasoBanua (5.2) HmOABIAITCA 3HAMEHATENH BHIA

di,j =MV, —p) + kZ M (Vi — ),
=
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Tne
Vit p=1,7 X v+ w) =
]

ITycts pesonance Baga (2.6) oTCYTCTBYIOT, T. €. IIYCTH BEIMOJIHEHO
TpeGoBaHMe a) TeopeMH JlamyHOBa 0 TrosoMopdHOM HHTErpaie. B atom
ciayuae Bo BcexX dpopmax H,, HOBo# ¢yHKIMYM ['aMANBTOHA WIGHLI BUAA
H,, ;1 MO'KHO YHUYTORATH IIOIHOCTHI0, HIOTOMY IT0 COOTBETCTBYIOMHE
9TEM WIeHaM 3HAMEHATeNH d; ; B Hydbh He oOpamatorca. Hpome roro,
Tak Kak wacaa A; (I = 1, 2, 3) me o6pamaorcs B Hyab IPH pPaccMaT-
pEBaeMHX BHAYeHHAX IapaMerpa [, TO B CIyJae HEYETHOILO M WICHH
H,, , TarksRe MOKHO YHHYTORUTH HOJIHOCTHI0. B ciywae wernoro m
BTH WIeHK MOKHO HOPMAJIN30BATh U IPEACTABUTE B BHME

Hmo=c¢m 12 (g1 + pi)®, (5.10)

e ¢, (m=4,6,...;1=1,2,3) — Benuunds, 3aBUCAMME JUIE OT
papaMerpa 3a/la4¥ | B ABJIAONAECA WHBapuanTaMa Gpysrun ["amuns-
TOHA HeBO3MYIIEHHOTO IePHOAMIECKOr0 JBWKEHHSA OTHOCHTEIBHO Ka-
HOHMYECKHX Opeo6pasoBanuil. ITH BeXUIMHE C TOYHOCTHIO 10 MHOMH-
Tena m-2'"™ paBHH DOCTOAHHEIM g, QUIYPAPYOMEM B BHpPAKeHAH
{2.4) nnsa HepUOKA T PACCMATPHEBAEMOTO MEPUOTAYECKOTO JBUKEHNS,

IToce npoBenenns npeoGpasoBannsa (5.2) HepBre WICHH Pa3JIoHe-
HuA HOBO#M ¢yskmum I'amMuinrTOHA

H=H,+...+H,+... (5.11)

NMEIOT BHI

s
1
Hy=— Y hlgh+ P,

H, =“2—Cz (q?+ P?)z—l— H2,2+H1,3+ Ho,m
Hs = Ha,z + Hz,s + H1,4 + Ho,a,

T/ie mo-IpeskHeMY B popMax M ; ; HepBHHE HHEKC 03HaYaeT HX CTEHeHb
110 mepeMeHHHIM C HOMEpOM [, BTODOil MHEKC — CTeleHb 3THX (opm
0 OCTAJNBHHM HEePEMEHHEIM, & ¢; = C4, 1.

Tak Kak COBOKYNHOCTH LepeMeHHMX ¢;, p; (i =1,2,3; i # )
Bxoaur B Qymkmuio lammabroma (5.11) B cremeHum He HEAe BTODOM,
nuaddepennEanbHEle YPABHEHUA [BI/KEHNA KOMYCKAOT IaCTHEE pelre-
HHfA, COOTBETCTBYWINWe NEepHOAWYIECKHAM NBHMKeHMAM, JIA KO-
TopEX ¢; == p; = 0, a M3MeHeHHMe mepeMeHHHIX ¢;, pP; OUMCHBALTCA
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CIeRYOIMBMA AnddepeHInaIbHEMA YPABHOHNAMEA:

dg o - -
dtl = W =MD+ D Z m2! mczm, 1(gf + piym 1,
) m=2 . (5.12)
p aH -
_dt_I T e T T Mg —aq, Z m2 " eym, 1 (g} + P L
m==2

B mepemennmx «medicrBuey / — «yroa» w, CBABAHHHX C ¢, p; fop-
MyJaMa

q,= V2l sinw, p,=V72I cosw, (5.13)
ypaBuenna (5.12) mpuHEMaioT BHJ
I dw = .
S=0, S =t 2 Meym, L™ (5.14)
m=g

Pemenue ypasnennit (5.14) saoucrBaercsa Tak:
I = Io = CODSt, w=Q (Io)(t —_ to) + Wo, (515)‘

rjie 9aCTOTa W HepPHo] HepHOIATIECKOro BmKeHAA (O.15) BRInCAAIOTCS
mo gopmysaM (3a eAMHHIy BpeMeHu IPWHAT4 BeJWIMHA IepHofa 06-
PAMeHUA TeJl KOHEUHHX MAcC MO MX KPYTOBHM OpGHTam)

(=]
Qo) =M+ D) megmilo v =2m/|Q|. (5.16)
m=g
Hs (5.16), B wactaHoCTH, BHAHO, 9TO TpH [y — 0 mepHon ABMKeHEA
CTPEMHUTCA K BeaHddHaM 271/ @;, 20/ @y WIR 27 COOTBETCTBEHHO [JIA Ie-
puonmueckunx ABwKenui I, 11 mam 111 Tuma.

§ 6. F'aMnIbTOHNAH BO3MYIUEHHOTO ABWKEHHS

Bynem wuccrenoBath ycTOMYMBOCTL WEPHOLHIECKOrO BHKEHHSE
(5.15) mo OTHOMIEHH K BOBMYIIEHHAM YACTOTH LEPHOAMIECKOrO IBU-
/KeHNA (MiM, YTO TO jKe caMoe, IO OTHOMIEHAN K BO3MYHICHUAM Iiepe-
MeHHOH «aelicrBuey [, HEBO3MYIEHHOI0 NepHONUYECKOTO NBUIKEHHA)
¥ 00 OTHOHICHWIO K BO3MYyIeHuAM ¢;, p; (i = 1, 2, 3; i == ).

HOycrs € =}/ 21, — manas, HO KOHeuHas, BeJIMIAHA (PacCMAT-
PHBAXOTCA MajHe Hepuonwdeckme ABmKemds). Ilycrs / — mepemen-
Has «JleidcTBUe» BO3MYIMeHHOTO HePHORUYECKOro IBHKEHUs, CBA3AHA
¢ I, cooTHOmeHAEM

1
I=—2—82+7‘1, (6.1)‘

rfle r; — BO3MYIIeHHe NEepeMeHHOH «HelicTBHE». 3HAK BEeNWYHMHE Iy



216 HEPUOJUYECKUE OBUHEHNA BBJIN3U L, [rJI. 12

oponasoner. Ilpm atom ¢;, p; (i = 1, 2, 3; i = 1) — BenmamnH nep-
BOr0, & I'; — BTOPOT0 MOPAJKA MAJNOCTH, U II0 CAMOMY CBOEMY CMBICIY
BCe DTH BeJIUYHUHH, B OTJIHYAE OT &, ABIAIOTCA OECKOHOTHO MAaJBIMH
BeANUYMHAMM.

HexapToBEl KOODAWHATHL ¢;, p; BOSMYINEHHOTO IEPHOJUYECKOTO
JIBIJKEHUS 9epes r'; W € 3aOMCHBAIOTCA B BHIE

_ 2
q, =121 sinw = {S—FISI——%—!—O(F?)]SHIW,
(6.2)
2
p=V2I cosw = [e—{— %——%—l— O(r?)J cos w.

Yacrora (5.16) mccrnenyemMoro IepmofmIecKOT0 NBHKEHUSA, 3aIm-
caHHafg yepe3 & NPUHAMAET BHJ

Q=7+ D m27 e 82 — A 524 O(ef).  (6.3)
m=2
ITopcraBasa B ramuasToHuaH (5.11) BMecro ¢, p; Beauaunn (6.2)

H cOOMpas WIHH ONMHAKOBOTO IOpAAKa mo g;, p; (i#= 1) u V|r,|,
monyuaeM ¢QyHKnzio 'aMHIbTOHA BO3MYIIEHHOTO IBUMKEHHS B BHIE

K:K2+K3+K4+..., (6.4)
TIe
3 o
1 ~
Ko= Qi+ 5 Y hilal+ 2D + Y B, (6.5)
= =
Ky=Hy3 + 21:1 ﬁm, 3 (6.6)
Ky=r} [Cl + 2 m(m—1)2"" ey, 182(m_2)] -+

m=3
0

+‘;‘é’2 ﬁm,z + Hya+ 2 ﬁn1,4- 6.7)
m=1 me—1

B (6.5)—(6.7) sHagox «/\» 03Hauaer, 4TO BMECTO ¢; X p; B COOTBETCT-
Byomue QOpME Hag0 OOCTABATH BEIDAKCHHA € Sin w H & ¢0s w, a

a9 v}
By = (ql 0+ pla—,,l) Hu, o (6.8)

Dynxuua lamanbroHa (6.4) mmeer mepmom 2;m Ho IepeMeHHOH w.
B (6.4) Toukamu 0603HaYEHHI WiIEHE, HOPAMOK MaJOCTH KOTOPHIX OT-
HOCHTeNBHO Beawamu ¢;, p; (i = 1) m )| r;| He mmwe msroro. )

Wrak, mepBhle ABa dTama CXEME HCCJAe0BaHAA OpOUTAaIBHOM yC-
TOHYMBOCTH JOKaJbHBIM MeTomoM (cM. § 3) mpoimeHsl.
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§ 7. Pezomaucet

Ilpu mecaemoBanmm yCTOMYMBOCTH OCOORIME ABIAIOTCA TaKue 3HA-
4eHMS [apaMeTpa |, NPH KOTOPHX BO3MOMKXHEI DPE30HAHCH TEePBOro
(MATYyHOBCKOE yCIOBHe CYIIECTBOBAHWA IEePMOMYIECKOTO ABHMKEHH),
BTOPOro (HOpPOKAIOMZe TOYKA [JIA IapaMeTpHYeCKOTO pe3OHaHca),
TPEThEr0 ¥ 4eTBepPTOro (MOpOKAAIOmde TOYKH JIJIA PE3OHAHCOB, IPO-
ABIAMMUXCA B HeJIMHeHHOA 3ajade) mopAnKoB. B ofmem Bupe Taxue
PEe3OHAHCH MOMKHO 3amMCaTh CaeIyommM obpasom:

n,-?»,- + n]-?»j = N}"l (i, j, !l = '1', 2, 3; l# l, ]7& l), (7.'1)

rme n = |n; |-+ |n;| — nopagor pesonanca, N — moGoe Ieloe
guciao (N = 0 nmpu r = 1, 2), a | — HOMep MEepUOAAIECKOrO ABUIKE-
uua (coorBercrBeHHo |, Il mau 1II tuna). Pesonancroe coorHomenue
(7.1) mepemumem B Buje

kyoy + kaws + k3 = 0, (7.2)

e %y, ke, k3 — Tledbie 9HCNA, ¢ TOYHOCTHIO [0 3HAKA PABHBIE THCIaM
n;, nj, N u3 (7.1), a 0,, 0y HaxX0ATCA U3 ypaBHeHus (4.3) raas 7:

14+-M 1—M
o=V w=YSE. (1.3)
3necy BBemeno o6osmauemme M = J/1 — 27pn (1 — p). B wmnTepe-
cyromeii Hac obmacru O << p << p* BRIDOJHAWTCA HepaBeHcTBa 0 <<
< M<1, a

1 5(AMT 1 23
TR ‘_/_(_Ei_) _ (7.4).

IIpnm pemenwm Bompoca o ToM, Kakme u3 pesonaucos (7.2) Hamo
Y9UTHBATE IS IIOJHOTO HCCHELOBAHHUA YCTOMIMBOCTH IBUKEHHHE B
MHOTOMEDHHEIX TaMIJIBTOHOBEIX CHCTEMAaX, IOME3HO PYKOBOICTBOBATEH-
CA CHeNyIIMUMUA ABYMSA COOOPAKEHUAMHN:

1) B KOHKpeTHOH 3ajade 4ACTOTH NHHEHHOA CHCTEMBI 3ABHCAT OT
DapaMeTpoB M3BECTHHIM 06pas3oM M, ClIeJ0BaTelbHO, B pacCMaTpHBae-
Moii 06JaCTH DapaMeTpoB HA HUX HAJOMKEHHl KAKHe-TO OIPAHMYeHHS,
M03TOMY M3 BCeX pesoHaHcoB (7.2) Hajmo oTofpaTh TOABKO IPHHOHUIA-
aJIBHO BO3MOKHEIE;

2) crpykrypa ¢pysruum ['aMUILTOHA B KOHKDETHOH 3ajade 9acTo:
TAKOBA, YTO HEKOTOPHP U3 NPUHINIHAIBLHO BO3MOMKHLIX PE30OHAINCOB.
He NPOABIAITCA B Oporecce HOpManu3anud QyHxmun ["aMUILTOHA 1,
CleJloBATENBHO, PACCMAaTPUBATh MX He MMEeT CMEICIA.

B paccmaTpuBaemoi 3iech 3afiaue A pemeHHs BOOpOCA O MPHH-
OUOKAJTBHON BO3MOMKHOCTH pesoHaHca (7.2) paspemmm ypaBHeHHe
(7.2) otHocutensHOo M u moayumm '

M, = — (k] — kD) (3 -+ k2 — 2k2) —+ 4kyhokes V/ K2 k2 — k2
’ (k3 + K32 ’

(1.5)
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a B maockoi samaue (kg = 0)

M—_—_fg;kj_ (1.6)
Ky + kY '

Torna m3 Bcex pe3OHAHCOB (7.2) DPHHOANHAAIGHO BOBMOKHHMHE Gy-
AYT TOABKO TaKHe, JJIA KOTODHX XO0TA Oul ofiHa 3 BeanmunmH (7.5) (wim
seamamna (7.6) oA maocko# sajaum), MOACYUTAHHASL IO JAHHHM A,
ks, k3, Oyner saxmioyena B maTepBaie 0 << M << 1.

Hanee, ¢ymrmaa lamMuapToHA ABIAETCH YeTHOH OTHOCHTENBHO
TIPOCTPAHCTBeHHHX HEepeMEHHHX (3, Ps. JTO 03HAYAeT, 4TO H3 BCEX
OPAHIATHANLHO BO3MOKHEIX Pe30HAHCOB HMEeT CMEICI PacCMATpH-
BaTh TOJBKO TaKWe, AJAA KOTODHX BeaudmHa kg 9eTHA.

Bee pesonanch, mposBaAmmiEecs B mccaefyeMHx 3amadax 1a),
16), 2a), 26) u 3), omprBenenst B Tabx. 10—14. Ilpm paccMoTpennn me-
propuuecknx gpmxenui | (wnm II) tuma B mpocrparmcTBeHHOH 3agaue

Ta6amma 10

T 2_3‘5 , DJAOCKasaA 3aJaqda
oy
n PesonaHc M ®opma H fn Iopanork &| Ilpumeuyanne
*

L= 0 1 H p=0

0 =0, 0 Hy o=
2| 205=a, 3/5 HY 1

30, = @ 4/5 HY 1
31 30,=20 5/13 H* 2

4wy = @ 15/17 HY 1
41 40, =30, 7/25 HY 3

HaJ[0 YIATHBATH Kak pe3oHaHcH u3 1abu. 11 (aaum 13), Tak u pesonancs
w3 taba. 10 (maum 12). B mepBoMm croabrme 9THX NATH TaGaAN BHINCAH
TOpPAOK Pe30HAHCA, BO BTOPOM — SBHOE BHPA/KeHN® PE30HAHCHOTO
COOTHONIEHHSA Uepe3 4aCTOTH ®;, Wz, ®g = 1, B TpeTheM — 3HA4YEHH®
napaMerpa MM, COOTBeTCTBYIOINEe BTOMY PE30HAHCY M BBEITMCICHHO®
mo gopmyne (7.5) miam (7.6), B weTBepTOM CcTONOME YKaszaHa Ta gopMa

Hr, B KOTODO# IepBHE pas OpPOABJIAETCA TOT Pe30HAHC *), a B IA-

*) Pegomanc (7.1) mposizaserca mepBHA pa3 mpu ydeTe Taxoi GopMH H:’n H3
(4.2), nas xoropoir m = |N|+4| ;| +{ni]|.
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Tadbamma 11

T 2_3, IPOCTPAHCTBEHHAA 33/1a%a
(031

n Pesonanc M Dopua H:l Tlopsapok & | Ilpnmeuanne
3 2+ 0y = 30, %___4. H: 3
2(1 — @) =w, | 725 oy 1
A 2 (1 + @) = 30, | 119/169 HY 3
2(1 + o) = 4a,|  7/25 HY 4
. A=35a,| 7/25 HY 5
Ta6amma 12
rzgi, IocKad sagaga
0y
n | PesoHaHC M ®opma H Tn l;&? - Ilpuneuanse
1_1/1 T 16NE |
, 2 * 27 (N2 1)
1] o,=No, T NTT Hpyoy M= 5 ) |
N=1,23,...
2 2(1)1:N(02 1—‘—-—_Nz+4 HN+2 N k=0y1v29~"
18 N =3k+4, N=3k-+5
3| 30, =N, 1““m H;l:”s N k=0,1,2,...
Ao 32 % N =4k +5 N =4k 7
4 | oy =N, NTI 16 Hpyoy N EF=0,1,2,...

TOM — HOPANOK IO &, B KOTOPOM OOHapy:RUBaercad 9(PQeKT MaHHOro:
pesoHaHca *) (cM. §§ 8—10).

Jlna mecrefoBaHUA yCTOAYMBOCTE B CTPOrOM HETHHEHHOM CMEICIE
Ipd HEPEe30HAHCHHIX 3Ha4YeHHMAX NapaMeTpoB (Kak 3To GymeT BHAWO

*) PesomaHCEHI 3QdexT, coorBercTByommit cooTHOmenm0 (7.1), oGHapy-
JKHBAeTCA IpH yJere B pasiokeHud ¢yrxnua Camunbrona (6.4) wieHOB, DOPHIOK
KOTOPHX He HmKe & |,
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Ta6aumma 13
T~ %ﬁ, IIPOCTPAHCTBEHHAA 3alaqa
W
w |5
N =)
n Pe3oHAHC M g = Tipumeyanue
=3 j=1
o =3
& =
2 2 = No 1= m% | N|N =345, ..
. 2(5N2— 3)-L- 8N V' N2 —3| .
3 2— o, =Nwy[l — R Hiyl N N=2234,...
Lo , 2(5N2—3) —8N V' NZ—3| = _
24 w;=Nayll — IR Hy. | NN =3,45,...
{ 322 "
41201 4+ @)= Nos _m Hy o N N=56,17...
32 * N =2k -+1
4 =N 1 — =2 HY IN |
@2 g Neal Y| p 34,5,

Tadauua 14

T~ 23’12, 33729 TOJBKO IIPOCTPAHCTBEHHA

n PesoHAHC M Popma H:n TlopAnok € IIpumedanue
t wy =0 1 HY w=0
2 Wp— =0 0 HY 0 == ¥
@y — 20, =0 3/5 HY 0
31 @20, =2 7/25 HY 2
3wy = 2 1/9 HY 2
0, — 3wy =0 4/5 H 0
3w, —w, =2 | (6Y6—4)25 HY 2
4 _
0+ 30e=2 | (6V6 4 4)/25 HY 2
4wg == 1/2 Hy 2
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B § 10) mocraTounHo yunThHBaThL B pasaomeHuM QyHKOUM I'ammipToHa
(4.2) 9eHs [0 Y4eTBEPTOro LOPSIAKA BKIIOYHTENBHO.

N3 tabn. 10, 11 u 14 BunHO, 9TO AJA TOJHOTO PelleHUs 3a0add
(T. e. ¥ IPHM pe30HAHCHHX 3HAYEHUAX DApPaMeTPoB) o0 yCTOHUIMBOCTH
mepuonudecknx nemxennit [ u 111 tanos mocrarouno ydecTh KomeuHoe

&
YNCI0 WIEHOB Pa3JoKeHHsA raMmibToHMaHa (wienst H,; B 3amaue 1a),

anens H, B 3agage 16) u wiens: Hy B sanaue 3)). Kax puguons ra6m. 12,
13, B sagagax 2a), 26) 9HMCTO PE30HAHCOB CUETHO (TOUKOH HAKOILIE-
BuA pesoHaHcoB Ha ocn Op siBasiercd rouka W = (). ITo 03HagaeT, IYTO
HEKAKOT0 KOHEYHOTO YHC/Ia WIEHOB Da3joiKeHMA QYHKIUE [aMHIb-
TOHA HOTOCTATOYHO /I OKOHYATEIBHOTO pPeNmeHUs 3ajadm of yCToli-
gpBocTH Depmopudeckux aBmwxeHuil 11 Tuma. Omumaxo gaske Ha ocuo-
BAHMM aHAJM34 KOHEYHOTO YUCNA YNEHOB PA3NOMKEHWS TaMUIbTOHHA-
Ha MOMKHO CHeNaTh AOCTATOYHO IIOJHbIE BEIBOTH 00 yCTOHYMBOCTH M
HEyCTOMYUBOCTH B Pe30OHAHCHHX caydasx (cM. § 11). Mu orpanmanm-

*
ca paceMorpenneM B gynximu IammasroHa (4.2) wienos Ko Hy BRJIIO-
THTEIBHO.

§ 8. Jlunneiinan wopmammzanua. llapamerpuueckuii pesonanc

B stom maparpade mcciaeqyercs yCTOHYMBOCTD NTHHEAHON CHCTe-
mbl ¢ Qyaknmeir [amuaproHa (6.9).

ITpesxme BCeTo 3aMeTUM, 9TO B IUHEHHOH cmcTeMe BO3MOKEH Hapa-
MeTpUYeCKUi pe3oHaHC

nihi 4+ nhy = NA, (i, 1=1,2,3; i=1, j== 1, 8.1)

rne [ n; |+ | n;| = 2, a N — DpousBOIbHOE HEHYJIeBOE I[{eJ0€ 9uc-
no. U rabx. 10—14 BunHo, 910 B Hanrell 3ajiade mapaMeTpUIeCKA pe-
s0oHaHC KoMOUMHAIMoOHHOro THHa (T. e. Korma n;-n; == 0) He Berpeda-
erca. Iloatomy coornomernne (8.1) MomHO mepemmcaTh TaK:

2M; = N, (i,1=1,2,3; i#1. 8.2)
Temepp omnumeM HpoHelypy HOPMATH3AINU KBafpATHIHOM dacTd

K, ¢ymrumm Tamuasrona (6.4).

Oynromo 'amuasroBa (6.5) IHHeapn30BAHHOM CHCTEMH IPEICTABIM
B BUIE

Kz = erl + 2 Fm' zﬁm, (83)

m=0

a acToTy mepuopuvecKoro Amxenus (6.3) muasa manbHeRANIMX BEYHCIe-
Hufl ypoOHee Iepenmcath CAeXylOmMuM oO6pasoM:

Q= o 9 =n, QFP =0, QP =(n+1)2 "o 1.
n=0
(8.4)
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B (8.3) ¢pyuknua Fo He 3aBHCHT OT W K EMEET BHJ
1 1 .. 9. s
Fop= Ml 4 p) + 5 M@+ p])  (h7=1,2,3; i1, j#1),

a QyEKnud F, . (m > 1) uMeIOT HyJNeBOH NOPANOK OTHOCHTENLHO £,
ABIAOTCA 27-MepHofUUecKuMy (YHKIEAME W I 33THCHBAIOTCA Yepes
KOHEYHHE DAL CHHYCOB X KOCHHYCOB IEJIHX KPATHOCTeH BeARINHH W,
HpEYeM MAKCEMAIBHAsA KPATHOCTh He NPEBHIIAeT M. ITr GyHKIAH

BHpakaloTca deped $yHxnuu H,, , ¢ MOMOMBI0 COOTHOHMICHHH
Fro=Hy,,e™ (m=1, 2,...). (8.5)

Hna wpuBenerms ¢yuruum (8.3) K HopMaabHOH dopme Heobxo-
A¥MO CHAayajla NPOBECTH ¢¢ HOPMAJM3aIWi0 IO IepeMeHHHM (;,
Di» 4j, pj. Jlig aToro mepeiifieM K HOBOA He3aBHCEMOW HEPEeMEHHOM w.
dTa omepamus cBomuTcsa K feneHmio gynknuu (8.3) Ha Q,. Dymknua
lamminroHa, ONUMCHBAWINAA W3MeHEHHE IEPEMEHHHX ¢;, Pi, Gj» Dj
Oyaer BHYUCIAATHCA IO dopmyle

G2: Ej Gm, ‘.’.Smy (8-6)

m=0Q

1
rne Gy = o Fys, a yarnum G, » (m > 1) obnagaror BcemMu Iepe-

YHCJIeHHEIMA BHIIE CBoicTBaMu (QyHRImMA F,,, U BHUHCIAIOTCA IO
HIM OPE IOMOINY PeKYPPEHTHEIX COOTHOINCHHI

m

GM, 2 = _i_ Fm’ 9 _;\l,l- 2 G)n_n, Zggn)- (8.7)
n=1
Mdyuxnua lamunsroHa (8.6) cooTBeTCTBYeT HEABTOHOMHOH KAaHOHH-
qeCKO# CHCTeMe ¢ [JBYMA CTeNeHAMA CBOOOMHL.

Hopmanmsanuwo ¢yskmuu lammasrona (8.6) moskHO mpoBectH
o6nuHEM cmoco6oM, HampuMep, HCHOIb3YSA ANTOPHTM, aHAJOTHYHELR
anropurMy BEpKroda, mim MCIOAB3YS AATOPHTM Henpn — Xopm.
Ipm 5ToM Ha KayK[OOM mare HOpMAaXm3amun GOpMHl G2 MPHXONUTCA
pemaTh CHCTeMH JHHEHHEX AuddepeHnnaTbHEX ypaBHeHm# ¢ me-
prommuecknmu Kodpdunmenramu. OnHaKO B HammeM clydae GyHKIAA
TaMHEIBTOHA CONEPMKAT «BpPEMs» W TOJBKO Yepes KoMOmHANMA & sin w
£ C0S w. ITO HO3BOJAET HOPMAIU3ALAI0 HeaBTOHOMHOH KAHOHAYEC-
xoii cucreMsl ¢ Qyurnumeir Tamuanrona (8.6) cBectn K HOpMAaJIM3anua
ABTOHOMHON cHCTeMH (HO ye C TpeMsa CTeIeHSMH CBOGOJH).

Jlas DTOTO IpeEAe BCEIO 3aMeTHM, 9TO JJIA HOPMaNHMsyeMoii He-
apropoMuoii Qyurnun Tammasrona (8.6) omeparopHoe YypaBHeHHe
(5.4) B o6Go3BavenHAX 3TOr0 maparpada NPHHEMaeT BN

AOTm,Z = Gm,z -—_ G:l,% (8'8)
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rne
d
AO = Do —_— Ef' y Don’ 9 = — (Go,g'Tm, 2)- (8.9)
B(@8) I',snm Gf:.,z — YIeHH CTeleHH /M OTHOCHTEILHO € B Pasio-
MeHHAX OPOH3BOAAmeil fyrrnun 7', nckoMOro NpeobpasoBamms U HO-
Boii ymrmmm Cammabroma G, B pAXH II0 MAIOMY HapaMeTpy e.
Oyukuur G, ompefensiorca mo gopMmynaM, aHAXOTHYHEM (5.7).
Opuako nponenypy pemeHmsa ypasHemmid (8.8) mMoKHO mpepcra-
BUTH B HECKOJABKO MHOM BHfe. BBefeM QUKTUBHKE HEPEMEHHSLIE ¢,

P 10 GopMyiiaM

gp = esinw, p, = € cos w. (8.10)

ITocne rakoil moxcTraHOBKE «BpeMsay w B ¢yurmmio I'ammisTona (8.6)
SIBHO BXONHTH He Oymer. Jro cleflyer u3 Toro, 4ro B GyHKIuo (6.5)
BeJIWIMHH € B W BXONAT TOABKO B Bufe KoMmGuuanuii (8.10), a B wac-
tote (8.4) mapaMeTp €? MOMKHO 3aMEHHTH HA BHPKEHHE o, -+ po.
Ionyumemasca ¢yaroua IamMuabToEa OymeT HMeTh BH[,
L=Ly,+... +L,+ ..., (8.11)
A _ Vi Ve V'
Lo = G, ™2 2 Py, 1909305 w'Plilzpl;’, (8.12)
Vit Hg=m
rge 3Ha4oK «\/» 03HAYAET, 9T0 B COOTBETCTBYIOIMUX QYHKIUAX Beau-
YEHHE &, W HCKIIOYeHH Opm momomu noncraHoBkd (8.10). B (8.12)
m > 3, a dyaxkoua L, ompeflenena HmKe., OTMeTrHM, WTO HeHCTBHSA
omeparopa «/\» u3 § 6 m omeparopa «\/» BBaMMHO HPOTHBONOJOKHH 1,
takaM obpasoM, 1o ¢yuxnmam H,,, . n3 (5.11) moskHO cpasy ke mony-
gith pynroua F,, .e™, mo KoropeM ¢ momomsio (8.7) ompepmenswrca
¢yurnmn G, s. aa aroro mago Toapko B QyHKmuAX H,, » cmemathk
$dopManbHEYI0 3aMeHY q; —> {4y P; —> Pue
IIponsBopaAmyoo QYHKOAIO MCKOMOTO, JIHHEHHOTO OTHOCHTEILHO
¢is Pi» 4j» Pj» HOPMAJU3yOmero mpeobpa3oBaHua S M HOBYI (yHK-
mao TammneroEa L* Gygem uckars B Buae (8.11). Ucmonbaysa mpa-
BU10 AuPPepeHOAPOBAHAA CAOKHNX (QYHKOHA, omepaTtop A, mepe-
ngimeM B BHAE

2 0
Ao = D, "‘[Pw—aq——qw—aT] . (8.13)

U3 (8.13) smpmo, uro AeiicTBEE omepaTopa Ay Ha IPOA3BOABHYI0 QyHK-

nuio F nepeMeHHHX q;, Py, 44 Pj» Qwy Pp MOMHO IPENCTABHTH OPH IIO-
momga ckoOkm ITyaccoma

AeF = — (Ly-F),
rae .
1
Ly = Gop + 5 (g0 + Pu) = 5 (4o + Pu) +

t A 12
tgg, @)+ g (@ 4 R
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HyxHble B RajpHeAmeM d)opMLi L., u3 (8.11) nmeror B

1
L3 = }\‘—I-Hl,g,

Ly

f

%Hz.z l(‘Iw"l"pw) [TT(%"*‘I%)‘E‘ 3 7» (41+p7)]
1
L5=7vl—H3,2“—x—;l‘(9?u+P‘fv)H1,z,

rae dopmur H,, , oupepnenens B (5.11) (Temeps mepBriit wHAEKC B H ) 9
03HagaeT CTeNeHb 3TUX GOPM OTHOCHTEIBHO ¢y, Py).

Ouepa'ropﬂoe ypaBHeHUe Jas oupefeaeHAa GopM Sp.p 3 H L
M3 Pa3JOoMeBU# NpousBoAsameid ¢yuKmum S u HOpManbsHOR (GOpMH
HoBo#t ¢yukiuu lamuaproma L* Gyger mmeTh BHX

AoSmg,0 = Zm - L:“
rjae
ANoSmgo = — (La*Sm-g,2)s

a ¢yHKIuu L, BHUACAFOTCS N0 QYHKOHAM
* *
Loy .oy Lyy Ly, ...y Lypa, Sy 2.y Smes 2

¢ nmoMompo opmMyn, aHANOTHIHHX Qopmynam (5.7), B KOTOPHIX ome-
patopst D, Hao 3aMEeHUTH HA 0HepaTOPH Do o, HeHCTBUE KOTOPHIX
Ha OpPOM3BOJBHYI0 QyHKINIO F IepeMeHHHX §;, Dy Gj; Pj» Gur Pw OHA-
CHIBAETCH COOTHOINEHHAMU

Dm—2,2F = (F'SM—z,z) = Z

k=i, j

[0F 08 m_g,9 oF aSM—z.zJ

Taxum o6pasoM, BMECTO HEaBTOHOMHOM CHCTeMH ¢ QyHKIUER
TamMmarrona (8.6) MOKHO HOPMAaXM30BATH ABTOHOMHYIO CHCTeMY (HO
¢ 9HCIOM CTemewell cBoOOIE, Ha efuHUIY OonbmuM) ¢ pyHrmuei INa-
munbsToHa (8.11). Ilpum stom mpemmaraemas 3fech OpoIeAypa HOpMa-
Jmn3anmy GyJaer oTIMIATHCH OT OOBLIYHON HOPMANMH3AIUA ABTOHOMHONR
CHCTeMH C TpeMs CTeleHAMH CBOGOAL B OKDECTHOCTH MOJOMKEeHHS
paBHOBECHS TOJNBKO TeM, 4TO OpH BHUHCIeHHH cKoGor Ilyaccoma
B BenmuuHAX (5.7), a Takke IpH HoIydeHuHm ABHOro Buaa (5.9) pac-
cMaTpmBaeMoro mpeobpasoBaHuA Hafo IpoBoauTh AupdepermmpoBa-
HUe He IO BCeM IePeMeHHHIM ¢, Pi, Gj, Pj» Quws Pwr & TOIBKO IO mepe-
MeHHBIM G;, {jy Pis Pj-

B ¢ynrumio I'amnasrona (8.11) wiens g¢;, p;, ¢j, pj BXOAAT TOIb-
Ko KBajpaTwuHeiM  obpasom (B (8.12) vy + vz + pa + pz = 2).
IlosToMy DOMEmAaTh HOPMAJAM3aIUU MOTYT TONBKO pPE3OHAHCH BHJA
(8.2).
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ITycre BEIONHeHO pesomamcHoe coornomenue (8.2), Torma HOp-
manpHasa ¢opMa ¢ymxkmum Iammasrona (8.11) 6ymer Taxoi:

=
A, A; n
L* =ry, + —tri - —}TZ- ri+ Z (Can, iTs -+ Com, 75) 1w -+
n=1
- iNl4-1
+ aVriMr;sin Qo — Noo) + 0(ro © ), (8.14)

e
qr = V 2r sin ¢, pt = V 2y cos O k=17, w). (8.15)

B (8.14) BenwduHNI Cop, 5y Cam, j B O ABIAIOTCA HHBapUAHTAME QYHK-
nuu FaMEabTOHA OTHOCHTENLHO KAHOHHYECKAX OpeoOpasoBaHmb, a
N = [Y,| N {l, rme xBagpaTHbe CKOGKE 0603HAYAIOT OIEPATIHIO BEITHAC-
JeHHusA Hejod 9acTH qHMcia.

3amena ¢;, pi, ¢j pj—-rq;k, p?, q}", p}k OCYIMEeCTBAAGTCA IO
dopmynaM, aHaJormyHEM fopmyiam (5.9), B KoTopeix omepatopu D,
HajJl0 3aMEHHTH HAa OmepaTopH D,_, ,, MoxydaeMmbie N0 (PYHKIHIM
Sn-z 0. W3 BHEA 5THX OmepaToOpoOB TAKKe CiIeRyeT, 9T0 (HKTHBHHE

nepeMeHHue ¢, p, NIocCjlne nponenennoﬁ HOpMaJIiM3aHUHA He H3MeHHU-
JIHCH,

CnenaeMm Temepp mpeoGpasoBanme, oOparHoe K (8.10), BoaBpaTUM-~
CA K ¢Tapoil He3aBHCHUMOH IEPEMEHHOH M 3afajiuM eme upeobpaso-
*
Baume r;, w—»r;, w* no gopmymram

n=rtt e =l f St Saa o w=wt, (816)
rae

= 0 9
Sm,2=<me—Pw‘aE) Sm,g (m=1,2,) (81.7)

Torma, BMecTe ¢ ONMCAHHEIM BHIIe NIpPeoGpasoBaHMeM IEPEeMEHHHIX
qi» Pi» 4j, Pj, NONYINM KaHOHHUECKOe IpeoOpa3oBanne, HOPMAJIU3 Y-
mee ¢yErmuio (8.3) mo BCceM DepeMeHHHM. B pe3oHAHCHOM CIydae
HopMaZbHaA ¢opMa OyjeT TaKOk:

Ky= 2 Quryx+ AeWir;sin (29; — Nw) + O (eN4),  (8.18)

k=i, j, 1

a B HePpe3OHaHCHOM —

m:kz_mm+0qu (8.19)
=1, 7
B (8.18) u (8.19) BBepenn oGoznmagenns
N
Q= X O™ (k=i j), (8.20)
n=o

8 A. II. Mapkees
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n
A
0P =, O = 0P+ ) 27, 0N,
l froyunc}
iV

A=a7~,2 2 .

PaccmorpuM ciysait mapameTpEiecKoro pesoHanca. Ms Ttouek
w® ma ocu OR, AAA KOTOPHX BHIOIHEHO cooTHomeHme (8.2), mpm
MaJIHIX 3HAYEHHAX Iapamerpa & Gymyr HCXoguTh 00aCTH HapaMer-
padecKoro pesoHaHca (06JacTH HEOYCTOHIHBOCTH JAMHEAHOR CHCTEMEI
¢ rammiabronmasoM (8.18)). Cormacmo [97] (cm. Tamme raaBy 2),
rpannUs ofiacreil mMapaMeTPHYECKOro pe30HAHCA B HAmMX 0(o3HA-~
9eHHAX BAMAIMYTCA TaK:

M;
Q,— -+ Q,

R =]A]eM. (8.21)

IIpu sTOM, ecad JeBasA YACTh MOCHENHEr0 COOTHOMEHHs Gyner MeHbmIe
npaBoif, TO paccMaTpHBaeMoe NepHOfWdYecKoe ABIKeHme Oymer He-
yCToi4uBO, a ecau GobIre, TO IMeeT MeCTO YCTORIABOCTh B JIHHOHHOM
HpuOIMKeHAH,

B miockocTdE mapaMeTpoB |, & YPaBHeHHMA KPHBHIX, BEIAEIAIOMEX
ofitacte mapaMeTpHIECKOT0 pe3oHaHcA, OylaeM HCKaTb B BUJe PALOB

Bo= l-"(o) + 2 p'(m)am_ (822)
m=1

Beanuannr Q, (k = i, l) upefcraBEM B Brfie pAAOB IO CTeHEHAM OTK-
nomHeHEH W or mopokmameir Toukm W ocu Op:

m
",

—r — plonm
| B (629)

p=pu(0)

1
Oy = Licyyo) -+ Z T

m=1

Honcrapasa Bupamenda (8.4), (8.20) m (8.22) B pamu (8.23),
4 3aTeM MOJYYHWBIOIHECHA BHpPa;KeHHA IONCTABISAA B yPABHOHHe I'DAHH-
s of6nacTH TapaMmerpHueckoro pesoHaHca (8.21) m mpmpaBHEBag
WIeHH OLMHAKOBOr'0 LopApgka Io & (go wieHoB &!Nl BRIumTenHHO),
HatimeM Ko3(PPHAMUEHTH pasiokeHHsS W O HapaMeTpy &:

IN|=1, p® =4 A, (8.24)
IN| =2, p® =0, pn® =§ 4 A, (8.25)
A, (8.26

[N|=3, p® =0, p® =3, u® =+

INI =m, p,(]-) = 0’ “‘(2) = 6, “(3) = O,, .o (8.27)
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re
1 1 :
A=— Ao 8= — — (MO — 00D
ar

.
= Ay = s e
d=h ot — bk

p,=p,(0)7

(8.28) -

B (8.24) — (8.26) 3smak® «4-» 03HaYaI0T, 9TO JAIOTCA yPABHEHHS CPa3y
ABYX rpaHHI] 00JaCTH DapaMeTPHYIECKOTO Pe3OHAHCA.

§ 9. Pe3gonancHbIe KpHBHIE
TPETHET0 M YETEEPTOTO HOPSLKOB

Ilyers Teneps mapaMeTpH 3aXa4M TAKOBHEI, YTO MMEET MECTO YCTOM-
YNBOCTH PACCMATPHBAEMOr0 IIEPUOAMYECKOro JABW:KeHUA (5.15) B
apHetHOM mpubamwxenun. Torma, HpoBedda HOPMANM3AMAIO JHHEHHOR
cucTeMsl yKasaHHEM B § 8 cmocobom, ¢ymkmmio lammastoma (6.4)
MOKHO IPHBECTH K BHAY

K=K, Ky} Ky ..., 9.1)
rne K, uMeer BHUJ (8.19), a
Ky —=Kog+ K3+ Kog+ ..., (9.2)

Ko = Hos, Ky3=Hy 3+ Dy Hos,
Kss = Hy 3+ D2 Hy3 + DypHy s,

r ~ ~
K4:Cﬂ”% ‘f‘-sé‘[K1,2+K2,2+---]+K0,4+---7 (9.3)
Kip2= Hy9 Kop==Hsp+ Dyl Kou= Hos+ —81r§1,2H1,2-

3necs Toukamu 0603HAUEHE WIEHH 0osee BHICOKOTO MOPSAAKA OTHOCH-
TeIHHO € (MW OTHOCHUTENbHO BeJWYHH ¢, D, u3 § 8).

Ilnsa BeiAcHeHWA Bompoca 00 yCTOMYEBOCTH B CTPOroM (HeJdHHeH-
HOM) CMEICJIe IpoIecc HopMaimaanud QYHKuuE I'aMmiIbTOHA HAHO
OpPORONIKUTE,

Ilpm mHenmnHelimo# HopMmajusamuu raMmmibronmana (9.1) moryr
npoABATHCA 2PPEKTH PEe3OHAHCOB TPeTHEr0 M 4eTBepTOro HOPANKOB

niQ; + nfQ; = NQ,, |ni|+|n;| =34 (9.4)
(i, j, 1=1,2,3 i1 j+1),

rge N — mpousBoabHoOe menoe umeno, a Q (k = [, i, j) onpememensr
dopmynamzm (8.4) u (8.20). Ecam paccMaTpuBaeTcs IIOCKAs 3afaga,
To Gymem cumTaTh n; = (0,

[Ipexpe 4eM HepedTH K ONECAHUIO IIPOIecca HOI¥HEHHON HOpMaan-
3anum, 3aMeTHM, 9TO B IUIOCKOCTH HapaMeTpoB W, € cooTHomerne (9.4)
IpepcraBiser coboil ypaBHeHHe Pe30HAHCHOA KpMBOii, mcxomAmed u3’

&%
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rouka P ocm Ou. Benrmumma pl®) aBasercs Kopuem ypaBHeHHA
n,-?\,l- + n,-?»j = N;vl

D1y ke BeIMIMHY MOKHO HaiTH m3 Tabm. 10—14.

Ypasuenne pesonancHojl kpusoit (9.4) 6yneM mckatsb B Buge (8.22).
Torpa, mogcrasuaa Bupamenusa (8.4), (8.20) u (8.22) B panm (8.23),
a-3aTeM HOJYyYUBIIZECH BHPAKOHWSA HOACTABIAA B ypaBHeHEe (9.4)
H ODPAPABHEBAS WIGHH OJUHAKOBOrO HOpAAKA IO &, HalmeM Kosd-
QUIEeHTE Pa3I0KeHUA [ B PAL I0 MATOMY HapaMeTpy &.

Benmuaruaa p® yixe HaiieHa; BHYUCAeHEA TOKA3HBAIOT, ITO BeIH-
auaa WD paBHA Hyai0, a Bimduua W2 ompeNesasercs COOTHOIIEHHEM

n QP + n QY — NQP

on, ah; oA
" op T e T

ue = — 9.5)

1
o (o)

Ynernwr 6osee BEICOKOTO Mopsaka Io € B (8.22) nump He3HATATEALHO
gedopmMmpyroT kBafgpaTEuHyl mapaboxy P = p® - p®e? u B
maipHefmeM He PacCMATpHBAIOTCA.

§ 10. Hemuuefinas mopmanmsaumsa. YenoBusa ycroHaaBocTH

PaceMorpuM cHavasa Tak@me 3HAUEHHA mAapaMeTpoB W, £, KOTOpPHE
OpPEHAJIEKAT Pe3OHAHCHFIM KPABEIM TPeTher'0 IIH dIeTBepToro Imo-
panka. Ilpemme Bcero ormermm, 4ro, coramacuo [157], B ciydae BEI-
DONHEHUA pe3oHaHCHOTO cootHomeHus (11.4) mpum n;-n; << 0 Gymer
HMOTH MecTo (opMaTbHAA YCTOMIABOCTH PACCMATPHBAEMOrO IIEPHONH-
9eCKOT0 J[BHIKOHUA.

Ecam mapamerpsl p, & IpHHAJIEKAT Pe30HAHCHOH KpPHBOH, TO
$opmy Tperhero mopaAnka B ymrmmn Iamuaprona (9.1) MomeO mpm-
BEeCTH K BULY

Ky = AV T sin (n,g; + nj0; — Nw) + 0 (#814), (10.1)
A = aelNl - O (!N,

rie o — mocroAnAas BeamymHa. [Iponecc Hopmanusamum Gopme (9.2)
[OJTHOCTHI0 AHAJNOTAYeH HOPMAJAU3AIAN KBAApPaTHIHOH dwacTm PyHK-
muu Tamunbrona, Koropas mompoOHO ommcama B § 8. Ecam B (10.1)
a = 0, To (cm. § 6 ru. 6) Gynmer mMeTH MeCTO HEYCTORIMBOCTE paccMaT-
pHBaEMOro IHepHOTAIECKOT0 NBWwKeHNA. B cayuae o = 0 Bompoc 06
yCTOMIHBOCTA pemaeTcd WIeHAMH Gojee BHICOKOTO HODANKA B pas-
aoxennn Qysrnma ammiasrona (9.1).

' Ilycrh Temeph IapaMeTpsI 3aa9d TAKOBH, YTO Pe30HAHCH TpeThbe-
ro mOpAAKa OTCYTCTBYIOT. B aroM ciywae ¢opMmy Tperbero moOpAjKa
B pasnoykennn QyHENuE ['aMHIBTOHA MOKHO YHUITOKHATDH MOJTHOCTHIO.
Ilpm sTom B Popme deTBepToro mopafka (9.3) MeHATCA TOIBKO die-
mH Ko, (1 9ieHH GoNee BEICOKOro NOpANKa, 0003HaYeHHES B (9.3)
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TOUKAMH) ¥ OHH Tellepb mpwamMator Buj (cM. (5.8))
Kou 4 5 DogKog. (10.2)

(10.2) u B mpyrmx Qopmyiaax geficrBue omepatopoB D, ; (m =
0,1,. . .) anagorm4ro geficrBuo omeparopos D, o (m = 1, 2,...)
B (9.2), (9.3).

Hopmanusanus dopumsr (9.3) (¢ yzeTom MogadAIAPOBAHAKX YI6HOB
K,, u3 (10.2)) pasbuBaerca Ha TpH He3aBHCHMEIe APYr OT JApyra
qacTH. ,

1) Hopmaawsamusa wieHOB, OPOMOPIUOHANBHEX 72, OTH WICHH
y/ke HOPMAJU3O0BAHEL

2) Hopmaamsauuss 4aeHOB, HPOIOPIHAOHANBHEX r;. MoskHO DO-
Ka3aTh, YTO HOPMAJU3ANAS JTHX WICHOB CBOFUTCA K YCPeIHEHHIO Be-
JVIAHE Ifl,z + 132,2 4+ ... bo GucrpeiM ¢a3zaM ABUKeHUs, OIpe-
nengemoro ramuiabronmanom (8.19), a HopMambHaa ¢opMa 3THX
qIeHOB Oynmer TaKoi *):

B

ri(eprs + eyry)-

| 3) Hopmanusanua wienos, He 3asmcAmmux ot r;. [locaennmit aran
AHAJOTHYEeH MpomeAype JIUHeHOH HOpMAIM3amdW, W B pe3yjabTarTe
HelHHeHON! HopMmaausanmun ¢yHROWo ['aMEabTOHA BO3MYIMEHHOTO
JIBAEHAA MOM{HO HPUBECTH K BAAY

K—%+4+R+K, (10.3)
L (r; Ty 13) = Q4 Qiry + Qs (10.4)
NPy Tis Ti) = et eprirs + ey + et egriry + eirf,  (10.5)
A =B Vrl il ’Ism( n;Q; - nje; — Nw), (10.6)

B=mm+0@mm,

rie Kodppurnumentsr Gopmer (10.5) aBagorcs mHBapmaHTaMA QYHKOAR
TaMunbToHA OTHOCHTENbHO RAHOHAYECKUX IpeoOpa3oBaHUHA M HMEIOT
pasioMKeHHe [0 €, AHANOTMYHO® PAa3iOKeHHI Beamame Qi (b = [,
i, j). B (10.3) ¢yurmma K wmmeer MOPAZOK OTHOCHTENBHO 'y (K =
=1, i, j), 6onee BocokmiA, geM pynrmma (10.4) — (10.6), n asaserca
27-HepUoOKAIeCKOH q)yHmmeu mepeMeHHHX @;, ¢;, w. HHopmaabmas
¢dopma (10.3) BEmmcama A ciyuad pe3sOHAHCA YETBEPTOTO IOpPAIKA

(90425) a B-HepesoHaHcHOM caydae B (10.3) GyayT oTCyTCTBOBATE WiIeHH
(10.6).

*) OTMeTHM, 9YTO HODMalH3aNUU WICHOB K1 s + K, 4 + ... MoTIIE OH TOMe-

mars pesoHAHCH n;Q; 4 njQj = NQ;, rme | n;| + | n] | = 2. Ommarko atm
Pe3OHAHCH OCYUIGCTBIAITCA TOAHKO HA TPAaHANAX ofiacTedl mapaMeTPHIECKOro
pesonanca M YKe YITeHH NPH JHHEHHOH HODMAJIH3aIdH.
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PacemorpuMm cayuail pesoHaHCa 4eTBepTOTO IIOpAfKa, T. e. OY-
A€M TpeAloNararb, YUTO BHIOJHEHO cooTHOmeHme (9.4) npm

||+ |njl =41 B+*0. Ecan
BV (™M ni [ > |4 (— N, niy mj)ls (10.7)

To (cM. § 6 ri. 6) paccMaTpEBaeMoe MepHMOUYECKOe ABHWKEHHe Gyner
HeycroiumBo. Ilpm o6parHOoM sHake B HepaBeHctBe (10.7) B cayuae
mwiockoit 3agaum (T. e. mpm n; = () EMeeT MeCTO yCTOWIMBOCTH WO
JlanysoBy, a B ciay4ae IPOCTPAHCTBEHHOHW 3a/{avd — YCTOWYMBOCTEH
B 4eTBePTOM HpHOIMKeHAN.

Hycre Temeps mapaMeTpH W, € TAKOBH, YTO OHA IpUHAMIERAT 06-
JAaCTH yCTOHYMBOCTH JWHEITHON 3ala4d, 3 PE3OHAHCOB TPETHETO ¥ YeT-
BepTOro HOPAXKOB HeT, T. e. B pasnomenun (10.3) wrenst (10.6) or-
CYTCTBYIOT.

Pacemorpnm mnockyio samauy (8 (10.3) — (10.5) mamo momomutn
r; = 0). Iycrs

I v (Qh - Ql’ O) #+ Oé (1()'8)

Torma, coraacuo Teopeme Apnoasma — Mosepa 06 ycroiumBocTH aB-
TOHOMHOH TaMAJIBTOHOBO# CHCTEMEL € JBYMA CTelleHAMH CBOGOIHI (CM
rnaBy 4), mecaeyeMoe IePHOLAYECKOe ABHKOHIE (5.15) 6ymer ycroi-
uuso. Ecam 4 (Q;, — Q;, 0) = 0, To Bonpoc o6 ycroiumBocTu wie-
HAMH STOTO IOpANRKA HE pPeImaercs.

Hasa HpochchTBeHHoﬁ 3aJladd, OUHCHBaeMO¥ MHOIOMEpHOH ra-
MHJIBTOHOBOH CHCTEMOi, TAKOTO 3aBEPIIEHHOT0 Pe3yibTaTa NOJYINTH
e ygaerca. ITycrs ompememmrenn

arA” 02
aN or Or, Qrm
D3 = det W y D4 = det 0% . (10.9)
ar

n

(mv n = l, iv ])

mpu r; = r; = r; = 0 ogEOBpeMeHHO B HyJh He obpamatorcd. Torxa,
corxacao [4, 102] (cM. Taxxke § 1 rmaBm 5), UMeeT MeCTO YCTOHIMBOCTD
HCCAeAyeMOr0 IePHOMHICCKOr0 JMBWKeHWS [iA GOJbIIMHCTBA Ha-
9aJhHBIX YCIOBHIA.

B paccmaTtpuBaeMoil 3aade, IOMEMO YCTOAYHBOCTH HJIA 6OJbIIMH-
C¢TBa HAYAJNBHHX YCHOBHH, pemrajcA elle BOIPOC O POPMaJBHOM yc-
TOHYIWBOCTA NepHOJUIECKAX NBHKOHMHA.

IlocraTognoe ycioBEe (OPMAIBHON yCTONIABOCTH, IpuMeHsBIIee-
cs B paGore [58] (cM. Tarke raasy 8), B paccMaTpHBaeMOli 3Baaue CBo-
EUTCA K BOIPOCY O COBMECTHOCTH CHCTEMHl ypaBHEHH

£—0, =0 (10.10)

OTHOCHTeIBHO I}, Ty, T; B 06macta r; > 0, r; > 0. Herpyano moxasathb
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(ucxmiouns r; u3 (10.10)), aro B cBOIO OdYepenH BOIPOC O COBMECTHOCTH

9TOH CHCTeMHI ypaBHEHUI CBONHUTCA K BOIPOCY O 3HAKOOIPEEISHHOCTH
upr r; > 0, r; > 0 dopmu

F = a,-r,-z + Q;ril'y + a,-rjg, (10.11)
e
a; = ¢QF — Q4 Q72
ai; = 2ClQin — ClinQl — Cyj Qin + Cijglz, (10.12)
a; = CZQJ'Z —_ cljgjgl + Clez.
Ilycrs

D = a;;*# — 4a;a;. (10.13)
Ecnu D < 0 nam ecim D > 0, Ho Bee koaddumuentn (10.12) mmeror
O[(MHAKOBHE B3HaKH, To ¢opma F Gyfer 3HAKOOUpeleleHHOH NpH
;i > O, ry > 0.

Jasa Toro 9To6H B HePe3OHAHCHOM CIyd9ae IPH JOCTATOYHO MAJEIX
3HATEHHAX HADAMETPA € CHeNaTh 3aKI04eHEe 00 YCTORIWBOCTH B ILI0C-
KOH 3aflade WM 3aKTIOYeHHA 06 ycToMumBOCTH /iia GOJBHIMHCTBR Ha-
YATBHHX yCJI0BHHA B 0 $opMAABHOA yCTOHYHBOCTH B HPOCTPAHCTBEH-
HOH 3ajade, XOCTATOYHO BHYACAUTH Koapdmmmenrtar dopm (10.4) m
{10.5) upm sHaveHWnm mapaMeTpa €, PABHOM HYJIIO.

§ 11. PesyasraThr pacteTon

B oroM maparpadle H3NOKEHH pE3YABTATH, IOJyYeHHbLIe
TIPH WCCIEf[0BAHAHE YCTOMYMBOCTH MAJIKX IEPHOAHYECKHAX JBIKOHHIH,
GIM3KUX K TPeYroAbHKM TOYKaM AuGpamud KPYroBOH OrpaHHYeHHOR
3agaun Tpex Tex. MccaemoBanme IPOBOAMIOCH METOROM, KOTOPHH GBI
W3II0KeH B IpefsAymux naparpadax. [Ipa aToM nenoas30BaIcsa KoMII-
JleKC TPOTPaMM HOPMAJIMBAIAM TaMEIBTOHOBHIX CHCTeM, pa3paboTam-
uni Ha A3sKe @OPTPAH B paGore {70].

Cravana ommmeM pe3yIbTaTH, KOTODHE MOKHO HOJYYATH IpPH

*
aHaI@H3e WICHOB N0 Hj; BRIOYATENLHO B pasiosenun QyEknma Ia-
MEIbTOHE (4.2).

Hoopdunuentnn n(™ pasmosxenmit rpammn obaacreir mapamerpu-

96CKOr'0 Pe30HAHCA B P 10 &, OfCYATaHHEe H0 fopmynam (8.24) —
(8.28), mpusenens B taba. 15.

|

Ta6aurma 15

PesoHanc u(0) () w2 u(3)

11| 2y =— 2, [0,0242938. .. 4-0,0640727. ..

o]

2A; = — 34,|0,0026368. . . —0,0035782. . .| +2,873414...
25 = — 345/0,0380258...| 0 —0,8055612. ..| =-0,067851. ..
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Ta6anna 16

l PesoHaHc u(0) u(2) A
3Q =—Q, 0,01351602. .. [—0,07244043. .. £-3,168362. .
t 3Qy =—2Q, 0,00263680. .. [—0,00485767...| £2.1223,472 ...
2| —4-2Q=—2Q ] 0,03538546... [—1,233667... dopu. yer.
Q—2Q, =20, 0,03538546. .. | 0,02502685. .. dopM. yer.
3] Q4 2Qp = 0,0242939... | 0,01813931... 1,35542. ..
3Q = — 2Q4 0,03802575... | 0,02558462. .. | €2.6,059222...

Ta6numa 17

1 Pesonanc p(0) u(2) B A(—N,n;, 1))
4Qo=—= — Q, | 0,00827037... |—0,02622441...| O (e) [237,9977...

1 2(Qt+ Q) =2 0,03538546. . . 1,31389%. .. 0 (&) 72,31265...

31 Q;+3%%=0 0,01351602... | 0,00961191...]4,48074...| 4,170536...

Wcnonpaysa popmynst § 9, Mo:xHO HafiTh K03QPUHUEHTH PasiomKe-
HUHA PE30HAHCHHIX KPHBEIX TPEThErO M IeTBeDTOTO HOPATKOB B PANHI
mo MajoMy mapaMerpy &. Pesyaprarkr mpepcraBiensl B Taba. 16
(pesonancsl 3-ro mopsxka) m 17 (pesoHaHCH 4-To mOpAMKa).

B marom cronbme taba. 16 gaEH 3HaYeEWA INIABHOI'O WIEHA pe-
30HAHCHOTO Koadpummenta 4 [ias paccMaTPHBAEMEIX DEe3OHAHCOB
Tperpero mopAnka. Hm onwH W8 HEMX He paBeH HYA0, M, CJIe0Ba-
TeNpbHO, IPH JOCTATOYHO MAJHX 3SHAUeHHAX NapaMerpa & COOTBeT-
CTBYINHE HePUOAWYECKAe [BHKEHUA GYIyT HeyCTOHIMBHI.

B nsaTom u mectoMm crombmax Tabm. 17 JaHb 3HaveHHA IJIaBHOI'O
yrena Kodpdunuenra B m 3Hawenmsa Bexmuun 4 (— N, n;, nj)
JUIA paccMATPUBAEMHX PE30HAHCOB YeTBepTOro MOpsAjKa. Bumwo, ure
HeYCTOMYMBHIME IpPH pPe30HAHCHHX 3HAYCHUAX HapamMerpoB OyAyT
TOIBKO Hepmofudeckue pewwenua 111 tmma (pesomame Q; + 3Q, =
= 0).

Hecnomasie BHEKIANKA TOKA3HBAWT, 4TO KodpPUIUEnTs ¢,
€1i, ¢;; HOpManbpHEOR Popmur (10.5) MosKHO He HaXOAWTE B pesyibTare
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ONACAHHOTO BHINE AJITrOpUTMA HOPMAJNHM3amd¥, Tak Kak mnpm & = 0
OHH COBHAJAIOT C COOTBETCTBYWIUME KOPPHIUeHTAMH HOPMAIA30-
BaHHOTO OKOJO TOJOEHHSA paBHoBecHA ramwibronwaHa (4.2). Hop-
MaiH30BaHHEAA (OPMa UETBEPTOr0 HOPAJAKA PABNOKEHHSA TaMUIBTO-
HA3HA B OKPECTHOCTH TPeYTOJIBHOM TOYKM iuOpanuu OpH Hepe3OHaHC-
HEIX 3HAYEHMAX HapaMeTpa | IMeeT BHJ

Hy = co0071® + crporirs + 1017173 + Cozor2® 4 ConyTars + CooaTs (11.1)

fsunie { Berpaskenus KoadpPunmenTos nopmaabHoi Gopmu (11.1)gepes
YaCTOTH (,, 0y OpuBefennr B raaBax 7 u 8. Ilpu I =1 ¢; = cap0,
Cii = Ci10y C1j == Cro1, & TOpH I =2 ¢; = Co20, €13 = Cp10, €15 = Copa-
Kpome Toro, okasanoch, 910 Aasa mepuogmueckux ppmwrenHmi [11 Tuna
(I = 3) rosdppunuenTs Hopmaabuoit popmu (10.5) B TouHOCTH paBHH
Kodpdurmentam mHopmaabHod QopMer (11.1), T. e. ¢; = coozy €y =
= €101, €1j = Coy1s Ci = Co00» Cij = C110, €j = Cozo. TaxuM obpasom,
B HEPE3OHAHCHOM CJy4ae Hafo OBLIO BRIUCAATH TOJIBKO KOdPOUImeHTEH
Ci» Cij, €j (@ M IIOCKOl 33 a4l TOIBKO Koaddunuent ¢;) maa [ =1
ul=2

PesyapraTs mccreoBanus HeIMHEEAHOH yCTOAIRBOCTA NepHOAHICC-
wux pBuwmenuit I, II u 11 tomos cBementt B TaGm. 18.

Taoauma 18

Snatenme W=y, | Buaverme 1, | 3Ravenue |, | Purepsans dopMamsHOK yoTOKTH-

l m?gl;: i(gl(:p(?)m= o nanl;ologom upuDiiolo oM BOCTH
0,02335. .. 0,03011... | 0,02809... 0<n<0,02335%...

0,028108. ..< 1 < 0,038521. ..

0,02374... | 0,01548... | 0,0189%. .. 0< 1< 0,018938. . .
2 0,023375. ..< p < 0,038521. . .
3 — 0,02152. .. — 0,024294. . .< p < 0,038521...

W3 1a6x. 18, B wacruocTH, BAZHO, YTO HHU JJd ONHOTO THIA IepHO-
iM9ecKUX JBWKeHWE IIPOCTPAHCTBEHHOU 3afaum onpefeamtTenn D,
u D4 HA Ipu KaKuX 3HAYeHUAX WU OJJHOBPEMEHHO B HyJIb He oGpamanoT-
¢A ¥, CIEf0BATeNbHO, IPH BCEX HEPE30OHAHCHHX 3HAUYCHUAX Tapamer-
pOB W, € U3 00IacTH yCTOMIMBOCTH JIHHEHHON CHCTEMHE! BCe IepPHOLU-
yecKUe [BIKEHHA IDOCTPAHCTBeHHON 3afjaun OyAyT YCTOMYMBEL IS
GOTPIMHAHCTBA HAYAJIBHHX YCIOBHH.

Pe3yabTaTH HCCAEA0BAHNA YCTOMYMBOCTH IEePUONUICCKUX NBIKe-
umit 1, 11 n 11l tuooB mokasarm ma puc. 24, 25 u 26 cooTBETCTBEHHO
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(B IIOCKOCTH TIapaMeTpoB W, £). Hpyxkamu na ocm Op nzoGparxeHsl
TaKde BHAYEHHS HAapaMerpa i, JJIA KOTOPHX U3 TeopeMH JIAIMyHOBa
o roJIoMOp(HHOM HHTErpase He CAeyeT CYyIeCTBOBAHKEE IePHOAIECKAX
nemxennit. Ha pme. 24 — sTo Toukm p = O m p = p*, ma pme. 25 —
9T0, KPOMe TOro, 3HaYeHHA |1, YAOBIeTBOPA0IHe COOTHOmeruO (2.7),
a ga pmc. 26 — sr0 Touka p = 0. O6macTE mapaMeTpAYECKOTO pe-
30HaHCA (06racTEm HeyCcTOHYHBOCTH JHWHEHHOH cmcTeMu) ma puc. 24—
26 3amTpEX0BaHH HAKIOHHOH MTpEX0BKo#. IlItpmxoBRiMEM JuamAMET
u300paKeHH Pe30HAHCHEIE KPHUBHE, HA KOTOPHX COOTBETCTBYNOIHE
TepAOAWIECKAe IBHKEeHAA HOYCTOHUMBH. «Y CTONYMBLIC) PE30HAHCHbBIE
KpHBHe H300pajkeHHl CIVIOIIHEIME JAHHSAMH, & KPHBHE, HA KOTOPHX
UMeeT MeCTO PopMalbHAA YCTOHIUBOCTD, — MITPUX-IYHKTAPHHMHA JH-
guama. O6nactu  dopmanbHO# ycroiumBocTH u3 Ta6a. 18 =Ha
puc. 24, 6, 25, 6 1 26 3amTPEXOBAHH BePTUKAIBHOH MITPEXOBKOM.

Brime GHTE omMCaHH Pe3yibTaTH, HOAydeHHbIe TOABKO HA OCHOBE

aHaamsa WieHOB o H;* BRAoIATEaHHO B pasnomenu (4.2). Ognako
B paccMAaTpmMBaeModl 3ajade MOKHO IIONYYUTH 0o0jiee WOJHHE pe-
3yJbTATH. YKaKeM Ha HEKOTODHe H3 HUX.
- OcramoBuMcsa cHaYaJa Ha Pe3OHAHCHHX cayuasx. Jas sroro cpas-
auM Bropue croalusr 1aba. 10 ~14 m tabun. 15 —17; paccmorpum moa-
poGuee Te pesomamcet m3 Tabm. 10 — 14, Koropme He NmomaaH B
rabx. 15 — 17.

N3 pesomaHCOB, ABIAIOMMXCA Nopoxkgaiomumu (Ha ocm Opn) nis
obnacrei# HeyCTOHYMBOCTH JMHEOHHONE CHCTEME], 9TO TONLKO DPE3OHAHCH
20, = Nz, e N > 5 (8 mIocKo# 1 TpOCTPAHCTBEHHOR 3afjauax),
¥ 2 = Nwsy, Tie N > 4 (B mpocTpaHCcTBeHHOI 3a7jaue), IiIA MePHUONUA-
geckmx aemwkenuid Il taua. Ma coorBercrBylommx 3THM pesoHAHCaM
Touek Ha ocd Op OyNyT HCXONHTH OYeHb y3KHe 00JacTH HeyCTORYABO-
¢ (Boobme romops, ofmacTm TeM YiKe, wem Ooasme [N), KOTOpHE
npn npubnmxerEnn K oca (e CTymaoTCA ¥ IepeMeskaloTed ¢ obxacrsa-
ME ycToigmBocTH B JamHedHOM mpubmmkeHum. CoraacHo ¢dopmysaam
(8.27), rpammnu aTHx oGaacredt mMapaMeTPUYECKOrO PE30OHAHCA Malo
OTIHYAIOTCS OT KBaApAaTAYHHX Hapabo}, a WONCUMTAHHHE MIA HUX
Bexuauunl 0 w3 (8.28) mpm goctaTouHo MadHX [ OyAYT HDPHHAMATH
TOJLKO OTPUNATeNbHEe S3HAaYeHHsd; CIENOBATEIBHO, BCE NapaGoEr
«3aTHYTH» K ocd Og IPH KOCTATOYHO MAJHX [L H €.

Hanee, coormomenma (9.5) ® tabn. 10 — 14 moaBoasrorT moCT-
POHTH B IIOCKOCTH IAPAMETPOB L, & BCe BOBMOKHEE PEe30HAHCHHE KpH-
BHE TPeThero W 4eTBEPTOr0 HOPAMKOB, KaK Obl COOTBETCTBYIOIIUE UM
yacna N Bu Onam Benuxd. Juaa pesomanmcos (9.4) ¢ umcnamm n;, n;
pPasHOTO 3HAKA CPABY 7Ke MOKHO CJeJaTh 3aRIIIeHHe O (OpMaTBHOIE
YCTOHYABOCTH.

Ilpr pemeHmm Bompoca 06 YCTOAYEBOCTE A OCTABIIMXCS pe3o-
HAHCOB TPeThEero HOPAAKA NOMOJHATESbHEX BHYUNCICHNH MOMKHO He
OpOM3BOAATH, TAK KAK MAaJOBEPOATHO, YTO COOTBETCTBYIOIEE ITHM
pesonancam BeamauaH 4 n3 (10.1) ofpaTrince B Hydb; CAe0BaTEIbHO,
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€} =20, W9 I0=-0 fhg=4;
aj 1 \
1 \
| :
H . H T T " T /4.
V4 gz py g7 VA
€N am,=-22, 4m~-2, 30~ 2hg=7, 285+ 29;=%,

a0 402 Az u* qp4

Puc. 24. PesyabraTsl WMCCIe0OBAHHA YCTOMYMBOCTH HePHOAMYECKAX JBHIKEHHH
I Tana: a) mnockas 8agaga, 6) TPOCTPAHCTBEHHAA 3afada,

& 2/1/= _Jﬂz
a
T T T * T F
g0 Wz, 05 Py
ZA,=—¢7AZ .2/_2232223 2A3=—3A2
£ .

q0f g0z 403 'l

2

Pre. 25. Pesyabrarel HcC.Ief0BaHMA YCTOHYMBOCTH IIePUOAHYECKHX ABHKEHMUIl
II Tana: @) maockas 3agaua, 6) NPOCTPAaHCTBEHHAS 3ajaya.

2,+30,=0 2,+22,=0 R,-2R,=28; IRp=—-203
. ] I ]
',’ i i/
. I . ll.nlIHIIIHIIIIIlHIIIIIIIHIIIIIIHIIHI{ .
401 402 q03 w* a4

Puc. 26. PesyapTaThl HCCACHOBAHUA YCTOHIHBOCTH IePUOIUIECKUX [BHKEHAH
111 TtHHa.
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OpE 3TAX 3HAYeHHAX OapaMeTPoB [, & (IIPH ZOCTaTOYHO MAJHX E€),
KaK IpaBuiio, GyAeT EMeTh MECTO HeyCTOMYMBOCTD.

ITpm Mansx 3HAYEHMAX & JJIA MCCIEOBAHUA YCTORYIMBOCTH Ha pe-
30HAHCHKX KPHBHIX YETBEPTOr0 NOPAAKA AOCTATOYHO BEIYMCIHTH Be-
amunny 4" (— N, n;, n;) @ yOem@THCS B TOM, 49TO T4 BEIWYMHA He
ofpamaercd B HyJb (TO, YTO OHA MOKeT 00paTuThCsH B HYIb,— Majao-
BepoAaTHO). Torga MOKHO yTBEPMKIATH, 4TO HpPH COOTBETCTBYIOMMX
3HaUEHMAX HapaMeTPOB B ITOCKOH 3a7jave Gymer yCTOMIABOCTD, & B IPO-
CTPAHCTBEHHOHA 3ajladye — YCTOWIMBOCTH B UETBEPTOM HNPHOIMIKEHHU.

B nirockoii 3amade A Tex Hepe30HAHCHHX 3HAUeHAA |, OPH KO-
TOPHEX He BumoxueHo yciaosme (10.8) (em. Bropoii crombern tabm. 18),
MOKHO IPOMOIKHTD HCCIe[[OBAaHME YCTOHYMBOCTH W yd4eCTh B pasiio-
JKeRN” (4.2) WieHH ImecToro mOpPAAKa. ITO AAcT BO3MOKHOCTH Haif-
8 KO3pPummeHTH (GOPME TpPETHEro MOPANKA OTHOCUTENBHO I, Il

3 2 2 3
M (ri, r3) = cuirt 4 eparirs + e + calie (11.2)
Honcunras snawerme ¢opmur (11.2) Ha BekTOpe ¢ KOMHOOHEHTAMM
Q;, — Q,; u yGeMBIINCH B OTINYAN TOJYIWBINEHACA BEIHIUHEL OT HY-

Jig, MOKHO CHenaTh BHBON 00 ycroiuumBocta Io JlanymoBy mus coor-
BeTCTBYIOIIAX 3HAUEHMI mapaMeTpoB W, & (cp. § 4 raasm 7).

B mpocrpaHcTBeHHOH 3ajade ydYeT WIEHOB IMECTOTO HIOPSANKA U3
(4.2) mMoxeT mATH BOBMOMKHOCTH IOJNYYUTH YTBeDKAeHEA O GopMain-
HO#l yCTOHYMBOCTH [AJIA 3HAUYeHHWH W, He HONaJalOI[IX B HHTEPBAJLI
dopmanbHoil ycroiitamBoctE m3 Taba. 18 (cp. § 3 raasm 8).

Omnako yKasaHHEE UCCIEIOBAHUSA, YIATHBAMIAE YICHH MECTOTO
(a Bo3MOKHO, W Gollee BHCOKOTO) IOPANIKA, MOKHO He IPOBOIHTS,
MOCKOILKY ONMCAHHEIG BEHITE Pe3YIHTATH, MOJIyJeHHKE HA OCHOBE HMC-
CIef0BaHAs WIEHOB N0 Hi BRIIUHTENBHO, [AIOT [OCTATOUHO MONHOE
mpefcTaBieHre 00 YCTOMUMBOCTH PACCMATPHBAEMEIX TEPHOTAYECKHX
ABUKEHU,
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O JIBMREHMM KOCMHUYECHKOIO ANIINAPATA
BB/ TPEYI'OJIbHBIX TOYER JIMBPAIIIA
CUCTEMbBI 3EMJIA—JIYHA C YYETOM
COJTHEYHBIX BO3MYIMEHNN

§ 1. Bansnre cosHeunbIX BO3MYIIEHMii HA JBHIKEHHE
KOCMHYECKOT0 annapaTa, IOMEIeHHOro
B TOYKY JmOpanuu

B mpemmigymeit riraBe Owa paccMoTpeHa 3aflada O IE€PHOTHUSC-
KEX JBWKeHHAX, OJU3KUX TPeyroJbHHM TOUKaM AU0paIi orpaHndeH-
Hol 3agaud Tpex Ted. OZHAKO [Jif MHOTMX DPeAJBHO CYIMECTBYIOIHEX
cHCTEeM 33[a4a TPeX Tell ABIAETCH JWINh HEKOTOPHM IpUONMIKeHHeM.
B KOHKPeTERX acTPOHOMEYECKHX 3a/lagaX 4acT0 HeoGXONWMO YUMTEHI-
BATh eme BOSMYIIAIITNE BO3eicTBHA, 00yCI0BIeHANe TeMH WM HHLI-
ME QaKropaMm, He YYINTHBAEeMHMHU B OTpaHNYEHHOH 3ajade TPeX Tel.

Tax, HaTpuMep, IPX ONHECAHAE JBIKEHHA KOCMHYECKOTO amIapa-
ta (HA) B6aE3W TpPeyroJbHEIX TOUEK JHOPANUH CHCTEMH 3eMid —
Jlyna caegyer B KadeCTBe BOSMYIIEHHN YYWTHBATH TPaBHTANUOHHOE
Boapeiticrerae CoaEna. IIpn mecaegoBannu ABmKeEAA BOIMSA TPEYTOIb-
HHX TOYeK JHOpanum ¢ yIeTOM COJHEYHHX BO3MYMICHHMH BayKHO Io-
JY9ATH 0TBET HA clefiylomue Tpu Bolpoca: 1) Gymer am KA, nomemen-
BHE B Touky L, mam Lj, ocraBaThecsa BOMESH 9THX TOUEK IIATEALHOS
BpeMs, 2) KaKOBa IPHUPOAa ABMKeHESA KA 3a BpeMs HOpAMKa HECKOIb-
KOX JieT, 3) CymecTBYIOT Jd B OKPECTHOCTE TOUeK Jubpaludm ycroii-
quBhie opOmTH? OTBeTH HAa 95TH BONPOCH BayKHH KAK B 3a7la¥aX He-
6ecHOI MeXaHUKHU ¥ aCTPOHOMHEM, TAK M B 3ajlauyax MCHOOJb30BAHEA TO-
ueR JUOPaNuy B KOCMAYECKAX HCCICNOBAHUAX.

HccnenoBanue BIuABEMA TIpaBUTANMOHHOro Bosmymenma Coxnna
Ha aBmmenne HA BOau3w TPeyroAbHEX TOUEK TUGpAN[UE CHCTEMEL JoM-
a5t — JlyHa nporommioch WMCIeHHO W aHajmTHIecKH. OCHOBHEE pe-
3YJIBTATEL B 3TOH 3ajlavie IOJy4eHH B pafoTax aMepHKAHCKAX yde-
HuX. lloapo6uyio 6uGinorpadmio sTux paGoT MOKHO HaliTH B MOHOTpa-
¢uu Cebexen [175], cratee Crera m ne Bpm [173] m pabore me Bpm
178].

B srom maparpage manaraloTcs pesyanTaTH HCCIE0BAHHN Tomnnu,
JIviosanena m IMlynpna [176, 477], kacaomumecs aHanm3a BAMAEEA
COJIHeYHHIX BOBMyIeHHE Ha [Bmxenme HA, momemennoro B TOUKY
an6panuu L, naw B6amsn mee. Uccnenosanmsa [176, 177] ocnoBansl Ha
4pC/eHHOM WHTETPUPOBAHUY TOYHHX ypPaBHEHHHM ABH;KeHuA. llpume-
HeAHe YUCIeHHOr0 aHAIK32 HEOOXOMEMO U3-3a TOTO, UTO HONLITKY U3Y-
anth pBwKeHme KA mocpepcrsom ¢opmansmrix metomoB Teopmm
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BO3MYyINeHA, HPAMEHEHHKX K CIIOMKHOHA cucTeMe nuddepeHnmaTbHEX
ypaBHeHUH NBWKeHuA BOmm3m L,, oKasanmch GesyCHemHEMA. Hemo
B TOM, 9T0 ONMH M3 HePHON0B NHHEHHKX KoJMeGaHMA HeBOZMYIIEHHOTO
Connmem KA B6ausu L, ( Ls) mourm pamen CHHOJITIECKOMY MECAIY
(paBHOMY 29,53 cym), a cONHeYHbIC BOZMYIIEHAS TaKHKe coliepsRaT of-
Hy B3 TaPMOHEK C IePUO/OM, GIMBKAM CHHORAIECKOMY Mecsany [178].
OTMeueHHasA COM3MEPHMOCTh IPHBONAT K MOABICHHIO MAJHX 3HAME-
HaTejed BO MHOTHX YJIeHAX
OpefuoIaraeMoro  pPeIeHns,
p OPE/ICTABIGHHOTO B BH/le pAAa.
vl IJTO HEe MO3BOJAET OTPAHAUATE-
¢A B AICKOMEIX DAZAX PasyMHEIM
KOHEYHHIM YHCJIOM YJIEHOB.
CucteMH KOOpAMHAT, HC-
HoJIb30BaHHKE B paboTax [176,

z¢ z

Jerma | L
o

Arocrocms opbumel
" Jemmt 1 SyHs!

urd

unm
[IngENOE™ 5."("
4

X

Prc. 27.YCacTeMEl JKOODAHEAT JiIsI OLACA-
HAA JBWKEHHA KOCMHYeCKOI0 ammapara
' BOnm3m L.

177] mpm wumcaemHOM wmccie-
JOBaHWM JBWKEHHS BOaH3N
L;, maobpakenn Ha puc. 27.
Ilpenmomaraercd, aro 3emias m
JIyHA ABMIKYTCA IO KPYroBHIM
opbUTaM  OTHOCHTEJNBHO WX
nerTpa Macc O, KOTOpPHH oT-
HocHTenbHO COJHNA ABIIKETCA
TaK/Ke IO KDPYroBoil opGure.
IImockocrs opbur 3emanm n

JlyHn HaKIOHEHA K INIOCKO-
CTA KJIROTEKA Iof, mocrogHEHM yraom o°9'. Haxpmoe m3 tex cunm-
‘'TAeTCA MAaTEePHANBHON TOUKOH.

Cucrema xoopamaatr OXY Z cBazaHa ¢ NeHTPOM Mace 3emuam ¥ Jly-
8. Ocs OX HampaBileHa B TOUKY BeCeHHET0 PAaBHOJGHCTBHH, OCh
OY nemmT B IA0CKOCTH ABHMeHEA 3emau n JIynu, a ocs OZ Hampas-
JeHa IO BEKTOPY MX YIJIOBOM CKOpocTH. Bpamammmascs cmcTeMa Ko-
opauaaT Ofn{ Taxmxe cBasama ¢ meRTpoM Mace 3emun u JIyHE, ee och
Ot manpasneHa BROJb IRHEHN, coegmuaiomeii 3emiumo u JIyry, ocs Oy
JeKAT B IIOCKOCTH opburh 3emam u JIyms, a ock O coBmagaer ¢
ocbi0 OZ. Mnockoers OEn Bpamaercsi Bokpyr ocm O ¢ Toil xe yrio-
BO# CKOPOCTHI0 0, KaK u jmHEA Jemasd — JlyHa.

Cucrema xoopamuat L,ryz mMeeT CBOMM HAYaJOM TOUKY amOpanum
L, m nonygaercsa ms cacremul Koopuuear Ofn{ napaaneabaHM HepeHo-
com. Hmeor MecTo QOpMynnl

§=x+§L“ 7]=y+ NL4y C=Z, (1'1)

rae .., Mo, —KOHCTAHTH, ABIAOIAECA KOODAUBATAMYA TOYKH JHOpa-
nug L, B cratbe Tomunm uJIsiosmnena [176] mosyuens ciepyomue
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ypaBHeHHMA [BWKeHHA KA B cmcreme kooppumraatr Lxyz:

3
= 20) + (2 + )0 + (s + 8D 021 Y (i — ),

=1 1

3
. fm;
= — 20 4 (y + M) 0 — (e + ) O+ Y 5 (5 — ) (12)
i=1 1
3 fm,
2= —z,Q0% Z p—sl'(zi —z),

i=y

e pi=(z—2P 4+ —y’+(—2%5 i=123 Q—
yIioBasg CKOPOCTh [ABIKEHHA IEeHTPA MAace Bemnn m lezm BOKpPYT
Connna, f — yHHBepcaJbHAsA TPABATANHOHHAA HOCTOSHHAA, HWHACKCH
1, 2 m 3 orHOCATCH K 3emiue, Jlyme m Comnny coorBercTBeHHO. To4-
Kol B ypaBueruax (1.2) o6osnaueno AuddepernupoBanEe o BpeMeHH,
Bo Bpamamomeiics cacteMe KoopawHar L,xyz IONOReHHA 3eMid

u Jlyan ¢urcmpoBaus m Koopameati CoxHma BramcagioTesa mo ¢op-
MyJIam

z3 = R (cos P cos O - cosi sin ¢ sin 0) — &,

Ys = — R (cos P sin 6 — cos i sin ¢ cos 8) — n,, (1.3)

23 = Rsin ¢ sin i.

3necyr R — paccrosame mexny CoaHIEM B IEHTPOM Mace JeMIH &
Jlysn, a i — HakJIoHeHEe IIOCKocTH op6uT 3emam m JIyHE K mioc-
KOCTH KJIHOTHKH.

Yraoese monoxerus ConHOA W JAHEE 3emiasa — JIyHA IO OTHO-
IMeHHI0 K TOYKe BeCeHHOro PABHOJEHCTBHS 3aHalOTCH COOTBETCTBEHHO
BenmumaaMA P 1 0. Yrox 0 oTCUMTHBAETCA B ILIOCKOCTE OPOGHT 3em-
am u JIyEmH, a yrox P — B IIOCKOCTH oKAUNTHKH. COOTHOIEHHS,
ompefensamne P u 0, EMEIOT BHEJ

'll) = Qt + "Po, 6 = ot + 60’ (14)

rge P, 1 0, — HavaabHHIe 3HAWEHHEA YII0oB v ¥ 0.
Ilpm mpoBeneHmE YHCHEHHHX PacdeToB OHIIA HMCIOIBIOBAHEL Clle-
LyoIde 3HATEHHS AJA HOCTOAHHKX 3aJadm:

my = 5,97465-10% ke, m, = 7,32814-10%2 ke,
s = 1,98649-10% xe, f = 6,68029-10720 xm3/xz. CeR2
Q = 1,99082-10~7 pad/cex,

R = 1,49530-10% km, i = 5°9’ wm paccrosmme mesmy Semueir u JIymoit
OpHEEMaNoCh PaBBEM 3,85147-10° km. IIpm sTmX sHaueHmaAx mo-

CTOSHHHIX DPAaCieTHAafg YrioBas CKOPOCTb () CHCTEMH KOODJAWHAT
L,zyz pasHa 2,665075637-107¢ pad/cex.
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PesyabraThl 9MCI€HHOrO HMHTETPUPOBAHUSA yDABHOHMH (BHKEHHS
(1.2) npencraBiaens Ha pme. 28 — 39. Toukn ma atux pmcynkax pas-
RelA0T MHTEPBAJE B ofWH cuHOAUYeckmit Mecan. Ha pme. 28 » 29
HOKa3aHa IPOEKNHA HAa HA0CKOCTh Ly tpaektopum KA 3a mepmop
spemern: B 2500 cym. B masanpHmi MoMeHT Bpemenm KA nomemen
B TOUKY au0paudd ¢ HyJeBOH OTHOCHTEIBHOH CKOpOCThIO, a Coumime
aesxur Ha quHME 3emus — Jlyna, T. e. Ha pme. 279, = O0m 0, = 0.
Pmc. 28, a — 2 moxassBapoT, 4T0 ¢ TeueHmeM BpemeHm KA Bce maasn-
me @ Jajibme yxogdT oT Toukm amGpanum. Ho sra temmemmma me-
HAEGTCA Ha 0o0paTHYIO IpumepHo wepes 850 cym oT MoMeHTa Hauaja
pemxenua. Us puc. 29, ¢ — 2 Buano, 4TO mOCTEmeHHOe MpHOIMIKe-
Hue HA K Touke nupanum NPOECXORAT BIIOTH IO MOMEHTA BDPEMEHH,

apHoro npubiamsmrenbro 1460 cym. C 3Toro MoMeHTa B JBHIKGHHH

A HabirofaeTcA TeHACHIUA K yXAJIeHHIO OT TOYKH Jubpanmu. Ware-
PeCHO OTMETHTH, 4TO MEHEManbuoe paccrosmme KA or L, pasHo mpm
aroMm npuGamsureasro 24 000 xx, a mocTurHyTOe paHee (B MOMEHT
BpemeHH, npubausuTeabHo paBHEA 850 cym) Haubosbmee ymanende
KA or L, pasuo mpumepro 190 000 xx. Puc. 29, 8 — 3 mokasmBamoT,
470 yaasenue HA ot L, mpomCXOuT [0 MOMEHTA BpeMeHH, NpHOIA3d-
rexbsao paBHoro 2260 cym. C »Toro MoMenTa BHOBH HAYMHAETCA IO-
cremennoe upubamxcEne A k L,. VI3 mpuBefeHHBIX YHCIEHHHX pe-
BYyJABTATOB CJejyeT, 4TO Ha HHTepBaie Bpemenu B 2500 cym Tenmen-
mua KA x c6nmxennio ¢ L, u ynanenuio oT L, MEHAGTCA ¢ HePHOLOM,
pasaEM upubamsuteabHo 1400 cym mam 4 rogam. MakcmmaiabHOe
yaaaenme HA or L, passo 190 000 xm, npuaem us puc. 28, 2 n 29, a
BUJIHO, 9TO HPH JOCTHKEHHM HTOTO paccTogHnma KA mBmXKercd Ho Iog-
TH 3aMKHYTOH 0pOuTe ¢ HEpPHOMOM, GIM3KEM O[{HOMY CHHOLHIECKOMY
MecAIYy. :

Ha pme. 30 m 31 upemcraBiieHH 3aBACHMOCTH BeJHYHE CMEMIGHUS
r m ckopoctd v HA or Bpemenu. B ofemx saBmcmmocrsax, B oTamame
or prc. 28 u 29, yYNTHBAWOTCA 2Z-KOMIOHEHTH BEKTOpa CMeNIeHUA I
BEeKTOpa CKopocTH, Tak 4ro r(t) =V 2> + 42 -2 m v (f) =
=V #* +§® +7°. Bamgmo, u9To oOpAMHATH OrEGAOMAX KPHBEX
r (t) m v () cHavana Bo3pacraioT, a 3aTeM (mpmmepuo mocxe 850 cym)
youBaror. TakmM of6pasom, BKIOYEHUE 2-KOMIOHEHTH B BeJIHIHHE
r () m v (f) He M3MeHAeT OTMEYEHHOIO BHINIe XAPAKTEPa [BUKEHHA:
KA npumbnmmaerca K Touxe ambpamum M yoaafercs OT Hee ¢ IepHO-
oM, IpHEOIN3ATENLHO PABHEIM 4 rogam.

NaTepecHoit 3afadell ABAAETCA 3ajaua BEOOPA TAKOro HAIAJILHOTO
nonoxerna HA m ero cropocrm, a TamsKe HAYaABHOTO MOJIOMKENHS
Connua, 4T00H TpPaeKTOpHA ABM:KeHHs OHIA B HEKOTOPOM CMBICIE
(HAHAYIOIeH», T. €. BHKHO TaK OIPEHEJMTh HAYAJbHEE YCIOBHA,
491066 Ha 3aJaHHOM WHTEpBaje BpeMeHH OTKiIoHeHme KA oT TOIKu
nubpainum Opimo HamMenbmaM. Hmkaxoir ofmeit| Teopum mo sToMy
Borpocy HeT. B pa6orax [176, 177] npuBenenn peayabTaTs OTAEABHEX
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9ACTeHHHX dKcuepumenToB. CHadana, ciemys [177], paccmoTpmm
BINAHAE HAYaJIBHOTO Moaoenua Coanna.

Ha pmc. 32 n 33 n3o6paena mpoexnus na mrockocts L,ry Tpaek-
tropua KA, momemennoro B Touky amGpanum L, ¢ HyixeBoii oTHOCH-
TEAbHOH CKOPOCTHIO, HO B HAYAJNBHHEIN MOMEHT YIOJ P, MEKNIY BEKTO-
pom Conmma R u nummeit 3emnsa — Jlyna pasem 45°. Umtepecuo

nHM L

24000 o

204 || 4 R

760000

754 T ‘ | l

T

#0000 Al T

bl 1 1

I
q 500 1900

, cym
Puc. 30. Paccrosmme KA or L, B 3aBHCEMOCTH 0T BpeMeHW ABEkeHHA (0, = 0°,
Yo = 0°).

UM/CER

v/

40

200t !

YR T WA ST ST S TR WD VRO SO ENVUN SR S SRS RUNY ST SR SN UUN UN T SR S |

V4 0 C omw ¢, cym

Puc. 31. 3aBECHMOCTH OTHOCUTENBHOM CKOpPocTH KA 0T BpeMeHH ABIWKeHEA
0y = 0°, P, = 0%
0 L 4] .

oTMeTATD, 9T0 HA foBoaBHO moaro Haxomuwresa Gamke K Touke nabpa-
nun, 9eM B caydae P, = 0. Ha pumc. 32, ¢ — 6 mpencraBaeHo qBMKe-
HEe Ha mHTepBajge Bpemend B 750 cym. HamGoarmee ynamenne KA or
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TOYKZ JEOpANUN 328 9T0 BpeMa paBHAeTCA Hpubansurensuo 40 000 xx,
B TO BpeMs Kak upm P, = ( 8a 370 7Ke BpeMs 0HO 0HJIO paBHO HpH-
mepro 190 000 xxm. Otcropa sAcHO, uTo HavadbHOE HoJokeHEe COMANA
HMeeT 3aMeTHOe BIHWAHHE, BO BCAKOM Cliyuae, Ha HavYaabHYIO (asy

$nM
a Tﬁﬁﬂﬂﬂ

=u800__ 2000
w8 4

£)

Puc. 33. Tpaexropua KA, momemerHOr0 B TOUYKY L, ¢ Hy#eBOH OTHOCHTEIBHOM
CKOpPOCTBIO, B ciydae O, = 0°, ¥y = 45° 8) 2000 < t < 2250,7¢) 2250 < t <
< 2500 (¢ B cym).

nemxenns KA. ITocae 750 cym KA mpomommaer mocrenenno yaaaars-
¢A OT TOYKE NMOPANMH W ero MaKCHMAJBHO® YJAAJEeHHE COCTABISET
npumepuo 175 000 xkx. 3To mpomCXoAMT B MOMEHT BpeMEHH, DaBHHIH
mpubnmaurensno 1540 cym. 3atem KA mocremenmno npmbiamxaercs
K TouKe mubpanmm. B momenT Bpemenm, pasmmit 2330 cym, paccros-
BEe or KA mo L, mmamMansBo m pasuo mpmumepuo 20 000 xx. 3atem
KA crmoBa ynansercsa ot Toukm jmbpanuu. METepecHO 3aMeTHTh, 49TO
B MaKCEMajJbHOe, H MEHHMAaJbHOe paccrodEmsa KA ot L, upm ¢, =
= 45° MeHbIIG aHAJOTHIHHIX Beamymp mpu P, = 0°. MaTepecHo Tak-
sKe, uTO UpH P, = 45° IepHO BpeMeHH MEXKAY MAKCAMAJBHLIM K
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MUHEAMaJbHEM yRaneEnaMd KA or L, paBer oxomo 790 cym m 6am3ox
K Oepuopy, KOTODHHA O B caydae P, = 0.

Ha pmc. 34 — 37 npoexnua Ha mirockocts L,zy TpaeKTopud ABH-
senusa KA, momemmenuoro B HauaibHEE MOMEHT BDEMEHHA B TOYKY Ju0-
paunmu L, ¢ HyIeBoi OTHOCHTEABHOHE CKOPOCTEIO, IOKAa3aHa [JIA Clyda-
eB P, = 90° P, = 135°, Py = 225° m P, = 315°. B Kampom caydae
0, = 0. TpaexkTopuu IOKa3aHH [JsA mHTepBaja Bpemend B 250 cym.
AHanormunanie Tpaekropme KA P, = 0° mp, = 45° mpefcTaBaeHH Ha
puc. 28, a n 32, a coorBeTcTBeHHOo. V3 cpaBHEHHMA TPAaeKTOPHM NIK
PABIUIHEX Py MOJKHO CLENATh 3a-
KJ0YeHAe, 49TO Ha MHTEDBaIe B
250 cym BenwuWHA OTKJIOHEHNA
KA or Toukm ambpanmm NpH
Yo = 45° m P, = 225° menbme,
9eM NpHM APYTAX B3HATEHAAX Y.

. NN
drh 3HAYEHHA P, OTIMIAIOTCA HA AN N
180°, m TpaexTOpUHU [BWKEHUA I S B
KA mnoxom: ppyr Ha JApyra. 2 :
Tarke 09eHP IOXO0KH TPaeKTO- [ S
puE [BWEeHHs Dpu P, = 135° -

n P, = 315°. Puc. 38. Tpaexropua KA, cmemesnors

Temeps nprBefeM pe3yabTaThl B HagaJbHbIH MOMEHT OTHOCHTENLHO L.

pabort [176], racaromueca dum-
CEHHOTO HCCIE/OBAHUA BIMAHUA HA JABHKEHHE KA; ero mauanbHOTO-
MOJIOHEHAA ¥ HAYaJAbHOM OTHOCATENBHOA CKOPOCTH. "Ha puc. 38 pug
uATepBasa BpeMeru B 250 cym HmoKa3aHA NPOEKIHA TPAEKTOPHH [ABH--
serna KA ma mmockocts L,ry, HaumHAIOMAACA H3 TOYKH, He cOBOA-
natomeii ¢ Ly. as morasaunoil aa puc. 38 TpaeKTopus B HAYaXbHBH
MoMeHT x = — 77 614 km, y = 34126 km, z = 0, a oTHOCHTEJNBHAHA
cRopocTh paBHa Hymw. llpmEATo Tarkme Y, = 0, = 0. Cpasnenne
puc. 28, a m puc. 38 HOKasHBaeT, UTO HavajbHOe cmemenume HA
OpuBOAuT K «Gosiee HEYCTORIMBOMYY JABHKEHHUIO.

Puc. 39 memoHCTpHpyeT CYyMeCTBEHHYI0 3aBHCHMOCTH OTKIOHEHM
KA oT Tourm 1uGpanud B 3aBECUMOCTH OT HAIPABIEHHEA 6T0 HAYAIBHOH
OTHOCHTEJNBHOA cKopoctd. lpuuasaro, aro P, = 0, = 0; B HavanbuHi
MoMmeHT HA momemies B TOYKY TEOPANAA M MMeeT HAYAILHYIO CKOPOCTD-
3,048 km/cex. Ho BexTop cKOpOCTH V RS TpaeKTOpUil, H306paskeHHEIX
Ha pzc. 39, EMeeT B HaUAJLHBIA MOMEHT PasiAMdHOe HampaBaenue. Ha
pmc. 39, a, 6, 6, 2 om cocraBaser ¢ ockio L, z yram 60, 150°, 240”
n 330° coorBerersenno. CpapHenne TPaeKTOPHH, MPE/(CTABICHHEX Ha
puc. 39, NoKaskBaeT, 910 K «HamGoNee YCTONIABOMY» NBIKEHHIO IPU--
BOJAT TAKHe HAYAJLHHE YCJIOBHA, KOTJA BEKTOP OTHOCHTEIBHO! CKO-
poctm KA cocraBaser ¢ ocsio L, x yrox 330°.

W3 npuBefjeHHHIX pe3yabTaTOB THCICHHHX DKCICPAMEHTOB HEIb3A
clienaTh KaKUX-IAGO CTpormx o6mMEX BHBONOB O XapaKTepe ABHIKe-
Husa HA B0au3m TPeyroAbHEX TOUEK JUGPAIHE ¢ YUETOM COJTHETHHIX:
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§ 2| O IIEPHOIUYECKHAX OPFHTAX 25f

posmymenait. OnEako ogeBuAHO, uTo Bamanme ConHina 3acTaBiaser HA
3HAYMTEAbHO OTKJIOHATHCA OT TOYKHA ambpanmu. B teuenme 2500 cym
KA, noMenmieHHH B HAYaJbHbIA MOMEHT B TOYKY AHOpALHA C HYJNEeBOK
OTHOCHTEJIBHOH CKOPOCTBIO, MOKET ABHLATHCH TAKAM 00pasom, 4To
orubatomas paccrogsmsa r () or KA mo L, mmeer maxcumym 190 000 xac
g maaamyM 24 000 xx (maa P, = 0, = 0). Xapakrep HoNyIEHHHX pe-
3yJNbTaTOB HABOAHT Ha NpeNIOJOKeHHe, 4To ormbaromas BemeT cels
aHAJOTHIHEM 00pa3oM U [JA 3HAYATEAbHO (OJbIIero WHTePBajia Bpe-
mern, veM 2500 cym. /I3 moaydYeHHHX pe3yabTATOB ACHO TAKMKe, 4TO
magaabHoe mojoxeHue ConHna, HagansHoe HomoKenne KA u Hampas-
JIGHHE eT0 OTHOCHTEeJIbHOH HAYaIbHOM CKOPOCTH OKA3KBAOT pelranmee
BIUAHEE Ha ero HocJelyolee IBHKECHHE.

B saxmiogenne maparpada orMeraM, 9T0 HEKOTOPHIM HCCIECIOBAHU~
aM Bausaag Conrna Ha ABwxkenne KA BGam3n L, HoCBAMEH IUKI pa-
6ot JI. I'. JIykbanosa [43 — 47].

§ 2. O nepmopmuecknx opdnrax BOMm3u L,.
T'amanbronnan asmxenus KA » orpecrnocru L,

Pesyabrars mpepbigymero maparpaga IpuBofAT K BHBOLY O TOM,
9TO0 HpH ydeTe COJHEIHHX BO3MYINEHHA KOCMAYECKHWH ammapar ¢ Te-
YeHHeM BpeMeHM yJaaseTcA OT TPeyrodbHKX Y049eK aufpanmu Ha 3HA-
9HTeAbHEIE paccTosaHusa. OTHAKO 9TO BOBCE He 03HAYAET, 9TO B OKPECT-
HOCTH TO96K JuOpamum He MOTYT CYIeCTBOBATH YCTOMYMBHIE OPOUTHL.
Orxpurme Hopperenckum [100, 101] o6nxakomonoGHEX 0GpaszoBaumit
BOamsm Todek L, mw Ly B cucreme 3emas — JlyHa BBI3Bajio GOaBIMOR
WHTepec ¥ OPUBJEKIO BHUMaHUE MHOTHX HMCCIefoBaTesaedl K 3amade o0
ycToiYmBHX 0p6mTax, GAMSKAX K TPEYTOJNbHEIM TOYKAM IHOpauM.

AnanuTEUecKoe HccaefoBaHAe IEPHOAUIECKHX 0pOuT BOIH3M Tpe-
YTrOTBHHX TOUeK JmOpanuu B cucreme 3emisa — JlyHa ¢ y4eTom com-
HeUHHX Bo3MymeHmil Gbio Hauato Bpsksmaom m Ilpmsraem [106]
IpH IOMOHIY MeTOJ0B TeOPUH BO3MYMEHHH TaMUJBTOHOBEIX CHCTEM.
910 aHATMTHYECKOE uccaefoBanue Guo mponoskeno lllextepom [170],
KOTODHIA BIOEPBHE C JOCTATOYHOH CTPOTOCTHI0 IIOKA3aJ BO3MOMKHOCTH
CYIMEeCTBOBAHUSA YCTOWIUBHIX NIEPHOJUICSCKEX OPOUT BONUBH TOUKHT Iu6-
panuu L, cucrembr 3emus — JlyHa OpM HaNWYWH COJHEYHHIX BO3MY-
meHui.

YcroitumBaa mepuoamdeckas opbura, obHapysmennas lllexTepow,
HpejcTaBiiseT coboii SaMuIC ¢ eHTpOM B L, ¢ OTHOmeHHeM MoJy-
oceit 1 : 2 m 6oxbImoil MoyoCH0, paBBo# TpAOAU3uTEAbEO 96 500 KM
emxenme HA mo saammcy umeer nepmofi, paBHHNIL OMHOMY CHHORUYE-
CKOMY MeCsALY, ¥ UDPOMCXOMUT B HANDABICHHH, IIPOTHBOIONOMKHOM
Bpamenuio JIyEs Bokpyr 3emun. J]puxenue KA 1o smrmncy cuaxpo-
HU3HpOBaHO ¢ ABMKenueMm COIHOA: MX YrAOBHE IOJOKEHAS LOUTH
coBmajafor, Korga HA mepecexaer omy #3 oceil siummca. Takmm
06pasoM, 0THOCATEIHHO HA6IIONaTeNs, PACHONOKEEHOT0 B Ly B CMOT-
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pamero B Hanpasaenan Coxrna, KA pemxerca momepex ero JmHAH
BU3HPOBAHHA HONOOHO TADMOHNIECKOMY OCOMIIATOPY. Bpema mepe-
CCeUeHHA JNHNEA BA3WPOBAHHA KOCMAYECKAM aNlOapaToM HOYTH COBIA-
JlaeT cOo BpeMeHeM, B KOTOpPO€ JHHHA BH3WDPOBAHWA COBMemaercsd C
H0onbIIoN WM MAJNOR OCHIO BJJIHICA.

W3 amaamsa, uposegensoro IllextepoM, TaxmKe ciaefyeT, 4To Ha
nemxeane KA Bre miuockocrm opOwr 3emmmu u Jlymer Coasne oxaser-
BaeT HE3HAYUTEJbHOE BO3HEHCTBHE, a BIMAHHE IPOCTPARHCTBEHHOCTH
Jemkennss HA Ha DpoeKOuio ero TPaeKTOPWH Ha INIOCKOCTH OpOHT
3emian m JIyHH mpeneGpesKEMO MAJIo.

Benen 3a paGotoii Illextepa mosiBmiochk uccaemopamme Hoxenke-
Buia n Hapoenrepa [146], B KoTopoM 3afiada 0 IEepHONAYECKUX [(BH-
sReHnAX, 0aE3Kux L,, aHaJn3APOBaIach IPY MOMOMIY IACICGHHEX pac-
qeros. Pa6ora [146] monreepsxnaer BuBox lllexTepa o cymecTBoBanum
yeroituuBoil meprogumueckoii opours B6ausu L,. Ho pasmeps sToit op-
6uTH momyduens B paGore HomenkeBmuza m Hapmenrepa HeCKoJBKO
6onbmumu, Heswenu y IllexTepa: ee Goapmasd Moayoch paBHA MpUMeD-
Ho 145 000 xm, a mamaa — 71 000 xx. 910 pasiamade MoKeT OHTL 00D-
SICHEHO UpHGIMKeHHOCTHI0 aHamuTHIecKoro uccienosannA IllexTepa.
Hpome toro, Konenxesmaem m HapmenrepoM HafileHa BTODAas yCTOi-
9HBas HePEOARIECKAA 0pOuTa, PadMePHl KOTOPOif 04eHb 6IU3KH K pas-

MepaM epBoi OpOUTH, HO IBUKEeHEE IIO

g # Heii cmemeno mo gase Ha 180° oTHOCHTENB-
4,'1/_(> z HO JBUKeHUS IO IepBoil opbuTe.

AN B yomomsamyrmx paborax Illexrepa,

SN Konenxesmua u HapmenTepa ykasnBaer-

/ N cA TaK)Ke Ha cymecTBoBaHWE BOIm3m L,

/ \\ MaJIOH 0 pa3MepaM HeycTOHYMBOR mepm-

- Ally  opmueckolr opOHTHL.

i | OueHb TIATEIHHOE AHATATHIECKOE UC-

) :\'\;; Sy " ¥ cnefoBaHme 3ajla4M O HEPHONHIECKHUX OP-

N i f6urax B6amsm L, B cucreme 3emias —

I+l JIyHa ¢ y4eroM COTHEYHHX BO3MYIEHHN

EN \e% BemogHeHo Hommiaom B paGore [144].

%j:%\ % HadecTBeHHHIe pe3yabTaTH HoMumiaa aHa-

“2 JOTHIHH pesyiabTataM pabor [146, 170].

PasmMeps mHonyuYeHHHX HM OPOWT OYeHb

Puc. 40. Ilntockas Mofmens GuW3KW K pasMepaM ODOHUT, BHYHCICHHBIX

Aaa ouncamua ABmwKenad KA pooonkeppaem m HKapmemtepom. Husxe

BOau3m L, ¢ yderoM coiHed- P

HEIX BO3MYTEHHH. HW3JIATAIOTCA OCHOBHHIE pe3yJIbTAaTH 00-
MEPHOTO mccaefoBands Hommia.

Bunmmem moxyserHoe B [144] BRIpa-

JKeHHe AaA QYyHKNEA I'aMHabTOHA, ¢ HOMOMIBIO KOTOPOH ONMUCHBAET-

ca psmxenme KA B6amsd rpeyroavnos rouku jgubpanuu L, cucreMs

Bemas — Jlyra ¢ yuerom commednmx BosmymeHmit. Ha pme. 40

IpuBeMeHA C€XeMa H3ydaeMoi 3ajavM UeTHpex Tea 3emiad —
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Jlyna — Coanne — KA. PaccmaTpuBaercsa TONLKO HJIOCKas 3ajada,
T. e. Impepmosaraercd, aro 3emad, Jlyma, Coanne m KA Bo Bce Bpe-
MA ABIKOHHSA HAXONATCA B OfHOM HIOCKOCTH. ITO HPEANOIOKOHHE
OIpaBRAaHO TeM, YT0 W3 amanmsa, nposefensnoro Illexrepom, caexyer,
9YTO NPOCTPAHCTBEHHOCTH [BIKEHHS HeCYIIeCTBEHHA B pPaccMaTpHBa-
€eMoif 3afjaue o mepmopmueckmx nBmkeHmsax HA. Toura L, ompene-
JIAETCA KaK TPeyroabHAsA TOUKA JAHOPAIUA, COOTBETCTBYIOMAA «Cpef-
Heit 3emiue» u «cpenueit Jlyue». Ilpegmomaraercs, aro Gapunentp B
Jsmxerca oTHocumrenpHO CosHIA @O KpyroBoil opbute, oplOmra
Jlyser orHocmTenpHO GapumileHTpa — TaKKe Kpyrosaa. Cpepuas
yrioBad CKODOCTH n ABWKeHus JIYHE oTHOCHTENBHO GapHIEHTpa
pasHa 0,23 pad/cym. 3a enuHuny HAUHH ONPHHUMAETCA PACCTOSHEE
D mexmny 3emueir m Jlynoit, paBaoe 386 000 xm.

IMudpamu (1), (2) u (3) Ha puc. 40 0603HaTIEHEI COOTBETCTBEHHO pe-
anpHEe HonoKeHusa Jemuu, Jlyust m Conuna. Bermamna p = 1/82,3
mpepcraBiasger coboil oTHomenne Maces JIyusl kK cymme Mace JIyHE @
Jdemian, BeamdmHA N1, — CPeNHAA YraoBasgd CKOpocTh Gapumentpa B
orteocurenbHo Conuna. Ilpurmmaercs, aro

'f_; — m = 0,074801.

BeawuasH v(t), Z,, 4 Y,,, CMBHICI KOTOPHIX sICeH U3 puc. 40, BHYMCACHE
B pa6ore Kammira [144] npn nomomu teopun Jlyun [lorrerymana [84,
164). B maapHeiimev B 5Tl riaBe 3a He3aBACUMYIO IePEeMEHHYIO IPH-
HUMaeTcA BejuduHa v = ni.

Ilycrp z u y oGosnagaioT KoopauHaTsl KA OTHOCHTEIBHO CHCTEME
roopamHat L,y (em. pme. 40), a p, m py — COOTBETCTBYWOIIHE UM
UMILYABCHL

IIpmmeM m 3a OCHOBHYIO BeImunHy, HeOOXOMAMYIO LA CpaBHEHHAA
HOPARKOB MAaJIOCTH PA3JMYHKEX BeJIUYHH, BXONAMEZX B (QyHKIZIO
T'amanbrona. ByneM cumrats, 910 Z, y, Py @ P, AMEIOT MEPBEIA HOPH-
IOK MaJocTH orHocuTeabHO m. CpefHee 3HAYEHME JKCHEHTPHCHTETA
op6uTH JIyHH TaKKe mMeeT MEePBHEA HopARoK MagocTu: ¢ = 0,0549 =
= (,734-m. B [144] nonyweno, aro ¢pynrnma lamuasrona R ABHKe-
auAa KA B6amsn L, ¢ TOYHOCTHIO [0 BeJIMYHMH MIECTOT0 HOPALKA MaJo-
CTH WMeeT B[

4
R= 3 Bu( Y, P Py 7 (2.1)

i ()
1 _
Ry = — (P% + P}) + (ypx — 2py) + - (s* — 5y — 6 1/ 3T Uay) —

— MA@ 4 3y -2V 3Uay),  (2.2)
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Ry=2Y2 (% 4 49) + - (330y® — To¥) —
— 2 (e —V3y)cos6, — (y + V3 z)sin 6] +

+ W YmPx — TmiPy — (EmiPx + y’mlpy) +
+ (yml =3 12/3 xml) Yy — <2xm1 +

yml) x] , (2.3)

5V3 )
R, = V U (52%y — 9xy®) + T§§ — _6243 ay? —
128 Yy — i m? [(2% — y?) cos 20, — 2zy sin 26,] -

+p {(ymsz ~ o)~ (i + i) +
+ (ymz ~2 ]2/3 xmz>y — \mez + 222 ymz>:c +
S ((1y? — T2%) oy -+ 22yl + —l/—u (@ + yaml} (24)

II m[

Rs

- -i%f—tz— [(3z + 1/ 3y)cos B, — (V' 3z + 5y)sin 6] -+
3B
+p {(ymspx — ZmaPy) — (EmsPx + YmaDy) +
-+ (?/ms -3 ]2/3 xms) Yy — (2$m,3 + 3 12/3 f‘/ms>5‘c -+
2 (1Y — T2 2y -+ 220y Yma) + 252 (2Yma + yma) +
+ g B (T2* — 1y @y — 220y} +
3 ] -
+ 2 [ty )+ gy B3 — T, (25)
Ry = o (V'3 (294a%y — 4207:3y — Mhazyp) —

— 3312 + 6105164y2 —_ 7965x'2y‘l -+ 383y°] —
um

+u {(ym4px —X m4pu)““(x'm4px + Jmapy)+ (ym4 -2 12/3 xm4> Yy —
— (2w + 22 ) 2 4 (A5 — Ta%) s + 22239ms) +
3 V - [2Yms + YTms] + B [72% — 11y?) Zme — 22xyymz]} +

5V3 123
+T[ V3 (509 — 9y) 4ot — B EplL )
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B pasaoxenmm (2.1) p cumraerca Bennqnuon mepBOro HOPARKA
ManoCTH (TaK Kak p = 1/82,3 = 0,16244 m), U = 1—2 p — Bean-
9HHOH HYJIEBOTO MOPAMKA. I:Iepes rgp 0603HaUeHO cpefiHee PACCTOAHHAE
0T Gapunertpa B mo Coxmna

4/rsp = 0,002559 = 0,457357 -m2.

Touxoir B ¢opmynax (2.3) — (2.6) oGosmaueno paddepengupoBanue
10 T, Ty, Ymy — Benugues mopanaka m*. llpm srom

Tm = Tmy + Tz + Tma + Trmas (27)
rae :
Imy = — ec0s0,,
Ly = — —;— e? - —;— e? cos 20, — "183 em cos (20, — 0,) — m? cos 26;,
Ly = % e3cos 0, — % ed cos 30, 4+ —2— em?cos 6, +
+ %em2 cos (20; + 6,) — i em? cos (20, — 6,) —
9 4 15 m
— g m® cos 20, + T 7g cosf;, (2.8)
5, 64, 159,
Ling = 55 M cos 40, s — g m c08 20, + === 555 M 4
81 m2 25 m?
—l'- 16 rSB Ses—--ﬁ—{:ra—BCOS3es,
u
Ym = Ym1 + Ymz + Yms + Yma, (2.9)
e

Ym1 = 2e sin 6,

Ymz = %e sin 26, +—ems1n(26 —8,) +—§1-m2sm293,

yms—i—ge sin 36, —%—e sin 6, —{-—emzsm(ZO_,-}—Be)—!-

+15 em“‘ sin (20, — 6,) —}- m3 sin 28, — —185)- ——sinf,, (2.10)
3B

25 . . 15 m2 93 m?
Yma == 5z=m*sin 40 —I———m‘stG = 1n36; — ———sin9,.
™ 256 s 72 s+ 32 raB 8 ryp
B pasnomennsax mis Ly 1 Y, B opmynax (2.8) m (2.10) me nrmm-
CaHHl WIGHH YeTBePTOr0 HOPAAKA OTHOCHTEALHO €. Benwumns 0, m

6., Bxomamue B paznoxenue GpyEKnua I'amuabrona (2.1), BEMmCIA-
orca Do dopMyiram

0 = o1, 0, = w0, — 6,
rae



256 JABMHEHNE KOCMHYECKOTO ANIITAPATA BBJIU3H L, [T 13

a gepes 0, obosmadena HavdajabHaAA [OATroTa Hepures opOuTh JIyHEH
OTHOCHUTEIbHO BHepHuanbHo#d nmuuu (cM. puc. 40). OTmermm, duro B
«HeBO3MYIIEHHHA» TaMUIbTORNAH R, pasaomenua (2.1) gaa ygpober-
Ba BRJAKYEHH BCe WIEHH, KBaApaTHIHEE OTHOCHTEIBHO I, ¥, P,
Dy B HMelompe DOCTOAHHBIEe KodpmmueHnTs.

§ 3. O merope uccienosanns. IlpegBapurernnoe
npeoGpasopanre Pynxunu I'ammabrona

OcHoBHBIE TAllEl TOCTPOGHNA HePUOTUICCKAX [BIKEHEHA W aHANH-
3a HXYCTOWIMBOCTH COCTOAT B caenyiomen [144]. Cragaxna maiinem mou-
HH# unTerpax S (z, y, oy, Oy, T) ypaBHenusa LammiabToHa — fIKO06H,
COOTBETCTBYIOINET0 «HEBO3MYIMeHHOMY» raMuiabTony R, Ilonmmni# ma-
rerpan S u coorHomenus 8S/da; = P; (a;, p; — const) gaoT pemre-
HHE T = X, (ai’ ﬁiv T)v Yy=1Yo ((Zi, ﬁi’ T)v Px = Px, (ai, ﬁiv T)? Py =
= py, (i, PB;y 7). A mccaemoBaHHSA «BO3MYIIEHHOTO» NBHAKEHUSA
(T. e. ABMKEHHSA, OMMCHBAEMOTO NTONHOH ¢yHKIHed "amunprona (2.1))
JejxaeM 3aMeHy OepPeMeHHHX Z, Y, Px Py —> O, Gg, P;, P2 TP Dmomomum

dopmyan z = x4, ¥ = Yo» Px = DPxo Py = Py, IHOBHIE TIaMmiIbTO-
mnaH R mmeer Bup

R:R+%§:Rl+ﬂz+33+34,

rne ¢pyuxnum R; (i = 1, 2, 3, 4) BeIpaskeHsI gepes o, P;.

3arem K cucreme ¢ Pyrkumeit 'ammasrona R IpuMeHAeM TEOPHIO
posmymennit Jlempu-Xopu, onmcamsyio B raase 11. B pesyasrare
monyuuM ¢yuknuio ['aMuabToHA, COAEPIKAMYIO TOJABKO [OJITOIEepHO-
pmdeckne wiens. ChesaB saTeM HeCJOKHOe KaHOHHIECKOe IpeoGpa-
30BaHMe, MOKHO M3 FaMHIBTOHHAHA HMCKJIIOYHTH HE3aBHCHMYIO Iepe-
MeHHYIO T.

B HOBHX TmepeMEHHHX HCKOMEE HepUOANIECKHe NBHKEHHSI COOT-
BETCTBYIOT OJIOKeHIAM paBHoBecusa. Tak Kak He3aBECHMas mepeMeH-
Hasf Telleph ABHO He BXOAWT B yHKnuio 'aMunbpTOHa, TO HaxojeHne
MOJIOMKEHNMiT PaBHOBECHA W MCCIAeMOBAHWe MX YCTOHYMBOCTH He Ipefi-
CTaBIAAIT GONBIMEX TPYRHOCTEH.

U, HaKoHem, [JA HpelACcTaBJeHAA HePHOANIECKUX ABUKEHHHA B WC-
XORHOH cmcTeMe KoopamHaT L,ry Hafo cHesaaTh HECKOJABKO KaHOHHYIE-
cKEX Ipeo06pasoBaHUil, o6paTHHX ONMCAHHLIM BEIIIE.

JIlns ocymecTBIeHHA HAMEYeHHOH CXeMHBl HCCIef0oBaHHA YN00HO
Opef(BAPUTEIBHO CHeJaTh KaHOHWIECKOe IpeobpasoBaHMe, LPHBOJS-
mee raMumiabTOHMaH R, ¥ HopmansHO#l dopme. XapaKTepHCTHIECKOE
ypaBHeHHE, COOTBETCTBYIOMEe 9TOMY TaMUJIBTOHMAHY, HMeeT BUJ

M (=2 mi)a 1 2t —p (14 ) =0 (34)

9To ypaBHeHHme HMeeT /[Be IapH YHCTO MHAMHX KOpHe# -iwy,
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-+ im,, THe

o, = 0,949313, «©, = 0,300684.

CremoBaTesibHO, «HEBO3MYIIeHHOE» MABW;Kenme ycroiamBo. Temeps
IpU IOMOIIY JIUHEHHOT0 KAHOHHIECKOTO Npeofpa3oBaHUA BBejleM Iepe-
MEHHBHIE {;, D; TaK, 9T00H B 9TAX IePEMEHHKX HeBO3MYIIeHHEIH TaMHAJIb-
TOHHAH NPHHAA HOPMAaABHYI0 ¢$opMmy, a camMu IepeMeHHHE §;, P;
AMeId HYJIeBOX HOPANOK OTHOCHTENBHO M, YTO HO3BOJISAET BBECTH B
HOBHIH FaMUJIBTOHHAH MAJHA Iapamerp m B sABHOM BmAe. Mckomas
3aMeHa IepeMeHHBIX TaKOBa:

z 0
y =z

= A |92 3.2
Py b ’ ( )
Py P2

roe matpana A mMeer Bup [144]

. k1 ky ,
0 0 'ﬁ,—1(®§+b) ~ o (034 b)
k ko

—_ 2k1(.01 — Zkzﬁ)g — _(I)lT ©a n
A= ky Iy (3.3)

—hyo(@3+b—2) —hoy(0}+b—2) o " e

' ky ky
kno, kanoy o, (b—o)) — o (b—o}
B (3.3) BBepensl caepyiomue 0003HAYGHNA @
3 m? 9 m2 3V3 m?
a=—(1+75), b=7(t+5) n="F"U(t+7)

ki= d l—_—‘
V(@ — o) (@2 +b) (

Hosmit rammabromman H = R/m?. Ero xBajgpartmumas wacts H,
BHIVIARET cjefyomum obpa3om:

5 1 ,- _ 1 /= =
Hy = 5 (Pt + 0ig1) — = (§5 + 0375). (3.4)

Hnsa pemenms ypasHeHEH, COOTBeTCTBYIOIAX HEBO3MYIIEHHOMY ra-
mMunbToHRaHy H,, ymo6HO BBECTH KAHOHHYECKHE IepeMeHHEE NeHcT-

BHe G; H yrox P; mo gopmymam

: A - .
g; = (— 1)y l/—(% sinBi, Pi=(—1)"V 20i0; cosp; (i =1, 2).
(3.9)

9 A. II. Mapkees
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B mepemeHHHX «;, f§; raMmmaabroHEaH H, npEMeT Bup,

H_O = 001 — W30, (36)
CaepmoBaTtenbHO,
'ap, _ OH, da oH,
b U _ g, fa_ ML,
dt da, dv 0B,
- — _ (3.7)
dfe  0H, da, oH,
— = —= = — (g, '—-"—"——._—:0
dt Aas dv 9Pe
Pemenue atnx ypaBHeHmWiT 3aIHCHBAETCH TaK:
Pr = @17 + By, Ty = oy, (3.8)
Po = — 0T + Po, [@2 = a0,
Tie o;, P; — KOHCTAHTH HHTEIPHPOBAHHA. JTO KaK pa3 Te MOCTOSH-

HEe, KOTODHE COJep:RaTCA B pPelleHMH HEeBO3MYIIeHHHX ypaBHEHHIA,
moxyuaemMoM m3 ypaBmeHms ammasroHa — fIikoGH, cooTBeTCTBYIOmE-
ro H,.

Teneps, coraacHO ILTaHY HMCCIASOBAHHA, HaMEeYeHHOMY B Hauaje
aToro maparpada, mpmMeM ¢;, f; 3a HOBHeE KaHOHWIECKHE IepPeMEH-
mne. l'amunsronmam I, onmmchHBalOmMuii m3MeHeHHEe IEePEMEHHHBIX o;,
p; B BosMymeHHOR 3afiade, OYAOT TAKHEM:

o,
m
H = E TH"’ (3.9
n=1
Tae
m" 1 R
i fn = 5 By

a R, — ¢yuxnum u3 pasaoxennsa (2.1), B KOTOpHX IepeMeHHHE Z, Y,
Px, Py BaMEHEHH depes a;, f§; npm momomu ¢opmya (3.2), (3.3), (3.5)
u (3.8), H, = O (1). fIBanie BHpaskenua nias H, BuOucaus B paGore
Kommma [144].

YpaBHeHHs [BH)KeHHA, COOTBETCTBYIOMHUe raMmiabTOHMaHy (3.9),

HMEIOT BHJ
dB; Nt OH
dt =2. nl oa, ’

(3.10)



§ 4l HOJITOIIEPUOIUIECKAA YACTE TAMHUJIBTOHTAHA 259

§ 4. JMonromepuogudeckast 4acTh raMuIbTOHNAHA
H HMCK/MOYeHnue He3aBHCHMOIl mepeMeRHO

Tenepsb HY/KHO BHIOJIHATH CHEAYIOOAI BechbMa TPOMOBJAKHN IAar
mccrenoBanud. [Ipm momomu merona Hempm — Xopu HyKHO cllenaTh
KaHOHMUGCKYIO 3aMeHy HePeMeHHKEIX o;,f; — &;, B;. IIpu sToM mcmoan-
3ylorca ypasHeHmA (4.25) 1 (4.27) raasst 11. U3 sTnx ypasrenuil QyHk-
nuu W, HaXORATCA TAKEMHE, YTOGH MCKIOYATH A3 HOBOTO TaMUJIBTOHAA-
Ha K Bce KOpOTKoIepuofndecKue wiens. B mepemenusix &;, P; HOBHF
raMmabrondan K OymeT coflep:KaTh MOJTONEeDHOAMIECKHEe TIEHH C
qaCTOTAMA @ — W5, © — Wy, O — O, U AX KOMOMHALHAMA.

Hanwmume AByX «BHENIHEX» 9acTOT ©;, X ®, HPUBOXUT K HOBOJBHO
caoKENM AudepeHnuaIbHEM YDPAaBHEHAAM YUPOIEHHON CHUCTeMH C
ramanproarasom K. B paGore [144] ciemama HombTKAa HCKIIOYHTH
BCe WIeHH ¢ 4acToroi ©,. OKasagoch, UTO 3TO MOMKHO CHeJIAaTh, TaK
KaK IPoNefypa MX MCKIYeHUA He IPHBOJHAT K HOABICHHI Goabmmx
o BeamuuEe Kod(@uIueHTOB B IpoumsBofsmei ¢yuknuu W mpeobpa-
soBaHHUA &;, ; —> &;, P;. Caenyer eme KoGaBaTh, YTO OPU MOTyIeHHH
HOBOTO raMuibToHHAaHA K M3-33 TPOMO3IKOCTH IPOBOXHMEIX BEIYHC-
JeEUi ¥ OTrPAHHICHHOCTH BHYMCJIHTETBHHX BO3MOKHOCTEH B [144]
aneHH (e/m) yIATHBAINCH TOJIBKO JI0 TPeTheil CTeNeHH H TOIBKO B K.

C yuerom cienaHHHX 3amedanumit B [144] malimena poxromepumonm-
yeckad 9acTh HOBOTO raMmibrToHmaHa K B BHe

4 n
m
K = Z T Ky, (4.1)
n=1
rae K; = 0, a pyaknuu K,, K3 u K, colepaT TPArOHOMETPUIECKHE
CHHYCH M KOCHHYCH C apryMeHTaM:

B;—0, 2(Bi—6,), Bi— 3B By-+3B.—20, (42)

rie By = 0T + By, Bas = 05T — P

Takum 0o6pa3oM, MOArOmEpPHOAMIECKAA YacTh HPeodpPasoBaHHOID
raMmabroEMana (4.1) comep;KuUT He3aBECUMYIO IEPeMEHHYI0 T ABHO.
YacToTel COOTBETCTBYIOIIMX TPHATOHOMETPHYSCKHX (QYHKIUHA paBHEK
07 — O 2 (0 — 0;), ®; — 30y " © + 30, — 20; B OpefcTaBIA-
10T cofoit Mamele BeawdmHbL UTOOH M3 raMmiabToEMaHa (4.1)
HCKIIOUUTHh HEe3aBHCEMYI0 IepeMeHHYIO, BBefleM HOBLIe IepeMeHHHEe

Bf , onupefejisieMbie QOpPMYIaMA
ﬁf =E1—es=(ﬁ)1_ms)7+§1,
3By =0, — 3B, = (0, — 3w0,) T + 3B,.

N3 stax ¢opMys moiryuaem
By — 3By = By + 38, Bi43B.— 20, = Br —3BF.  (4.4)

9%

(4.3)
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* *
ConpsyxeHHHe ¢ B; KaROHMYECKHe IePeMEHHHE Q; MOJYYalOTCHA LPH
TOMOImE NpPOM3BOAAmEe# GyHKIUU

S = a (017 + By) + o (057 + Ba), (4.5)
e 0; = ©; — @, 0 = (0, — 30,)/3. U3 (4.5) monyuaem
ot 05 o
o= a7, a; . (4.6)

IIpeoGpasosauusiit, He 3aBUcAmMEA oT T, rammabToEmas K¥* paerca
dopmyroi

K*=K +.z_f:K+claf—{-Gza:. (4.7)

o
Ilepemenunie a;, B; yIOBIETBOPAIT cJAeAyOIEM AEPPepeHTHATBHEM
YDaBHEHAAM:

doj ok* b7 oKk

T TR T (4.8)

Ilepmonmaeckue nBmKeHEsT KA COOTBETCTBYIOT LOJIOMKEHHAM pPaBHO-
Becua cucreMH (4.8). Ho nus HaxompmeHmA IOJiojKeHHE paBHOBECHS
ynoGree OymeT mepeiTA K MPAMOYTOJIBHHM AeKAPTOBHIM KOOpPHHHATAM
Qi, P;, onpeneiseMiM paBeHCTBAMU

Qi =V 20,4 sin pf, P, =V 201l cos pf (i =12). (4.9)

OrmeTaM, wt0 Q;/0; u P; ABIAIOTCA KAaHOHWIECKH CONPSKEHHHMHA

nepemernnMu. Ilocie mogcTranoBRE o u ﬁf , BHpaKeHHHX depes Q;,
P;, B pyurnuo (4.7) momyuaem Takoe Buipakemme naa K* [144]:

4 n
k*=Y " K, (4.10)
n=2

rae
—;—IK;" = 4,418T08Q% + 2,42737Q, P, -+ 0,121254P% -+ 2,29298802 -
+ 2,292988P; + 0,028726Q1 -+ 0,057451Q%P + 0,028726 P} -+
-+ 0,2765502Q% — 7,168701Q2Q, — 0,959853Q3P, -
+ 0,5531008Q2P2 — 2,879588Q%P,0, + 21,5061Q2P,P, —
— 1,816528Q2Q% — 1,816528Q2P? + 21,5061Q,P2Q, -+
+ 2,879558Q,PLP, + 0,2765502P¢ -+ 0,959853 P20, —
— 7,468701P3P, — 1,816528P2Q° — 1,816528P2P2,
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K3 = 0,67210203 + 0,543614Q,P, — 0,672102P} +
+ ()" 10,081621 (03 + PY) +1,487332 (Q3 -+ P —

— 0,146701Q; — 0,398984P;,
4i! Kf = —26,9892802 + 1,65662Q,P; — 32,26905P5 --
+ 20,07690 (Q% + P2) — 1,579942Q, + 0,572077P, + 104,9922Q% —
— 3148167030, + 2659,185Q3P, -+ 314,9765Q4P% -+ 7977,554Q4P,Q, +
¥ 9444,50304P, P, — 4509,578Q4Q% — 4509,578Q4P? + 110,3419Q% +
+ 6296,335Q3 P20, — 5318,367Q3 PP, + 6217,148Q303 +
+ 958, 71310302 P, + 6217,148Q3Q, P2 — 78,47181Q%Q, -+
+ 958,7131Q3P% + 187,2936Q3P, -+ 314,9765Q5P3+-5318,36 703 P30, +
+ 6296,335P3Q2P, — 9019,156,Q2P2Q — 9049,156Q3 P3P -+
+ 220,68380Q%P2 + 2876,13902P,Q° — 18651,44Q3P,Q:P, +
-+ 2876,139Q2P,0, P% — 550,5324Q3P,Q, — 18651,44Q5P,PF —
— 456,7756Q2P,P, + 1,276611Q2Q% -+ 2,553222Q5Q3 P} -
+ 140,0567020% — 521,3286Q2Q, P, + 1,27611Q 5P} — 62,35282Q3P% +-
+ 9444,503Q,P40, — 7977,554Q,P4P, — 18651,44Q,P3Q% —
— 2876,139Q,P2Q%P, — 18654,44Q,P3Q, P} + 235,4333Q.P50, —
— 2876,1390,P2P?—561,8808Q, P3P, + 104,9922P% — 2659,185P5Q, —
— 3148,167P3P, — 4509,578P4P? 4 110,3419P; — 958,7131P3Q% -
-+ 6217,148P3Q, P? -+ 183,5108P3Q, + 6217,148 P3P? +
4 152,2585P3P, + 1,276611P2Q% - 2,553222 P2Q} P} -+
+ 140,0567P202 — 521,3286P2Q, P, + 1,27641 PP} — 62,35282P2P—
— 0,1369660% — 0,410900Q¢P; -+ 17,0185Q7 — 77,64935Q3P, —
— 0,410900Q2P* + 2,095039Q%P% — 77,64935Q,P% — 0,136967P% —

— 14,92347P%,
§ 5. llepuognueckue OPOMTHI M HX YCTOHYHBOCTD

B paGore Hammuaa [144] morasano, 4ro cmcrema ypaBHeHmi (4.8)
EMeeT TPE Dojio)keHws paBHoBecusa. OGosHaumm ux gepes E; (j =
=1, 2, 3). CooTBercTByl0mue mepuogAYECKUE [BUKEHMS TaKkme Oy-
mem obosHadaTh uepes E;. Hoopmmuate (Q;, P;) paBHOBECHEIX TOYEK
HaXOJATCA M3 CHCTEMHl ajireGpanmdecKWX ypaBHEHUN

OK* __ OK* OK* OK*

3P, = 35, — 30, — 90; = - (1)
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Tax Kax B ramuiabToHnase (4.10) comepirarcs unensl, AnHeHNe 0THO-
carensHo @ n P, (oHE 00yClIOBIEHH HAJHIAEM COJHOYHHX BO3ZMYMIE-
auit 1 BxouAT B Ks n K I), HAYal0 KOOPAHWHAT (COBHOANalomee ¢ TOIKOH
ambpanun L,) yixe re 6yner moaoxenneM pasHoBecud. Ho cymectsyer
OIIHO HOJI0KeHne paBHoBecuda F,, 06im3Koe K Hadaay KoopamHaT. dTto-
OB HAWTH PABHOBEeCHYI0 TOUKY FE,, yHAep:RuM B TaMHJIbTOHHane K*
TOJIBKO JHWHeHHEEe W KBAaApPAaTHIHEE UIAeHH OTHOCHTENBHO (Q;, P;.
Torna

K* = CIQE + QP + C3P12 + 0403 + ¢sP; + cgQ1 + ¢Py, (5.2)
rie
¢y = 4,418703 m* 4~ (0,672102 {m?® 4 0,081621 me?) — 26,98928 m*,
e, = 2,42737 m* 4 0,543614 m? + 1,65662 m?,
cg = 0,121254 m?® + (— 0,672102 m® + 0,081621 me*)—
—32,26905 m?, (5.3)
e, = 2,292988 m? 4 1,487332 me* + 20,0769 m

C; = €
¢, = — 0,146701 m? — 1,579912 m?,
c; = — 0,398984 m?® 4~ 0,572077 m*.

Uz (5.1) — (5.3) monydaem, uTo 6aM3KOoe K HAUAJXy KOOPIMHAT IOJIO-
sKeHWe paBHOBecHA E,; TaKoBO:

(@1, Py) = (0,008761, — 0,022543),  (Q, P5) = (0, 0).  (5.4)

Haiinennoe momoskeHue paBHOBECHS COOTBETCTBYET NEPHOAHYECKOH
opbmre KA ¢ mepmomom, paBHHIM OJHOMY CHHOAUYECKOMY MECHIly.
Huxe Gymer mokasaHo, 9T0 HTa HepHogdIecKasas opGuTa HEYCTOAIHABA.

Hax nmoxasano B paGote [144], cucrema ypasuenmi (5.1) gomycka-
er eme ABa pemenuna E, u E;, KOTOPHE COOTBETCTBYIOT YCTOMIMBEIM
mepmofudecknM op6mraM. HoopmuHaTH paBHOBeCHHX To4eK F, m
E; maiinenst B [114] B BuAe psAmos mo cremenam m:

(Py, Qp)y = (1,7946, — 0,4718) + m (3,5027, — 0,8589) + O (m?),

(P2v 02)2 = (01 0)7 (55)
(Py, Q)5 = (—1,7946, 0,4718) + m (—2,6381, 0,6825) + O (m?),
(P, Q2)s = (0, 0). (5.6)

Pasmosecane Touxn £, m E; cOOTB @TCTBYIOT IePHOAUIECKAM OpOHTAM
KA ¢ mepumomoy, paBHHIM OfHOMY CHHOAHYECKOMY MecsAmy. Pasmeprr
3TAX ABYX OPSHT OYeHb GJIU3K M, HO (a3l NePHAOANISCKUX ABIKEHAN OT-
augaoTea Ha 180°.

Hasa mccneRoBaHEA yCTORIABOCT M HARIGHHEIX MEPHOAMIECKUX J(BH-
mernit E; (j =1, 2, 3) BuOumeM KBagpaTAYHYIO JacTh PA3NOKEHHA
ramMubroEmada K* B pap mo orkixonenusam 8Q;, 8P; (nuHeiiHbE 0T-
wocuTenbuo 8Q;, 6P; wnens B K* yumutoRaoTcA, TaK KaK KOOPIH-
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Ta6uanmma 19

a1 az as i Qg l as
E, 0,07098 2,468033 4468982 4,405318 4,405318
E, 0,813874 2,215314 4,760572 | —5,884246 | —5,884246
E, 0,07731718 | 2,227761 4,745097 | —5,440188 | —5,440188

Hate TOoueK £E; ynosieTBOpAOT cmcreMe ypasHeHmi (D.1)). Imeem
8K* = m? (a,0P; + a,8P18Q, + a30Q] + a,0P; + a58Q3). (5.7)

Yncnossle 3HaYeHUA BeIMIUH @; MpuBefeHH B Tada. 19, Kax u B pa-
Gore Komuna [144], orpammammesn amanmsom ycToidmeocTm B JHHEH-

soM mpudnmaednn. [Ipm ogHOBpeMeHHOM BHIOJHeHmE ABYX Hepa-
BCHCTB

4aja; > ag, aas > 0 (5.8)

HMEeT MOCTO yCTOMIMBOCTE B JAHEAHOM mpmbamuenmu. Fcam e xo0Ta
O ofHO M3 HepaBeHCTB (O.8) BHIOJ-

- i
HEeHO C 03PATHBIM 3HAKOM, TO OHepHaogad- 02*
¥

Geone

gecKoe [BWKeHHe HeycrorgmBo. IIpo-
BEePKa BEIIOIHAVOCTA HePABEHCTB (9.8)
DOKA3KIBALT, 4TO IEPHOJMHIECKOS /BU-
menume £, HeycToiiguBo, a IepHAOAU-
deckuae ABmKenna £, u Ly ycrodamsH —
B JIEHEAHOM MPUGIMWKeHAN. ‘ \\; NG “e.
Ycroitausrie opbutsl E, m Ej cxe- /
MATAYECKA M300DaKeHH B ILIOCKOCTH J N
L,y na puc. 41. Opbura E, umeer op- /
My, 09eHs GAM3Ky0 K dopMe siImmCca. Loy \
Boxsmas moxyock 3T0r0 3IAANCA HPH- / . \
6/1d3ATeIPHO NePHOHAMKYIAAPHA IpH- / \
MoO#, Ipoxogdmeid wepes L, @ IEHTP '3'\—{95— ————————————— ¢

Macc 3emau. Boapmasa u Mamas moxay-

OCH 3JLIAICA He3HAYMTENbHO (He Goiee AN

geM Ha 3%) OTIAYAOTCA OT IOAYOCOiH 3

op0uTH, monmygenuoli Homxemkesmuem m  FHC. 41. Vcroidusme wmepmo-

fAgecKre OPOGHTH BOIA3H TOIKH
Hapuedarepou, mpm moMomu TOTHHY ambpanma B cHCTeMe 3eMia —

GHUCISHHLX pPacIeToB W PABHHBIX COOT- JlyHa ¢ y9eTOM COJIHETIHHX BO3-
BerciBenao 145 000 xx m 71 000 xm. MyIeHnM.
Jpaxenae KA mo opSure E, cmaxpo-

HH3XPOBAaHO ¢ [BmHKeHmey CoJHEA TAKAM 05pa3oM, 9T0 HX YINIO-
Bhle IIOJIOKEeHHAA HOYTA coBmafgamor, Korga KA mepecexaer omHy U3
oceil anaHOCA.
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Opbura E, o4ueHb HoX03Ka Ha opbuty E,, ee pasMepH HeCKOJBEO
MeHbIme pasmepoB opbmrh E,. HocMudeckmit ammapar, psmeymumiica
o opéute E,, HauWmHAeT CBOE ABIKEHHE ¢ MIPOTHBONIOJOKHOR CTOPOHK
9JUIANCA M0 CPABHEHHI0 ¢ KOCMMYECKHM allapaToM, ABIKYIIEMCH IO
opbure E,. Taxmam oGpazoM, xora opbura L, u caBmHYyTa Io dase HA
180° orHocuTenpno opburk E,, [BEKeHUe IO Hell TaKKe CHHXPOHMBH-
posaHo ¢ aBmxreHneM CoaHNa.

IToayuernnie mepmommueckme opburel E, mw E; — 5TO €AMHCTBEH-
HEE H3BECTHHE YCTOHYMBEE DEpPUOfAIECKHe OPOHTH B paccMaTpmBa-
eMoit 3ajade o ABm)KeHmH KA BOIHMBH TPeyroJbHEX TOYeK jmbpamum
cucteMn Jemius — Jlyma npm HaaWYMAm BO3MYIMAIOMEro TpaBHTa-
nuoHHOTO BosfeiicTBua Comama. OTMeTHM, YTO yI€T MCKAIOYEHHHX U3
TaMAJIBTOHHAHA K KOPOTKODEPHOAWIECKHX WIEHOB W YJIeHOB, CORep-
JKAmEX ROJroNepHOAMICCKHe (YHKOUH C 9YacTOTOM oy — ®, (CM.
§ 4), mpuBener X Tomy, aTo opOHTH E, m F4 cTaHYT yCIOBHO-IEPUOLH-
YeCKAMU, HO pasMepHl 9TUX OpOUT U3MEHATCS He3HAYUTENBHO 110 CPaB-
HeHHIO ¢ pasMepammu lepmofmyecknx opbur F, u Eg [144]. Ormerum
eme, 910 B paGore [144] cmenaHa MONEITKA HaWTH IepHOAMYECKHE Op-
6uTH, ornmgaomuecs ot By, £, 1 E;. Ho npubamkeHnHOoCTh ananusa,
mpoBefienroro B [144], me mosBosmna cHexaTs JOCTATOYHO CTPOTHX
BEIBOJIOB 00 UX CYIIeCTBOBAHUY U YCTOHYMBOCTH.



TITABA 14

ITACCUBHOE JIBMGREHUE KOCMUYECKOI'O
AIITIAPATA B OKPECTHOCTH TIPAMOJIMHEHON
TOYKM JUBPAIMN L, CRCTEMBI 3EMJIA—-JIYHA

§ 1. Beenenne

B nocmepmme rogm mosBmioch MHOrO paGoTr (cM., Hamnpmmep,
[38 — 44, 107, 125 — 133, 135, 141, 168, 174]), B xoTopHX MCCIeny-
0TCA PaSIHIHEE BOIDPOCH, HOCBAMEHHEE IPOEKTaM HCHOJb30BAHUM
TOUEeK JHOpAalMy OTPAHHYEHHOH 3aXadd TPeX Ted B KOCMHYECKHX MC~
canegosannax. OcobeHHO MHOTO BHAMAHHUA YHAeAseTCA IPOEKTaM HcC-
M0JIb30BaHUA OPAMOJHHeHHOH Touku asubpanum L, cacTems 3emisa —
Jly=na.

Toura L,, koTopas sBIAeTcA HEYCTOHIWBOM TOIKOH paBHOBECHS
(Bo Bpamalpmeica cucTeMe KOOpPAHHAT; cM. Ial. 1) orpaHWuenHo# ai-
JANTAYECKOH 3afadu Tpex Ted,
pacmosioKeHa Ha Jyde 3emid —
Jlyna 3a Jlynoi Ha paccrosmmm
npumepHo 65 000 xx. Kocmmuec-
Ku# annapar, ABMKymuiics BOIM-
sa L,, mpepgmonaraercA, Hampwu-
Mep, HCHOJB30BATh KaK peTpaH-
CHSATOD [IsL CBA3H HA3EMHOTIO
oyakra ¢ KA, maxopamumMes Ha
obparHoii cropoHe JIyHN mam Ha
opGHTe HCKYCCTBEHHOTO CHYTHHKA
JlyHH, KOTHa mocieqHME HaX0-
putca 3a JIyHOH u HeNOCDEACT- pye 4o WckyccTBeRREI  cnyTHUK
BeHHasA ITpAMasa paguocBAsb ¢ CBf3M B cucreMe 3emius — Jlyma.
HEM HEBO3MOKHA.

Ha puc. 42 m3o6paskena cxema ucnonpzobanma KA, ABHKYIIETOCH
B6nusm L,, musa cBA3H MexAy 3emuedl m o6paTHOR CTOpPOHOA JIyHHL
Ha arom pucymke cmcrema xoopmumar L,ryz BHIOpaHA TaK, 4TO OCH
L,r nanpasnena BHosib ayda 3emisa — Jlyma, L,y nexur B mnocko-
cra opbutht Jlymsi, a L,z NepoenIuKyasSpHa II0CKOCTH op6uth JIynul.
Ecam HA pacnososen B6ausu miockoctn L,yz, a paccroarme or KA
no L, mpeBocxopmr mpumepro 3100 kx (cM. 06 sToM HEXeE), TO OH MO-
et OHTH MCHOJIB3OBAH JUIA CO3JaHUA HeIPeDPLBHOMN PagAOCBASH M-
Xy oOpaTHOM# cTOpoHOH JIyHE m #0608 TOIKOH IOBePXHOCTH 3eMJH.
Bo3MosBH W MHOTHE [I[pyrHe CIOCOGH HMCIOIb30BAHAS ABHKYIIErocs
BOamau L, KA [IA OKONONYyHHEIX KocMEYeCKUX onlepanmii.
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Ho rpaexropum KA, e moxunaomuae okpectaocrr L, (Rampamep,
yCIOBHO-TIepHORWIECKNe TPaeKTopud), Heycrofiamsr. [Ipm mamex oT-
KJIOHeHAAX HAYANBHBIX HAHHHEIX OT MHOroo0pasud yCIOBHO-IePHORH-
geckux Tpaekropmit KA, BooOmpe roBops, HAYAHAET SKCIOHEHIIWAIE-
HO GHICTPO yAaNATBCA OT TOYKA L,. YcCIoBHO-IepHOTEIECKAS TpaeK-
TODHA MOKET CIY;KUTh JMOb ONODHOH TPAaeKTOpPHEH, B OKPECTHOCTH
KOTOpOA JBW/KeHWEe [OJKHO HOAIEp/KHBATHCA C IOMOMIHI0 AKTHBHONK
CHCTeMH yOpaBieHnA. Beamumnaa sHepreTmIecKdx 3aTpar Ha IOAAEp-
sKanme ABWKeHNA BOMu3d L, CYyMMecTBeHHO 3aBUCHT OT TOYHOCTH OLpe-
HelleHHA MHOI'000pasdA YCAOBHO-IePHOTAYECKAX TPAEKTOPHHA.

Pemenune mocnenHeil 3agaud MeTOFAME YUCICHHOTO WHTETPHPOBA-
HHA CTPOTHX ypaBHeHmE ABMKeHHA HeddPekTHBHO. OQHAKO, HCIOJNB-
3yd TEOPHIO BOSMYIEHHH, MOKHO IOJIYINTH NPAGIAKEHHOe aHAINTH-
YeCKOe OHNHCAHMe MHOT000Pa3hsA YCAOBHO-IEPHOAUIECKAX TPACKTO-
puii. Ilo-BumgumMoMy, K HacTOAmMEMY BpPeMeHE ¢ HAMOOAbIIeH IHOJHOTOR
mocTaBleHHAaA 3afjaua paccMoTpeHa B paGore [133]. Jroit ke 3agaue
ToCBAMeHa I HACTOAMAA IiIaBa KHArA. [IpaMeHeHHEI MeTON TOCTPOe-
HOA YCJAOBHO-IIEPHOAMIECKAX (M BCEX BO3MOMKHHIX [PYIHAX) TPaeKTO-
puit B6an3u L, ocHOBaH Ha IPOBEIEHAX PAAA MOCIEROBATEABHEIX Ka-
HOHOYeCKAX Opeo0pa3oBaHWi NepeMeHHHX, HPABONAMAX QYHKIHIO
lamunprona samaum K HopManbHON opme, AIA KOTOPOA HadaIbHEIE
yciaosus, ofecHedmBaiomide pasAndHHe (HAIPAMED, YCIOBHO-IEPHO-
Jd9ecKde) TPasKTOPHT, HAXOLATCA BechbMa Ipocto. IIpoBesenHke B Ha-
CcToAmel raaBe MOCTPOSHHAA MOTYT OHITH HOJIOKEHE B OCHOBY TEOPHH
naccuBHOro Amennsa KA BOam3u L,.

§ 2. O rpaerropusax JmHelHOH 3amauM

PaccMoTpuM KpyroByio orpaHAYeHHYIO 3aa4y TPeX Tea 3eMiad —
Jlyna — HA. JlmneapmsoBaHHHEe B OKPeCTHOCTH L, ypaBHEHHA NBH-
meHna HA sammmyrcs B cmcreme Roopmmuar L,xyz B TakoM Buie
{cM. raaBy 1):

I

5,-7_-2;)_—(1+242)x 0,
y+ 2z — (1 —A4,)y=0, (2.1)
23+ A,z = 0.

B ypaBrernax (2.1) Touroit 0503Ha9eH0 AupPepeHqupOBaHHEE IO Hepe-
MeHHO# T = nt (n — cpennee Apmxenue Jlyus:, n = 0,22997 pad/cym),
3a eHHHNY JJIRHH HPAHATO PpACCTOAHHE MeKAYy IGHTPAMHE MAaCC
3eman n Jyusr, pasHoe 384 405 kM, a Beauauua A, BHIACAASTCA IO
popmyae

I

__l—p B :
h=Erwr TEre= 2:2)

B mocaegsem BrpaseHmu P == 0,0121505683, uro coorBercTByer or-
" gomenmio Mace 3emaum m JlyHm, paBHomy 81,3 (310 oTHOmMEHHe Macc
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IPHUHATO BCIOAY B HacTosmei rnase). Yepes & B popmyane (2.2) o6osna-
9eHo GeapasMepHOe paccTosinme oT HenTpa Mace 3eman u JIyHEI mo Ly;
peamamaa § (§ > 1 — ) sBagerca KopHeM ypaBHEHHA

1—p | —
N e et B 23)
XapaxrepmcTmaeckoe ypaBHeHme cmcTeMH (2.1) mmeer BuA
(A + A4,) M — (4, — 2) A2 — (24, + 1)(A, — 1)l = 0. (2.4)

Tak kar 4, > 1 (cm. raasy 1), To ypasuernme (2.4) uMeeT fBa meicT-
BUTENBHHX H [Be HapH GHCTO MHAMHX KODHe#R =4 A;, & iA,, = iA,.
H3-3a cymecrBoBaHUA KOpHEH — A; Touka jsubpannu L, HeycToRAImBA.
Benmumusr A; m A, ompepensioT AsmwrerEne HA B miockoctm op6uThl
Jlyun (mmockocTs Lyzy), a Az — HBWKeHHe II0 HODMaad K Hei.
B manpmeiimeM Bce BeJHIMHEI A, CIUTAEM IIOJOKATEIHHBIMU :

A, —24 V942 —84, 2— Ay + 1V 94284,
Dy = 5 Ay — g

ho =V A (£9)

Husa mpmuATOoro oTHOmeHmA Macc Jemam um JIyHs, pasHOro 81,3,
9UCAOBHE 3HAYEHMUSA BOAUIHH A TAKOBHI:

A = 2,15867362, A, = 1,86264545, A; = 1,78617573.
O6mee pemenme cucTeMEl (2.1) mMeeT BUR
Z = a, sin A0 4 a, cos A0-+agexpr,0 4 a, exp (—A,0),
Y= — V2 (%8in Ae0 — t; cosA0)+ 75 (a5 exp A0 — azexp (—1,0)),

z = B, sin Ag0 + P, cos Ag40. (2.6)
3nmech MCIOJIB30BAHH CleAyomue 0603HaTeHuA:
(ty — mpon3BOABHLIE HAYAABHEIA MOMEHT BPEMEHH),

1 1 .
V1= ‘2'7;1(7»% —24;—1), y,= 2_7»2(7‘2 + 24, + 1),

@;, f; — DpOMBBONBHEIE HOCTOSHHEE, BHAYCHUA KOTOPHIX O PeHeIAi0T-
€S HAYQILHBIMU JaHHHEIMU Zg, Yo, 29, Loy Yo» 49 B MOMEHT BPEMEHH Z,:

P V1B — M, o = Y1hTy — o

1 v —Mye © 2 My Royy

O = kN ( YohoTo +d0 Vo — hayo )
2\ My + Aoy Aoy — Mye

(2.7)

ay = A ( Yehao + Yo Yoo — My )
? AMv1 + Aays Aavi— Ayys /
2o

ﬁl As * 52 = Z9.

I
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Eciz HaualbHBIE NAHHEE TAKOBH, 9T0 Q3 = o, = 0, To ABHKeHuUe
KA B inmHeiinoil 3amade 6y[eT yCiIoBHO-IepHoAWYecKHM. B mpoexmuan
Ha miockocts L,ry Tpaextopms KA mpencraBiser coboit asmamuc ¢
neaTpoM B Touke L, (cM. pme. 43). Ilpm sTom B 3aBECHMOCTH OT 3Ha-

geHnd A, = Y, Vai + @} momyuawTCs pa3IdMYHEE IO pasMepaM ad-
JAUACH, ¥ KOTOPHX OTHOIIeHHe GOJBINO# HONYOCH, OPACHTAPOBAHHOH
1o ocu Lyy, K MaJoi WOIYOCH, OPHEHTHPOBAHHOM IO OCH L.z, paBroO

7o = 2,9123.

Puc. 43. Tpaerropus KA B mimockoctm L,zy.

Ecau paa npoBeneHus KocMudecKux omepamnuit TpeGyerca obecie-
quTh BEAWMOCTh HA w3 HaseMumx nmyHaKTOB, T0 KA He Roixen maxo-
AUTBHCA B caMoii Touke Iubparnmu L, nim B HemoCpeACTBeHHOH 6am3ocTr
or nee. B orpecrrocTH TOYKM L, CYIIECTBYIOT 30HA IIOJHOTO 3aTe-
HeHHA W 30HA FacTmiHoro sateHenums KA Jlywmoit (mas semmoro mabimro-
narens). Ha pme. 43 mokasaum Tpaexropus asmxennsa KA B miocko-
crd Ly ¥ DpoeKnyMu 30H 3aTeHeHWA HA OTY IIOCKOCTH. Tpaexropmsa
OBHKEHHES B ILIOCKOCTH L,ry fABAAETCH HEePHOXMYECKOH ¢ dacToTol
Ay, paBHOHl B pasmepHunix egmuumax 0,42835 pad/cym (cootercTBYyIO-
muii nepmod paBeH mpubauswmrenwsio 14 cym). 30HH 3aTeReEHs Ha
puc. 43 o6Gosnadens nuppamua I u 2. B npoexnnm wa miockocts L,yz
B0HH 3aTEHEHHS NPEeJCTABIAIT oGO KPYTd ¢ PagUyCaMu IPHEMEPHO
R, = 960 kx mw R, = 3100 m. IIpu srom, ecnu KA maxomurca B 30He
HOJIHOTO 3aTeHeHnsA (30HA 1), TO oH He GyaeT BUACH HA H3 ONHON TOIKU
3eMHOI ITOBEPXHOCTH, a BHEe 30H 3aTeHeHusa KA Oymer maGiiomaeM us
a1000T0 Ha3eMHOI'0 IYyHKTAa OHOBpeMeHFo ¢ JIynoi. Ecanm B nxockoctu
L,zy KA npmmercs mo snauncy ¢ 6oasmoit moayockio A, > 3100 xx,
T0 OYAYT CYIMECTBOBATH YYAaCTKH TPAGKTOPHH, HaxXONANHecA B 30He
OpPAMOA BUIUMOCTH M3 JI0G0H TOYKHE 3eMHOM MOBEDPXHOCTH, B3 KOTOPOH
pupEa Jlyma. Ha atéx yuacTkax TpaexTopMH MOryT HPOBOIUTHCH
TpPaeKTOPHEIe M3MePeHHsA, YIpaBiIenue Apmkennem KA, ocymecrienne
CeaHCcoB PanoCB3A3H MeKXY 3eMiiell m o6paTHOR cTopoHo# JIYHEI B T. [,

Hemmenne KA B manpasmenum L.z, HepueHHKYIAPHOM K IIOC-
Koctu opburh JIYHEI, mpencraBiaser coGoit rapMormdecKoe KojJebanme
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¢ uacTotodl Ay, paBHoit B pasmepHnx emummmax 0,41077 pad/cym.
Kone6arue no ocu L,z me cBszano ¢ asmxenneM KA B miaockocta Lyzy.
Ecanm B miockocra L,zy KA Takke cosepiiaer IepHOAHYIECKOe NBH-
FKEHHE C YACTOTOM Ay 5= A5, TO IPOERLAA TPaeKTopHN ABmwkenua HA na
IN0CKOCTH Loyz, opTOroHadbRYI0 K duHEEN 3eMas — Jlyna, mpexcras-
aser co6oil CIOMHYID KPHBYIO, 3aNOJHAKMYI0 HEKOTOPYIO 3aMKHY-
Ty0 obaacth (pmc. 44). IIpm sroMm OYAYyT CYImecTBOBATH HHTEDPBAJIB!
BpPeMeHH, B TedeHEme KoTophix HA
ne Oymer BWIeH W3 HA3EMHBIX  Jowa Jamepenus
NYHKTOB, TaK Kak OyxeT Haxo-
nuthcs 3a JIyHoR B 30He 3aTeme-
pusA. g MHOTHX OPaKTRIECKHX
UPWIOKEHAR 9TO MOKET OKasaTh-
cA HeKexaTeaAbusM. TakuM obpa- &
30M, BOBHHKAeT OJHA U3 3a7ad
yopasmenusa pemxenmeM HA B
OKPECTHOCTH TOYKH L,: mpu mo-
MOIIM AKTUBHOM CHCTEeMbI yHOpas-
JieHUA HOJYIHTH TAKYI0 TPAGKTO-
puio aemwrenua HA, d9robm om
NOCTOAHHO GHUI BHIeH U3 JI060ro HazeMHOro MyHKTa BMecTe ¢ JlyHoi
(3amawa cnmaxpommsanmm). B paGorax [38, 126, 128, 141] naa peme-
HEsI 33Ha9¥ CHHXPOHM3aLMM HCIOJb3YIOTCA YIDPABIeHHAS IePHOIOM
xone6anma BRoab ocw L,z. CHmxpommsanus mepmopa jgsmxeHHs HA
00 ocH Lyz U B IIOCKOCTE LyTy mocTUraeTcs yBeJIAUeHHeM TacTOTH KO-
aebanus w0 ocw L,z Ha Bermumny A, — Ag. [last aToro TpeGyercs me-
puonuiecku Koppexruposarh opbury KA, coobmas mMIyJbCH B Ha-
IPABJIEHAM, KOJIMHEADHOM ocu L,z. Ilpm sroM, eciim aMINIATYRH KO-
ae6anmit mo ocam L.y m Lyz pasurl, a pasHoctsh $as 3TAX KojeGaHui
pasna 90°, To B mnockoctr Loyz KA Gyner mBUTaTHCA IO MOYTH KPY-
roBoit op6ure (ramoopbure). Eciu eme mpm sToM aMmamTyas KoaeGa-
Huit npesocxonAaT Beamunny 3100 xm, To KA Gymer Bce BpeMsa BHAeH
BMecTe ¢ JIymoii us mo6oro mazeMroro myskra u Gyger ABATATHCA IIO
KpPUBOH#, 6MMBKOM K OKPY;KHOCTH, KOHIIEHTPHYECKOH C OKPYKHOCTBIO
amcKa JIyHEL

Pasnmanne Bonpocs, ceasanmsie ¢ ygepskammem KA B6amsm Lo,
¥ 33jauM ynpaBieHusa AsmxenmeM HA B oxkpecrHocTH ranoopOHTH

i);\Zi:MOTpeHm B paborax [38 — 41, 107, 125 — 133, 135, 141, 168,

T,U/zzﬁifmﬂpwi HA

Puc. 44. Bup tpaextopnm KA ¢ Semnn.

§ 3. YpaBuenna nemwxemms KA BG6mzu L,
C YUeTOM COJIHETHBIX BO3MYIIeHMmi

3.1. H?CT&HOBK& sagawd. B sToM m mocaexymommx maparpadax
HaCTOAIMEH IJIABH HM3JI0KEHB OCHOBH TEODHM ITACCHBHOTO [BHKEHHS

KA B oxpectHOCTH L, C y9eTOM COMHETHEIX Boamymenmit. Ilpm mamo-
JKeHHW MH cliefiyeM paboram [39 — 41].
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B nacroameM maparpade MeTofoM KaHOHHYECKHX Ipeo0pasoBaHHIA
TOJydeHH OCHOBHEIE YPaBHEHUA 3aaul NPH JOCTATOYHO 00mAX Hpex-
nonokennax. eas mmxecnenyomux npeobpa3oBanmii COCTOUT B TOM,
9106 ABHLIM 00pa30M BHIJEIHTH HEKOTODHE MAaJEe IapaMeTpH 3aga-
90 U NOAYUHThH YpaBHeHHA B opme, YRoOHOH AisA JaldbHEHINX Hpeol-
pPasoBaHMil ¢ MOMOMBI0 TEODHH BO3MYINEHMIA.

PaccmaTpmBaeTcs samada o AmxeEundm A mpereGpeskmMo Mayoit
MAacCHl IO, MeHCTBEEM TPABUTAIMOHHOTO UPHUTHKeHHS 3eMim, JIyHE,
CoJHIla W IPYIEX HOTEHIMAJBHEIX cui. B KagecTBe MCXOQHOI CMCTEMEL
KOOPAMHAT KIPUMEM HEBPAMAWILYIOCH TIeONeHTPHICCKYI CHCTEeMY.
Bsenem ofo3nadenus: r, v — paguyc-BeKTOD U BEKTOD CKOPOCTH TOIKH
OTHOCHUTEIBHO WMCXOJHOA CHCTEMH KOODAWHAT; Yy, V; — PaAHyC-BeK-
TOP M BEKTODP CKOPOCTH IeHTpa Macc JIyHEI; Iy, Vo — pagayc-BeKTOp
u BeKTop ckopocT:m mentpa Mmacc Coamua; k = fM, ky = fM,, k, =
= fMy; M, M,, M — maccs 3emau, JIyas u ColHIa COOTBETCTBEH-
HO; f — rpaBUTAHOHHAA MOCTOSAHHAA.

Tamuapronman paccMaTpuBaeMoi 3ajadl MMEET B[

H=f[vE+U+U+0, +K, 3.0)
rae
ko
T

K = K (r, t) — morernual BO3MYIMQIOIMUX CHI, KOTODHIHA MOJKET
OIHCHBATH BO3MYIIEHUA OT IJIAHET, OT HEUEHTPAIbHOCTH IO 3eMIR
u JIynsl, or cBeToBoro Kapienns u xp. CuMBonoM (x, y) o6osHavaeTcs
CKAJIApHOe IIPOM3BeJicHHe BEKTOPOB X M Y; |X| — MOAYIbH BeKTOpa

X, [x]| = V (x, x). KoMmoHeRTE BEKTOPOB I M V — KaHOHHYIECKH CO-
IpAKEeHHEEe TIepeMeHHLe 3aladHd.

3.2. Bpamawomasncs cucrema Koopyuuar. Ilepeiiiem k Bpamalomeii-
¢s1 TeoIleHTpHYeCKoil cucreMe Koopauuar. llepsrii opr aT0# CHCTEMM
HNOCTOSHHO OPHeHTHPOBAH IO Pajuycy-BeKTopy JIyHE ry, Tpermd —
0 HOPMAaJd K IJOCKOCTH BEKTOPOB Iy B Vy, & BTOpPO# OPT AOHOJHAET
cucreMy jo mpasoii. Ilepexopn K Bpamapomeicsa cuCTeMeé KOOPAMHAT
sagaeTcd OPTOTOHAIBHON MaTpHOed

A (2) = (a5, a3, ag),

U=—

(3.2)

Ur,',—:—‘ki( 1 (r, ri)>’

fr —r;| o [r; PP

rae
1 o 3.3
a; = —, a2=[a3,a1], ag =— —— . (.)
[ry] ¢
Yepes ¢, B (3.3) obosnauen Bexrop-croaber [ry, v,l, kBanparnoit cxo6-
Kol 0603HAUaeTCA BEKTOPHOe IPOH3BeleHHe.

Ilepexop k Bpamamomelics cHCTeMe KOOPAEHAT MOKHO IPECTABUTH
KaK KaEOHHIeCKoe mpeobpasosamme r, v— T, V, 33/laBaeMoe IPOHA3-
BofAmel (QyHKnuei

— T
Sy = (v, A'r). (3.4)
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Bepxmmit mugexc «m» B (3.4) — 3HaKk TpancmoHmpoBaHEA. Kanormue—
cKkoe npeo6pazoBanme r, v — T, Vv HEMEeT BHJ

v=Av, r=Ar (3.5)
Mosxno moxasarh, 4T0 CHpaBEIARO MPEACTABJICHUE
JAT 0} o 0
—ﬁ—A:(—w 0 B), (3.6)
0 —B 0
e
. |L1| _ (V1, €)1 )
(’)(t) __ll'llz’ B(t) - lcllz (37)”
o= 2)
Ucnonrsya (3.5) n (3.6), Bemcaum
K} =9~ (@, [F,v)), (3.8)
rae
Qr = (B (1), 0, o (). (3.9¥

ITocue npeoGpasosanusa (3.5) raMEABTOHUAH 3aHavl GYHET HMETb.
BHJ

H1=_;_|V|2+UI+U}+U;+K}+K1, (3.10)

, U%:—Iti< . —("_'1')), (3.11)

I [r—r;l Ir; ¥
K'=Ki(r,t)=K(Ar,¢t), 1; =A"r; (i=1,2). (3.12)

3.3. Bespasmepnsie koopguuatsi. Teneps mpoBeieM KaHOHEIECKOE:
npeobpasonannme r, Vv — R, V, sagaBaemoe npomssogsameit ¢pynxnmeir

soBY . Limmicn g

Jto mpeobpasoBaHHE HMEET BM

|=

Ut = —

(o

r—|n|R, v._—lr—-IV+ dnlg, (3.14),
Ncnonwvaya (3.13) u (3.14), onpenenuM

LAY

K} = S+ 2Rl @, vy 4 o (4 R~ L

2 Irll da lIRlz
(3.15),

Ilocne mpeoGpasoBanus (3.14) raMmIbTOHEWAH 3afavd BaLHMIMeETCA B:
CJOeNYIomeM BHE:

H? = 5| VI + (U + Ud - U + KD+ K3+ K2, (3.46)
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THEe
k 2 1 (R, Ri) .
Uz_—:-—ﬁ{—ly Ui—_ki(|R—Ri|— IRiP), (317)
1 = .
Ri—-ml‘i (L-—-1, 2),
Ki=—(Q [R,V]), (3.18)
K*=K*R,t)=K(r. | R, ?). (3-19)
Herpyano mpoBeputh, 9TO
R =1, 0,0). (3.20)

3.4. Ornocurenbuasa cucteMa rooppmuar. CileyomuM KaHOHHYe-
cKuM mnpeofpasoBanmeM BBeeM INOABIKHYIO CHCTeMY KOOPAHHAT.
Ilycrs dpyarmua

Ss=((p +8(t)), (R-—m()) (3.21)
3ajaeT KaHOHMYeckoe mpeoGpasosanume R, V — q, p. B (3.21) § (¢),

M ({) — DoKa HeompejeleHHHEe (YHKIUE BpPeMeHHW. SaNHmeM Ipeod-
pasosanue R, V — ¢, p B ABHOM BUfe:

R=n(t)+a V=E§0)+p (3.22)
Herpynno Brramcants
iy d d
Ky =25 = (&, q)— (5. p)- (3.23)

Tocne npeobpasopanus (3.22) raMuiabTOHMAH 3ajaud OyAeT HMeTh
BHJ

. 1 1 1
H = grs PP+ & P+ (P + U+ U+ KY+ K+
+ K34 K3. (3.24)

3nech
_-—F 3 _ ) 1 (R, q) .
U=~ Torar U““_k’[lni—n—ql |Rila] (@=1,2),
(3.25)
Ki=— (@, M, p)) — (@, [q, &) — (&, [q, P)), (3.26)
K3 = —;—Irl’_ldz,}—;"(l ql*+2(m, q), (3.27)

K® = K3(q, )= K*(n -+ q, t).

3[ech W HEKe MH OIyCKaeM B FaMMILTOHHAHE claraeMiue, He 3aBHCH-
mue oT (, p, ¥ YCIOBHO COXPaHAeM 3HAK PaBEHCTBA.

3.5. Paznokenme dpynkuum Famunsroma. Tenmeps npeqmonoxmm,
uro q = 0, p = 0 ABjsAercA pemleRmeM ypaBHeHWH ¢ TaMHJIbTOHHA-
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HoM H?. 910 o3mauaer, 4ro § u 1 JOMKHE GHITH BHOPAHH TakEM 06pa-
8oM, 4r00H1 pasioskenne H® B psax mo q ¥ p HAYAHAIOCH € KBaj[paTHI-
HOBIX 9JI€HOB OTHOCHTEJIHHO KOMIIOHOHT BEKTOPOB ¢ M p. B mamapmei-
meM Mbl GyleM MHTeDPecOBATHCA JBHKEHUSAMH NPH AOCTATOTHO MAJBIX
|q |, |p| Mna norxywenns senoro npeacrasienns H® mpomenem pas-
Joxenne cocrapiasiomux H? B pap wo g u p. pw sToM Gynem ucmons-
3oBarh caepyiomume Gopmynn [18], cupasepamBre maa |b| <<|al:

[ —Ti_; () 2a @) (3.28)
P _bP i _EI_ i (%), (3.29)
e P, () — moamHOMEL JIe;Raan—a,
Hcooarsys (3.28) m (3.29), momyanm
U = 1o (4@ ) — T 2 (=1 (1) Pua) (3.30)
ot (SRR )

ki ad Iql n ; - . ]
_IR—nln=2(|Ri—n|> Pu(z) (1=1,2), (3.31)

roe
@n o @ ®—n)
lglinl” ** 7 [qfiR;—n]"

IIpupasanBas B (3.24) Hym0 KodpPUUMEHTH HpH AMHEHHHIX WIeHAX
OTHOCHTeJbHO KOMIIOHEHT BEeKTODOB M P, HOIyIuM cucreMy mupde-
PEHIHAJTPHHX yPaBHEHWH, KOTOPOH AOIKHEL YIOBIETBOPATH BEKTOP-
dynrmmn § () mn (2):

Z =

(3.32)

7 e n]_lTiﬁg:O (3.33)

B g+ inl L L[ (R Ry
— ks (e — )| F 2 =0, (339

- (%Ig);) (3.35)

1510 A, I, Mapkeen
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Ecam & (!) = m () ynoBaerBopator ypasmermsaM (3.33) m (3.34), 1o
FraMBIBTOHUAH 3aJIaT¥ MOKHO 3aMHCATH B CACAVIOMEM BHIe:

H“zz—lirl—lzlpp—l—-l—:l—i(m—kﬁi*kﬁg)-% R+ B3+ R, (3.36)

re
=T Tl Z( "Paa), (3.37)
s (el \"p ¢,

Oi= IR;—ml| ;(ll{i—m> Py (zi), (3.38)

BeJIMUMHHL Z, Z; OlpefeleHs paBencrBamu (3.32), a
Ri=— (@ [q, p)), (3.39)

1 d

Ry = | St lap, (3.40)
K3 = K3 — ((L, q). (341)

3.6. Ypasnenna gsmxenusa Jlyswi. PaccMorpmm Temeps 3ajauy o
pBmKenun JlyHsl. OHa ONHMCHBAETCA TaMHALTOHHAHOM

x_ 1 a__ ktk 2 1 (ry, rp) %

- H b——z—lvll - Iry) —Az(lrl—rzl B lr2|;’)+K ’ (3'42)
Ifle KOMIOHEHTH BEKTOPOB I'y, V; — KAHOHAYECKH CONpSAKeHHEe mepe-
MeHHBie, K* — moremmmaa cmia, KoTopeie feiictBylor Ha Jlymy,
HOMEMO YUTeHHBIX CHJI TPABHTALMOHHOTO B3amMopeiicTBus JIyHH T
3eman m Bosmymaomux cui or CoaHma.

Famunpronnan (3.42) ME MoKeM OPMAIBHO IONLYIUATH U3 TaMHAIb-
rordaua (3.1), ecan B (3.1) momomum &y = 0 1 3aMeBEM T Ha Ty, V Ha
vy, k ma k4 &y, a K na K*

Ecnn Mel mpoBefieM HOCHeH{0OBaTeJbHO BCe YKAa3aHHEE BHIIIEe KaHO-
HUY9ecKue npeobpaszoBaHmA u monouM 1 = Ry, § = V,;, 10 § u 1
MOJKHK yHOBJAETBOPATL ypaBHenmsaMm (3.33) u (3.34), ecam B HHEX
monoxkath ky, =0, k =4k + &k, K® = K*3. Taxum oGpasom, R,
1 V, YIOBIETBOPAIOT cnenylomeﬁ cucreMe ypaBHEHUIA:

€2, Ry} ———=V, =0, (3.43)

IPI2

v
D19, Vi) | SR,

k“l_kl QRZ"—Rl _ Rg *:0 3[
+ |1'1|{|R1I'i R]' lle—RﬂS | Ry ls]}"l‘“ . ( 14)
Iprn nonyuennm ypasHemma (3.43) yureno, wro, cormacmo (3.20),

de/dt = 0. Yepes o* B ypaBremn:m (3.44) oGosmagena BEKTOD-
dynxmma (0K *3/0q)T, Bsramcnernnas mpm q = 0.
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3.7. {dlopsmkuan rouka smbpauuu». Vimes B Buy manbueitnmiee
m3ydeHHe [BWKeHMsa BOmusu ToukM Jmbpamum L,, mpeobpasyem
ypasHeHusa (3.33) u (3.34) upm momomu 3aMeHH IePEMEHHEIX

Nn={1+pRi+x% E=0+pVi+o (3.49)
rge @ — TMOCTOSAHHAA BEIHIHHA.
3ameganue. Iloscumm upepcraBienue (3.45). Ecam moso-
wETh ¥ = 6 = (0 u upuuarts B KauecrBe p Beamumny p — 1 - E¥,
rae §¥ — KopeHb ypaBHeHHA

1—p v —
R T | TR (3.46)

k k

onm=1-+p) Ry, E=(1 -+ p) V, nomxHo OHTH peureHHeM ypas-
wennii (3.33), (3.34) B cayuae siaunTuyeckoil 3amadu Tpex Teu, T. e.
B cJIydae, KOT/la B 9THX YPABHEHUAX OTOPOHICHH COJHEYHBIE WIEHB U
YJIEeHH!, CBA3AHHBIE € MOMOJHATEIbHHMI BOSMYIIEHUAMA. ITH PELIeHUs
COOTBETCTBYIOT KOJIIMHEAPHBIM TOYKaM jaubGpanmu. V3 manoxennoro
AmKe QOPMAIBbHOrO aHAJIM3a BHAHO, 4TO pemeHue ¥ = ¢ = 0 Gyger
UMeTh MECTO M IPH 4YaCTHIHOM ydUeTe CONHEYHHX BO3MymeHHA. (ITO
npubinyKeHHOE pelneHne MEL GyAeM B lajibHeHIIeM Ha3hBATh «IOXBUIK-
HoOMt Touko#l mubpammw».) Tem campiM B o0mieM ciIydae OKasHIBAETCHA
BO3MOKHBEIM oOOpefenuth pemeHus ypasaenuit (3.33), (3.34) umpm
mocTaTouHo MauaHx |% | u |6 |
Tpeskge 4YeM OCYIIECTBIAATH IOACTAHOBKY (3.45), upeolGpasyem
- mexortophe wiens ypaBHeHus (3.34). Ucmoassya (3.29) u (3.45),
MOKHO IIOJYYUTH CHAELYIOHmee IpefcTaBIeHUe:

k k P
mE V= Ter R et P (3.48)

A Ri—m Ry \ 1y R .
— /bl (|R1_.1]|3 |R1|3> = kl (1 -+ pg) —_-I R:|3 +'(D1! (3)49)

e

e kR, " J % | ’
P =1 T TTRIRT Z( 0" () Pratea) (3:50)

O =l TR Z( o) P (za) | (3.50)
(2, R) " .
= Tl TR (8:52)

Tlanee npeobpasyeM B ypasHenmax (3.34) n (3.44) wnensl, omuch-
BajOIIAe COJHEUHEE Bo3Mymenus. Hmeem

. Ry —n R,
x_—kg(le_ma IRZP) X, - X. (3.53)

10*
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rme
k ("th)R
Xo = 1rop (=3 Rpt) s (3.54)
X — ks T Re - K1 %
X—*lelz[IRzl - (IRz{) P"+1 (24) Z Pn+1 34)]
(3.55)
—. (M Ry)
S Tl (3.56)
AmnaJjiormuso,
_({ Ry—R R, L=
Y:_M(IR;RXP B |R:|s):'1°+¥v (3.57)
Ry, Ry R
Yo= |R TR, P (R, — 3(—1'}{:)‘4—2)’ (3.58)
$_ k R, \O (IR \" Ry SHILARCI
¥~ il Sy Pty S ]
) - 3.59
S TR R .

U3 coornomennii (3.53) — (3.60) cienyer, aro X MOKHO HmpefCTaBUTH
B CJefylomeM Buje:

X=(14+p)Y + ®,, (3.61)
rge

ke , Rg) R = 3
¢2=|R;|3( _3(’°|}+)|2)+x—(1+p)y. (3.62)

ITogcrasum Temeps M u & B Buge (3.45) B ypaBuenue (3.33). B pe-
3yJbTaTe IIOJyIuM

A+ @R — Vi) + o [ @n] — o =0 (3.63)

lr |2

N3 (3.43) caenyer, uro gurypuas ckobka B (3.63) ToskaecTBeHHO paBHA
nyaro. IlosTomy u3 (3 63) moayuyaeM TaKoe ypaBHeHHe:

1R — o 0. (3.64)

IipeoGpasyem Ttemeps ypaBuenme (3.34), HCHONB3YS LpefCTaBIeHUS
(3.48), (3.49) u (3.61). TTomyuaem

{0 [+ Vi +n SRR f o]+

+ il (1 ) it 0+ 0 Y]} e 201+

+|r1|d%(|i::41| %+ Ifll (@ + @y + @)+ — (1 +p)a* =0, (3.65)
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Ecian 0 YHOBJIETBOpAET COOTHOIIEHUIO

k e
Ter T Urme — FHh (3.66)

TO, coriacHo (3.44), ¢urypras ckobka B (3.65) obpamaerca B HyIb
¥ TOTAA [OJAy4aeM ypaBHeHHS

d2
A N RN P L R
+ (P 4+ @+ @) o — (1 +p)ar = 0. (3.67)

Buecre ¢ ypasuenumem (3.64) aro ypaBHeHue obpasyer cucreMmy s
OIlpefleIeHUs BeKTOP-QYHKIUA % H O.

Ormerum, uto ypaBHenue (3.66) mocme samenst (3.47) mepexomut
B TpajuIHoOHHOe ypaBHeHue (3.46), ompejenasiolee MOIOKEHAE TOIKA
aubpanuu L, B dIIMOTHYECKOH OTpaHWYeHHOH 3afade Tpex Tel.

B pesyabrate mpoBemeHHbIX BEIIIe Ipeobpa3oBaHUE 3ajiada ompe-
JejeHUA IBUKEHWA B OKPECTHOCTH TOYKM JAOpANWE B TOUHOH IOCTA-
HOBKE CBOJWMTCA K HEOOXOTUMOCTH IOCIER0BATEJIHHOI'0 MHTEIPHpPOBA-
HOs cHa"asia cucteMsl ypaBHenmit (3.64), (3.67) (sapmaga I), a mocue
ompeneneHua % (1), 0 ({) — K UHTErPUPOBAHUIO CHCTeMHl ypaBHEHHMH
¢ ramuabToHmanomM H?® (3.36) (samaua II).

MaKrTHYeCKN TeM CaMbiM IMECTHMEPHAd 3afada cBefleHAa K 3afaue
onpefeaeHus ABeHaAnaTH QYyHKUMA: p, q, %, 6. OqHaxo samaqu I u I1
HepaBHoumpaBHH. [lpu pemennmu 3agagn I JocTaToYHO OHpENeNIUTH HA
paccMaTpmBaeMOM WHTepBaje BpeMeHH TIPOM3BONBHOE peleHHe C
mocTaTouHo MadeMu | % |u |6 |. A pmua sagauu I meob6xomumo mmers
OpeficTaBieHde O HOBeNeHAW BCeX peImeHW# Ipu [OCTaTOYHO MAJIBIX
lp| = [q]

W3 ananmsa ypasuenuii (3.64), (3.67) n BXxofsAmmx B HEro COOTHO-
IMeHu# ciemyeT, 94T0 ecnau IpeneGpeds B STHX YpaBHEHAAX dIeHAMHU
nopsiaKa ky/ | Ry |* ¥ momonHuTenbHHEIME BO3MYIICHUSME, TO B Kade-
CTBe PeNIeHUH BTUX ypaBHeHUH MOKHO NpuHATh 6 = ¥ = 0. B wacr-
HOCTH, TaKOe pelIeHWe TOYHO CYHIeCTBYeT B DIIMIOTHYECKOH 3ajade
tpex Tex. Omenru 6ausocTm riaaBHEOro npmbammendsa (6 = x = 0)
K p(&)meﬂmo ypaBuenuit (3.64), (3.67) mpoBeeHH B CileRyoOIeM mapa-
rpade.

§ 4. Hexoropbie onenxn

4.4. Onenkn ycxopenuii, peficreyrommnx ma KA. Jua sufopa m
o6ocHoBaEAA (u3MIECKOR monenm msmwenma KA mam morpebyercsa
OpOBeCTA ONEHKHM DPealbHO AeHCTBYIIMUX YCKOPEHHW B OKPECTHOCTH
touku L, cmcremul emua — Jlyna. BocmompzoBaBmuch (opMyiaMu
(3.36) — (3.39), MOKHO OHEHHTH YCKOpEHHs, BLHIBHBAEMHE pasiImy-
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aeME AaKTOpaM#H B OTHOCATedbHOM jBumikeHmm KA, omumcriBaeMoM
¢yuxruumeir I'amunprona (3.36). 9Td ycKopeHMA 3aBHCAT OT BeJWYHHBI
| q. Ilpusemennsie B Tabn. 20 4YHCIOBBE 3HAYEHHA IIOTYYEHH
mas | q | =~ 1072, uro coorBercrByer opGmram KA, ynmamemmpm ot
tTouku L, opumepuo ua 4000 xx.

Onenka [/ yCKOPEHHs OT CHJT CBETOBOTO JaBJeHHs NOJydeHa s
OTHONIeHNs ILTOMANN TIoepedHoro cedenns KA K ero macce, pasHoro
0,05 M*/ke; omeHKH BiIUAHHA CRaTHA 3eman, JIyHH W DpUTAKenus
IIaHeT JaoT BeauudmHy, Menbimylo, gem 10710 at/cex?.

TaGanna 20
ITopANOK OTHOCHUTEJIBHOI'0
Hettcrpyromuit dakrop y(?ltopeﬂﬂﬂ KA (#m|cen?)

lpursswenne Jyust (~T H 10-3
[parsikenne Semmr  (~0U3) 1074
HeuneprnaabHocTb ciCTEMBI  KOOp- 1071

pmmar  (~K3)

Ilpnrsxenne Conapa (~ﬁg) 10-¢

Yacre «xocBeHHOro» BauAHUA ConHLA 10-7

(~p us K3)

CeeroBoe paBienie (~ K3) 1v-7

Has ommcanms pswmenuss KA, kpome saBucumocreit q (£), p (¢),
Heo0xonumMo HaiiTn pemenue ypasuenuit (3.64) u (3.67), onpemensio-
IMUX NBMKEHME OTHOCHTENBHOM CHCTeMBl KOOpAMHAT. JTH YpaBHEHUS
nMeloT NpuOIMKeHHOe pemmenue ¥ = ¢ = 0, KOTOpoe Mbl Ha3biBaeM
(OONBHIKHOM TOuKOM aubpanumy. Cremens ero OPHOIMIKEHHOCTH
olpefiesAeTcss MAJBMH YCKOPCHHSAMH, O0YCJIOBACHHLIMM BIMSHUEM
Connma ( ~ ®,) u gpyrumm Bosmymenusmu (~ o u o*). Ouenkn
TMOKA3KIBAIOT, UTO 3TN yCKopeHus umeior mopamok 107¢ m/cex® nasa cnx
cBeToBOro fasienus, 1078 mu/cex® nua cui rpaBUTAMOHHOTO IPUTSIKE-
nus ConHna u oHn muoro menkine 10710 u/cex® O OCTANBHBIX BO3MY-
HIAIOmUX (aKTOpOB,

4.2. Boemympennvie konefanmss KA BOau3m «moasmkuoii TousM
aubpaunm), 00yCJIOBIEHHbIC TPABATATMOHHBIMU COTHCUYHBIMH BO3MY-
menuamu. Halinem gacruoe pemenne ypasmenmit (3.64) m (3.67),
ompepnenAwIlee BHHYKAeHHbe Kodebanna KA, OiusKae K «HOXBHKHOMN
TouKe Aubpanum». AHamormunad 3a7ada O BEHYKIEHHHX KodeOaHuAX
B ciydae IJIOCKOH 3ajaum IpU ydYeTe I'PABHTAI[AOHHLIX COJHEIHBIX
Bo3MymeHmil paccmorpena B pabore [162]. Jlns mposemenns mecnemo-
BAHWA BHHY)KACHHHX KoJebaHWil ymoOHO MCKIIOYATH U3 ypaBHeHUR
(3.64), (3.67) Beawmumny ¢ m paccMoTperh TONydYAOMeecs IPH ATOM
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puddepeRnuansEOe ypaBHEHNUE AJA BEKTOP-QYHKIAHA %

d? d
g 2in | SR o p e, 0] +

+2lrlld|l‘1| Q, M]-HHIZ[ e :l_|_.|r1| d'zdltl;ll ® -}
11 I, 9, 1] T (@ -+ @y - D) ko — (L4 pat = 0. (41)

Has HpMGJm;ReHHOI‘O BHUNCIEHUA BHIHYRACHHHX Kouxebammit KA
TmpeHe0pemxeM HENEHTPAaJbHOCTHI0 TPABATANMOHHKX mode#r JIyHn m
3emum, a TaxKe BCeME HerPaBATALAOHHIME BO3MYIEHASIMHE,, TTOJOKAB
B (4.1) BeJIMYWHE ¢ U oF TOM[eCTBeHHO paBHHMH HyJI0. OpOumTh
Jlynn u 3emum OyneM mpepmonarath Kpyroseimu. Ilpopoimmrens-
HOCTH CHUJepHYECKOr0 M CHHOJAYECKOIO MECSIeB HPHMEM COOTBETCT-
Benno pasueMm 27,3216614 u 29,5305887 cym [23]. 9To coormer-
CTBYeT TAaKAM CpEOIHUM YTIOBHM ckKopocTsm JIyaer m 3emum: n =
= 0,229970836 pad/cym m n’' = 0,0172021243 pad/cym. Orcropa

m = r'/n = 0,0748013296.

Boabrmue nmonyocm (B HameM ciaydae pagmyckl) opout Jlyust u 3eman
OpUMeM COOTBETCTBeHHO TakmMH: a = 384 400 km, a =

=149 600 000 xx. CamenoBaTenbHO, OTHOHmEHHE OGONBHIUX IONY-

Y a
oceii opbur JIiyHs m J3deminm HMeeT TAKYH BeIMYAHY: - =

= 0,00256951872 = 0, 459 m?2.

HepenneM K He3aBHCHMOI TepeMeHHO’ T = n (f — f,) 1 pas3aoskum
JAeBYI0 4YacTh ypaBHeHHs (4.1) B pAR mo cremeHAM KoMmoHeHT ()
BeKTOp-QyHKIME %. Torma, coxpaHss /s [ajbHEHINIEro TOTBKO
cBoBofHEIe WIEHH M 9lIeHBl, JMHeHHEe OTHOCHTeAbHO X(), U yumTHBasA
ClleTaHHBIe BHITe OPeATIONOKeNns1, modyuuM na (4.1) nenelinoe ypas-
HeHue

d?x

‘,zrﬂrz[ ’ d1]+[9 [2, %]] + Aa (x — 3R, (%, Ry)) =
= —‘Z—P(i +0) m2—Z,- [Tﬁzl (5 cos 2y 4+ 3) — 4R, cos (pl] . (4.2)

B rospdunuenrax mepoil gacty ypaBaeHus (4.2) oTGponTeHs BeAMIHHEL
HnopAfika m? U BEHIIe, a B IPAaBO! Y9aCTH COXPAHEHH TOJBKO IJIABHBIE
WIeHH, OHpefeNAloNMe BHHYKAeHHHe KoaeGaHus, u OrOpomeHs
BeJMIMHLL HopAnka m? (a/a’)? u Bemme. Bekrop Q B (4.2) Takos, 4To
Qr = (0,0, 1). Yepes ¢, B (4.2) oGosHauenm yromx ¢, = A — )\,’, rae
A m A" — cpegnue gonrorst Jlynm u Conmma B opbmre [23]:

A (E) =T 4 A (L), M =mt+ N (). (4.3)
HerpyZHo HpoBepHTH, UYTO )

T
I Ril = (€08 @y, — sin @y, — sin i sin @), (4.4)
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rie i — HaKIoHeHHe UJoCKocT: op6uthl Jlynsi k skamntuke (i =
= 0,0898020382), a uepes ¢, o6osnagen yroa &' — Q, rge O — monro-
Ta BocxopAmero ysia opbuts Jlyum, npmuem [23]

= 3
Q(t) = — 7m* + Q(t). (4.5)
B wooppmmaTtHOl ¢opme ypaBHeHue (4.2) samnmmercs B Bue

2,,(1) (2)
22 24, ) =

dv?
3
=gl +p)m? (%) (3cos ¢y + 5 cos 3gy).
d2 (2) d (1) 3 . .
———ZTQ + 2__;‘1: —(1— 4)x?P = —5P (1 + p)ym? (%)(sm @1 -+ 5sin 3g,).
2,.(3)

= — %p (1+p)m? (-:—,) sini[6 sin @y + 5 sin (2@, 4 @2) — 5 sin (2, —@,)].

(4.6)
Jua orromenua Macc 3emam um Jlymer, pasaoro 81,3, mmeem

p = 0,167833148, 4, = 3,19042360.

BrinymieHabie KoneGanms B JuHedHO# cmcreme (4.6) HaxopsaTcs
ouenp mpocro. Ilonydaem takme smagsenus ainsg x@ (B wm):

x) = —0,06 cos ¢; — 0,43 cos 3¢y,
%@ = —0,39 sin ¢; + 0,80 sin 3¢;, (4.7)
x® = —0,07 sin @ + 0,34 sin (2¢; + @2) + 3,5 sin (2¢; — @).

4.3. Bemyxpaennnie xonefanms KA, o6ycnornennbie cunamu cse-
TOBOTO JaBJEHHA. AHAJIOIMYHO MOKHO BHYHCIATH BHHYKICHHBIE
ronebamng KA BOiu3m «IONBMKHOM TOUKU Jubpamnum», BH3BAHHEE
cunamMd cseroBoro maBieHmEs CoaHna.

TTorenmuan K (cm. m. 3.1 unpepmpmymero maparpaga) Bo3MyImIaio-
MAX CHJ CBETOBOI'O [(aBJeHHS HMeeT BHUJ

K=s|r2—l‘|, (4.8)

rae & = (F/m) yq, F u m — xapakTepHas IJIOMajb IOLEPETHOTO
ceueHns um Macca KA cOOTBeTCTBeHHO, BeIWYWHA Y XapaKTepHayer
oTpaskaomue cBoiicTBa mosepxHocTE KA, gy — Bermamua CBETOBOIO
naBiennsa Ha opbure 3emnm, go = 0,441315-107% xz/(m-cex?). ua
NaJbHeAmHEX pacdeToB ImpEMeM orHomenme F/m pasuem 0,05 x*/ke,
a BeJANYEHY Yy CYHTaeM paBHoH 2 (r. e. moBepxHocts HA cumrtaercs
3epKajbHO-0TParKatomei).



§ 5 BIITUNTHYECKAA BAJAYA 281

IIpoBensa mociemoBarenvno mpeoGpasoBammsa mn. 3.2—3.5, 3.7 r
4.2, nonyuaM ypasHenme (4.1), B KoTOopoM
Ry —1(?)
a=—e|r ()] RO (4.9)
Benmunna a* B ypaBHenuu (4.1) momaraercsa paBHOM HYNO, TAaK Kax
BeimguHa F/m paa Jlyam mpemebpeskEMo Mama. 9To o3magaer, 9TO
BIIAAHAEM CBeTOBOTO [aBJeHHA Ha op6mry JIyEH M DpemeGperaem.
IIpoBens BHKIAKK, aHATOTHYHLE BHKJIAAKAM IpeIsyero MyHKTa,
TOAyYnM, 9T0 00yCIOBIEHHHE CBETOBHM AaBlIeHMeM BHHYKIeHHEIS
ronebanua KA B6im3m * ~OfBM:KHOR TOYKA nMGpaumm» NpECIMKeHHO
ONHMCHBAITCA JUHeHHHM AuddepeRnmanbHEIM ypaBHenueM (4.2),
ecllE ITPAaBYK 4YacTh IOCHEHET0 B3aMEHATb HAa BeKTOpP-QYHKIHIO
e/an® Ry/[Ry|. Ilpm oToM OTOpOmEHEBIe B DpPaBOi YaCTH WIEHH
Gynyr npumepHo B (a/a’) pas MeHbOIE OCTABIEHHKIX.
Brraucienna mMOKa3HBAIOT, YTO IPH CHENAHHEIX MPEANONO0MKEHUAX

BHIEYK/IeHHEE KoJeGaHnA 3amMCHBAIOTCA B BAfe (AMIUIATYAB Iepe-
CAUTAHEL B KM)

#D = 2,22 cos @, n® = —43,46 sin @;, *® = —1,75 sin g,.
(4.10)

IIpoBenenHEEe OIEHKH AT BOSMOKHOCTH BHABUTH HaubGojee
cymecTBeHHbIe PaKTOPH W OTOPOCHTH BTOpOCTemeHHEe. Jlusa memeit
OpeBAPHTENBHOTO AHAJIW3A TPAGKTOPHH nBmenHusa HA B § 2 Gruia
HCIOIb30BaHa MpocTefiman Mofe]h JUHeAPH30BAHHON B OKPECTHOCTH
L, xpyrosoit orpanmdeHHOi 3amaum Tpex Tea. as Gomee ToumOro
OIIMCAHMS MaccHBHOro Asmxenus HA meo6xomumo B mepByio ovepenn
yUecTh HeAHHeHHOCTh 3alaud IO OTKJIOHEHHAM OT PABHOBECHOH TOYKH
u NaMOTHIHOCTh opbuth JIymel. B cmemyroomem maparpade 6ymer
paccMoTpeHa HeluWHeWHaA 3afiava o gBmKeHnd KA B okpecrnoctn Ly B
pPaMKax DIIMNTAYECKOR OrpaHMYeHHOH 3afaddm Tpex Ten (3emaa —
Jlyna — KA) Ges yuera Bosmymaromero Biusaasa CONHIA W IpyrEx
BHEeIHAX QaKTOpOB. JTa 3ajlaua MMeeT I CAMOCTOATENBHEIH MHTepec.
Ee pemrenne MOMKHO IOIOKHTH B OCHOBY aATOPHTMA PacdeTa MaCCUB-
poro gasmienus HA B orpectmoctm L.

§ 5. danunTHYeckas 3amaga

5.1. IlpemsapurennbHoe mpeoSpazoBaHme raMHAILTOMHAHA. s
fanpHeHero NCCIEOBAHMA CeIaeM CASNYIONHe YIIPOMAONue Ipes-
TLOJIOKEOHHSA :

1) B sajaué yIATHBAIOTCA TONBKO IPABATANUONHEE CHIIbI, IPHIEM
nous TAroTeRuA Jemnn u JIyEs nenrpansrue. IIpu stom yaxnun K
B (3.1), K* B (3.42) ToMmuecTBeHHO paBHH HyIIO W BMeCTe C HEM
TOK[IeCTBEHHO paBHH Hymio K®) B (3.36), a u a* B (3.67).

2) Ipenebpeskem BosMymaromuM BadsHuem COJHIA, TONOKHIB
B ypaBHeHHAX HABWKeHUs K, = 0. Torma m3 (3.7) caemyer, uro

{1 A. II. MapreeB
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B (1) = 0 u m3 coormomenuit (3.9) u (3.43) monywaem
T=(0,0,0 (@), VI=0, 0 @) |r, @)]?20). (5.1)

IlpoekTApysa Temeps JeBYI 4acTh ypaBHeHHs (3.44) Ha ocm opmmEaT
g afcOouce, MujydaeM COOTBETCTBEHHO TaKHMe CKAIAPHHE yPaBHEHHA:

dOnOP _
200 LD —0, (52

1m0 HB0L 4 fhs — e onop=0.  63)

I/Is ypasHenua (5.2) ciegyer HMHTerpai ILIomapei
o@|r@®|*=]e| (e]| = const), (5.4)

a pemende ypaBHEHHSA - (5.3) onpefenser dIIMNTAYECKOE JBIHKERNE
JIyan

a(l — e?)

|re ()] = %05y * (5.5)

rie ¢ m e - GOJBIIAsA IOJAYOCHh M SKCIEHTPUCATET OPOUTHI,
a(l—e)k+ k) =|e % (5.6)

mepeMeHHAss v — MCTHHHAA AHOMAIAA OIIMIOTHIECKOrO0 [BHIKOHH
Jlynsr:
dv el
- = = () = TmOF (5.7)
- HeTpy[HO HPOBEPHUTDH, UTO IPH CAEIAHHKX BHIIE ABYX IPEXIOI0MKe-
nuAax ypasaerws (3.64) u (3.67) ymoBierBopsiorcs pemeruamna » = 0,
0.= 0. Taxum o6pasom, MH IpHUXOAEM K 33Jade O [ABIKEHHH Teja
npene0peRAMO MAIO0A MACCHl BOJIM3H KOJIMHEAapHOHE TOYKE aulpanan
Ly 5IUOTAYECKOR OrpAaHNYEHHON 3afadYd TPeX Ted. Jra 3ajaga Omd-
ceiBaerca Qymrnueir [amuinsrona (3.36), B KoTOpoO#l HaNO HMOIOKHTH

1=01+pR, K,=0, K*=0, @ =(0,0, dt) (5.8)

Ucnonsays coornomennde (5.7), BBeeM HOBYIO He3aBHCEMYIO IIepe-
MEHHYI0 — HCTUHHYIO aHOMAJAHMI0 V I BMeCTO BeKTOpa p (KOMIOHEHTEH
KOTOPOr0 HMeT PasMepHOCTh KOHCTAHTEI ILIomased) GespasmepHAI
BEKTOD P COIIACHO CaLeyiomuy dopmyaM KaHOHAYECKOTO Ipeolpa-
30BaHUA (, P —> (, P

q=q, p=|e:| P (5.9)
Torna TaMRAJIBTOHNAH 3&118.‘15]2[ 3a0UAMIeTcsa B TaKOM BHE:
~ 1~ 1. = e - ~
H=|pl"+ m(U +U1) + K1+ Ko, (5.10)
__A—p lq| )“ N
0=—17 Z( })ﬂ( ; Pé(z), (5.11)

n=2
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0=~ 2 i (@)n P, (5. | (5.12)

Benwamart 1 m p ompenenenn paBemcrBamu (3.46), (3.47):

PR N (5.13)
lq]| Ryl {q|| Ryl

Kl = (91 [q7 p])’ QT = (01 01 1)’ (514)

Ky =5 Q2 (5.15)

2(1 4 ecosv)

Hummxe HCHOONB3YIOTCA clieflyomue 060;‘3Ha‘1€HHH AJis1 KOMOIOHEHT BEKTO-
PoB G M P: i} :
QT = (g, q®,q®);  pr = (pW, p@,p®),

a Takke 06o3HagYeHHWe AJA BEKTOpPA X, COCTABJIEHHOr0 M3 KOMDOHEHT
BEeKTOpoB ¢, P:

xT = (0,79, 50, 5,79, 7, |x|=V|q]+ |p

M=u wHTEpecyeMcs ABHKeHUAMHE, AaA Kotopux HA He nmoxmpaer
JOCTATOYHO MAJYI0 OKpecTHOCTh TOYKEM L,. Bymem mostomy cumraTth
g®, pt) MaawMM BeJMYMHAMI, TpPWYEM MAIKMM IepBOTO HMOPAXKA.
l'ammaprorman (5.10) copmep:KHT eme OfNMH MAaJbI MapaMeTp — dKC-
nenrpucuter e opbuthl Jlyns. Ero camtaeMm BennmamHOR NepBOro mopsap-
Ka Mmasxoctd. JlanpHeiimue mpeoOpasoBaHMA OCHOBAHH Ha IpefIiona-
raemoit Manoctn BeawdmH | X | u e. IToaromy nenecoobpasmo npepcra-~
BHTHh TaMHJIBTOHMAH B BHJE CYMMBEI

o0
H= Y A, rte H,~|x[™
m=—9
Oyuaroou H,, MOKHO TpPEACTaBUTH B BHJE PAXOB IO CTeNEHAM DKC-
IeHTPHCUTETA €

oo
H, = etcostvAP, (5.16)
=0
(k)
rne Hm' He 3aBmcar or e m v. O6osEaunM

Y S S T 2 (5.17)

m = (1 + p)m+1 pm+1

Ucnonnays sepasende i ramanbsronnana (5.10) # ¢opmyns (5.11)—

(5.15), merpyAHO HOKasath, uto QyHKmEE MY UMeIOT caexylomuit
BH;

11*
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~ ~ piey ~ o~ ~ o~
B =P — 44 I“‘Pz( |qu )— (@Wp® — ¢®p),  (5.18)

AP — (— gy {A2\(~ll2 Pz( qul) ) + % | fﬂz}; (5.19)
opr m > 2 ~a)
AR = (= Ay 4, G P () (5:20)

WenmonpsyeMblii HaMHE MeTOJ COCTOMT B HAXOKIEHMH HOPMAJIbHOK
dopmu rammabToEnana (5.10) u coorBeTcTBYIOMEro HOPMAIH3YIOMEro
upeoGpasoBannsa. O0mee penmieHme CHCTEME, ONUCHBAeMOH QyHKImeR
FammabToHa, HMelMeH HOpMaNbHY0 opMy, MOKer OHTH HAHMIEHO B
3aMKHYTOM BHUe. 3HAsf HopMaiusywomee npeobpasoBanme u IpeoGpa-
30BaHMe, o0paTHOe eMy, JerKo HOAYYIWTh HPHONW;KeHHEE 3HAYCHHA
HAYaJbHHX KOOPAHMHAT K KOMIOHEHT BEKTOPA CKOPOCTH, PeATH3yOMUX
HHTEpeCyONide Hac ABWKeHUs, Gausxme L.

Hopmanpayo dopmy rammasrommana (5.10) MoxHO B mpuHOANE
MOJYIUTH B CKOJb YI'OJHO BRICOKOM NpUOIMKeHHU OTHOCHTENBLHO Ma-
AKX HapaMeTpoB. ME orpaHMYEMes MONIy9eHIEM peleHnsa ¢ TOYIHOCTHIO
O BeJWYMH TPETHEr0 NOPAHKA MAJOCTH OTHOCHTEIbHO HAYaJIbHLIX
aHadeHuit kooppuHaT § M mMOyabcoB DY) M BEIMIMHEL DKCICHTPH-
cureta e. Jlasa sToro HopmaabHyH (GopMy TaMHIBTOHHAHA CIEAYET
HOJYYUTh C TOYHOCTHIO O BOIWIYHH YeTBePTOr0 MOPAAKA MaJOCTH
BRJIIOYHATEIBHO. JTO 03HAYAET, UTO IPH HOPMAJIHU3ANUA KBapaTHIHOK
vyactu H'; ramaasronnana (5.10) Hamo yuecTs CTeleHR 9KCIeHTPHCATETA
A0 BTOPO# BKIIOUHTENBHO; IPH HOPMAIH3ATUHE TIEHOB TPETHETro IO-
‘papgka Hg — [0 mepBOMl CTemeHH e, a IpH HOPMAIM3ANUE COBOKYI-
HOCTY YJICHOB YeTBEPTOro HopsfaKa H, BeJIMYMHOE DKCHEHTPHCHTETA
MmoxHO mpeHeGpeds. Mopmer H,, mig m > 5 TakKe MOKHO He pac-
CMaTpPHABATE.

5.2, Hopmaamzaumsa KpaJpaTmymoii wacTu ramaibToHdana. Jlma
1OJTyueHHA HOpMadbHOE ¢opmer ¢ymrmuu [ammabroma (5.10) m
COOTBETCTBYIOIEr0 HOPMAJIM3YIOMEero npeo0pasoBaHAs HAJ0 CHadala
NpOM3BECTH HOPMAAA3ANKI0 KBagparuanoi gacta H,. [locaemoBarens-

HOCTH [eicTBui Oymer Taxoii: 1) HOpManmsamus AP, 2) ucxmouenne
73 raMuabToHHaHA A WieHoB, IPONOPIUOHAIBHEIX €, 3) HCKIOYeHHE
YIeHOB, IPOMOPIUOHANLHEIX, €2,

IIposemeM mopMammsammio KA. Jlus mnepememmsix §®, p®
HOpMAJIH3yOMAsA 3aMeHA MEPEMEHHHIX HMMeeT BHJ

q® = -V%T q'®, PO =V s p'®. (5.21)
3

Haxonenne KaHOHAYECKOr0 HOPMAIH3YIOMEro HpeobpasoBanusd AJA
mepemenntix §, §D (i = 4, 2), cooTBercTBYIOmMHUX IJIOCKOH 3amave,
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Goaee caomuo. Ilocme mpoBefleHMA HEKOTOPHX BHIACIeHHHE (CM.
pa6ory [39]) momyumm, uro mnpeoGpasosamme §#, B — ¢’ p'®)
(i = 1, 2), upuBonamee K HOpMAaAbHOA opMe IaCTh raMUIBTOHHAHA
Y, coorBercTByHOmMYy0 ILIOCKOH 3ajade, MMeeT BHIL

e g/ ®

=(2) «(2)

q q

~pnl=B . .22
e 0| (5.22)
p(ﬁ) p'(ﬁ)

TAe dJIeMeHTH b;; cUMIIeKTHYecKod Martpuisl By Bhumcnsmorca mo
cirenyomuM gopMmyram:

by = — % [7‘3 -+ (Az - 1)]7 bz = — 2%ohs, bz = — b, b = 0,
boy = 2uyAy, bog = 0, bog = by, b = — %3 [A3 + (242 + 1)),
by = — % [7& -+ (A2 + DI, b3y =0, bss= by,

bu = — wlA3 — (2 45 + 1), (5-23)

by = % (A7 — (A — 1], bse = %3k [l.: + (24, — 1)],

b43 = - b41» b44 i

B (5.23) BBemenn Takme 0003HAUCHHA:
1

V 20 [(34; — 4) A2 + (34z + 4) (Ag— 1)]
1

Vi (Gl + 402 + BAg— b @At 1]

Iocne mpoBemenus mpeoGpasosammii (5.21) m (5.22) mymuo mpum
MOMOINA KAHOHWYECKOH, 27-mepHOfMIECKOR 10 v, JUHeHHOW 3aMEHEI

nepemeHHNIX ¢', P’ — q”, p’ HCKIOUATh M3 TaMWIbTOEMaHA H,
9JIeHHI, COTePIKAILAe SKCIEHTPUCHTET € ¢ TOIHOCTHIO 10 BTOPOii CTeHeH:
BKIIOUATeAbHO. Haxoskgenme dTOro HpeoGpa3oBaHHA COBEPHICHHO
AHAJOTAYHO COOTBeTCTBylOmMUM paccmorpenusaM raas 9 m 10, raoe
nofpo0HO onmcaHa HopMaamsanuAa (yEKOEE [aMEIBTOHA B OKpeCT-
HOCTH TPeyroxbHOH Toukm ambpammm. [loaromy Ml He Oymem 37ech
TNPOBOAMTL HMOAPOOGHHX BHUMCICHHH, a Cpasy NpHUBeNeM KOHEYHEHIH
pe3yabTar. 3ameny mepeMeHHHX ¢ , p' — q”, p” MOKHO IIPeJCTaBUTh
B BUJeE

q/(l)

| g7

| = [E4 + e (sin vB, + cos vBy) -

p/(2)

H =

o

q”(l)
qll(2)
-+ e2 (B3 + sin 2vB, -+ cos 2vB;)] pr@| (5.24)

P n(2)
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q'® .
o= [Eg + e (sin vCy + cos vCy) -
qlr(3)
+ €2(C;3 - sin 2vC, -+ cos 2vC;)] @ (5.25)

3necs E, 1 E; — equAmuAke MaTpPHOE COOTBETCTBEHHO UETBEPTOTO M
Broporo mopsaxkos, B, m C; (k=1,2, ..., 5) — nocroannne
MaTpPHIH TaKKe IeTBEPTOro W BToporo mopsakoB. HopmaamsoBannas
[0 9IEHOB HMOpAAKA e? BKIOYATOABHO KBAApPATHYHAA 9aCTh QYHKIHH
Tammasrona H, umeer BHA

T oy (1) #(1) 1 //%2) ”%.z) 1 ”(23) ”?3)
Hoq", p") = A" + 5 Aa ('® + p'®) + —- A5 (¢"® + p"®),

(5.26)
rme A; = A; + e27\.§2). Beanunnn A§2), a TaKKe DIEMEHTH MaTpPHI]
B,u B, G (k=1,2,...,5), BHUACIeHHEE [is 3HAUEHHS [ =

= 0,0121506683, coOTBeTCTBYIOINEr0 OTHOMIEHHI0 MACC JeMJIH W
Jlyes, paBaomy 81,3, TaroBH:

AP = 0,549275266, A = 0,245751053, AL = 0,249484559.

Marpuna B,
—0,441793230 —0,290634525 0,441793230 0
0,278436861 0 0,278436861 —0,846503150
—1,23212425 0 —1,23212425 0,305154074
0,159261077  1,28610071 —0,159261077 0
Marpuna B,
—1,61042025 —0,089648965 0,064705657 —0,093429932
—0,093429932 0 —0,093429932 —0,387924081
—0,064705657 --0,089648965 1,641042025 0,093429932
—0,089648965 0,558216979 0,089648965 0
Marpuna B,
0 0,367549695 —0,279356790 0,034700492
—0,034700492 —0,317200880 0,034700492 0
—0,279356790 —0,367549695 0 0,034700492

0,069620286
0,120855186
0,103126810

0,051513305
0,0668728327
—0,003762514

—0,367549695 0,317200880

—0,367549695 0
Marpuna B,
1,29453757 —0,0668728327 0,120855187

—0,069620286
0,034737568
0,103126810

0,026678130
0,003762514
0,026678130

—0,113855431




8 5] SIVIMOTHYIECKASA 3ATAYA

Marprna By
0,27453643 0,0239035671 —0,244147749 —0,108404225

0,017572613 0 0,017572612 0,191343298
0,244147749 0,0239035671 —0,274636403 0,108404225
0,295323986 —0,0544046576 —0,295323986 0

Marpuua By
—0,638371620 —0,004501406  0,007754370 —0,019939662

—0,075045546 0,114650294 0,075045546 0
0,007754370 0,004501406 ° —0,638371620 —0,019939662
—0, 045662155 0 —0,045662155 0,02279992
Marpuna C;
i 0 —0,665292157
10,561028239 0
Matpuna C,
0,186233680 0
0 . —0,186233680

Marpuna Cs

—0,154478806 0
0 —0,0148035460

Marpuna C,

0 0,0985296863
—0,150954873 0

Marpuna Cs

10,0468202978 0
[ 0 0,157145038

TlonpoGHOe onmcanwe BHYHCIHETENBHOM HOPOMEAYPH IOJIYyUEHHA HOP-
MAIU3YMero npeobpasoBanus (5.24), Kak U BCex CASAYIOIAX HHUKe
HOPMAJN3YOIUX 3aMeHAX IepeMeHHHX, mMeeTca B paGore [39].

Taxmm 06pazoM, ME Toaydunn (C TOYHOCTHIO KO €%) KAHOHAYECKOE
mpeoGpasoBanme ¢, p — q”, p” rammabroamana H; K HOPMaJbHOR
dopme (5.20).. D10 mpeobpasoBamme samaerca Gopmymamum (5.21),
(5.22), (5.24) um (5.25). OGparHoe mpeoGpa3oBaHAe AETKO LTOIYIATH,
BBHIYACIHB COOTBETCTBYIOIAe O0pATHBIE MATPHIEL.

5.3. lcxmnoYenne WieHOB TPeTheil CTEnECHH OTHOCHTEIHLHO KOOPKH-
par 1 uMoyabeosB. Ilocie HopMmanmsamum kBamparmumoil wacte H,
noBan Qyuknua FammiabroHa H” ¢ TOYHOCTBIO [[0 BeJIMYAH YETBEPTOTO
HmOpAKA MajocTH oTHocHTensHo |q”|, |p”| ® e sammmerca, Kar
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JeTKO IIPOBepHUTH, B BH[eE

H" (q", p", v)=Hj + Hy"+e (sin vGy + cos vFy) + H,®. (5.27)
3necs H, ects ¢pymrmaa (5.26), Hy® n H " — sro $ymrmmm A
1 Y, B xoropux mepemennrie §M, P Bupamens wepes q'®, p’®
IpH IOMOI¥ MATPHUIH, 3ajalomell mpeoGpasoBarma (5.21) — (5.22).
Qopmu Tpetheli crenenu G, u Fy B (5.27) He 3aBHCAT OT v, a mepemen-
HEe ¢"®) m p"®) BXOmAT B HEX TONBKO KBaJpaTHIHHEIM 0GpaszoM.

Kanonuueckoe mpeoGpasoBanme q”, p” — {, P, HCKIKYA0Omee U3

ramunbroEnana (5.27) wieHH TpeTheld cTeleHH

H{® + e (sin vG4 + cos vF,),
3a7lafiUM TpH TOMONX NPOH3BONAMeH (YHROEHM BHAA

S = (q", p) + Ws(q", p) + e [sin vKs (q”, p) - cos vT's (q”, p)]. (5.28)

Crpykrypa ¢dopm Wy, Ky u I'; ananormana crpykrype ¢opm Gy o F.
ITonGepem ux Tak, 9T00H B HOBO#A pyHKIEEM I'ammiasToHA H OTCYTCTBO-
BQJIX 9iEHH Tperheil CrelmeHE OTHOCHTeNbHO g, P,

W3 rompecrsa, cBasuBawmero HOByl0 H u crapyio H” ¢ymxnum

~

TamuasroHa ¢ npomsBopsmeir pyarmmein S KaHOHEYECKOro mpeobpa-
30BaHNA, NOJIYYNM TPH ypaBHeHHA OTHOCHTenrbHO Wy, Kz m T'y:

DW; = H;(o), DYy = K3+ F3, DK3y= —T;3+4 G, (5.29)
rie gepe3 D 00603Ha4eH CAEAYIOmEE omeparTop:
A (w0 " 0 ) 90 “(2)_ 0
D = (B oy — ¢ g |+ 1o g — P ) +
. " 0 ~@3) 0 .
—rls(q O e — _aq"(3>)' (5.30)

B dopmax Hi®, F, u Gy, Bxonamux B (5.29), Benmamasr p"® 3ame-
HeHH Ha P,

IIpupaBEAB B oGemx wactax ypasHenmit (5.29) ogHOYIEHH npu
ONHHAKOBHIX cremeHsax _¢ M, P, momydum cHCTeMy JMHEHHBIX
anre0pamueCKUX ypaBHEHWH RJIA onpefieseHES KO3QPAOAECHTOB HCKO-
mux ¢opm Wy, Ky m TI'y. W3-3a Toro, aro ¢"® u p® comepmarca B

2 G, m F, xBagpaTHuHO0, MHOTHE W3 KO3(PHUIEEHTOB dopm W,
K, n 'y 6ynyr pasaarecsa BHymo. Hospdurnuents: gpopm Wj, K, u Iy
Obuim BramMcaeHR Ha SBM.

Kasxpyo m3 oTux $opM 3ajaguM B BUEe CYMME

”k. ”k, NN ”ks A
‘ chlk,k,k.k,k.q 1)g"@pM)p(2)g"(G)p(®),

Ifle CyMMUpOBaHHe Be[leTCs IO IeNHM HEeOTPHNATEIbHKEM IHCIAM k;,
CyMMa KOTOPHX paBHa TpeM. UunciaoBhie 3HaueHHA KoaddummmeHTOB
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Ta6amma 21

WHexe xooddumm- Yuncnosoe sHaveHne KoadpprmmenTa Chkskskdkske
eHra ¢
Fikokskdiske B dopme W » Gopwe K » dopme T

000300 0,746583163 0 0,565777617
001200 —2,200475216 —4,21598988 —0,880868731
002100 0,784525932 2,76719842 0,746392105
003000 0,085276911 0,476844592 —0,092220428
010200 0 2,08944869 0
011100 1,489351118 —0,041403661 0,617559866
012000 —0,839003171 —1,96308889 —0,789252689
020100 —0,208836809 0 —0,229043264
021000 —0,463353884 0,284907670 0,303335836
030000 0 0,118217723 0
100200 —2,200475216 4,21598988 —0,880868731
101100 3,470378379 0 3,40582548
102000 —2,275945950 —-3,17134578 —1,38332186
110100 —1,489351118 —0,041403661 —0,617559866
111000 0 3,07303700 0
120000 —0,463353884 —0,284907669 0,303335836
200100 0, 784525932 —2,76719842 0,746392105
201000 —2,275945950 3,17134578 —1,38332186
210000 0, 8390031 " —1,96308889 0,789252689
300000 0 08527691 1 —0,476844592 —0,09220428
100020 —1, 1725855874 3,41495947 —0,361180392
010020 0 2,14279121 0
001020 —1,725855874 —3,41495947 —0,361180392
000120 0,650519542 0 0,398125980
100011 1,205447559 —0,960237641 0,254325223
010011 1,486767095 0 1 15838060
001011 —1,205447559 —0,960237641 —0 254325223
000111 0 0,556735971
100002 —0,997437105 0,573897516 —0,476295743
010002 0 0,087794522
001002 —~0,997437105 —0,573897516 —0 476295743
000102 1,425728815 0 1 15795834

npuBefgenst B tabia. 21. Hesunmcammnie B TaGa. 21 xoaddummenTs
dopm W, K3 u I'y paBan mymo.

CBA3b MMy HOBHMH IleDeMeHHBIMA §, p A cTapHME q”, p” € T0Y-
HOCTBI) [0 BOIUYMH TPETbero MOPARKA MAJIOCTH omocurenbno

{q”|, [p"| u e 3apaerca Qopmyramm
Wiy _ ~) W3 0K s W, W,
7 =1 el —esinv—szy apm OV oy (1) + >_I 2p@ag® ap@ '
W3 2(D) W, 0K, 3[‘3
prl=p"+ a(;(i)—%—esmva ar Tecosv S

. W = 5.31
Zl aq (1)64(1) 65(]'3) (l =1, 2, 3). ( )
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3mecs B popmax W, K3, I'y BMecTO aprymenToB q” cTosT BeAHIAHH {.
O6paTHOE upeo6paaonaﬂne ¢ TOH Ke TOUHOCTBIO 3alUIIEeTCH B BHALE

g® = g 0K, AT,
= esinv——— e€Ccosv o —

q + ,,(1) + ap"® + ap"®

2 oW, oW 4

- (@) 3 n(J) w(3)

= o Pop® oD T (5 39y
c@) _ o) OWs 0Ks Ty
p’'=p PIO) esinv PO €cos v P -+

EW, oW, o
+ Z ag*®ap"@  9¢70 (t=1,2.3).

=1
B stmx d)opMyJIax dopmur W3, K3, I'; numeroT cBOMME aprymeHTaMm
nepemennsie q”, p’.
. 94, Hopma.mmauun COBOKYIOHOCTH YJICHOB Y€TEEPTOTO0 MOPAXKA.
B mepemennxix {, P, BBeleHHKX B IIpefmymeM Naparpade, raMuabTo-
HUAH 3afla9 ¢ TOYHOCTBIO 0 WIGHOB YeTBEPTOrO MOPAAKA OTHOCH-
TenbHO |G |, | P| m e Gymer Takum:

H=H,(q,p)+ HY (a,p), (5.33)

THe H; BHUHCIAeTcA mo dopmyne (5.26), a ﬁ,ﬁo) uMeeT BUf
£y (0) n@) ;2 2 1 oW, \2 oW, \2

: 3 ”

1 W, \2 oW, \2 oH,©  aw .
=M [(__3_) _(__.L> ] T8 OWs (534
+ L\ 9g® p® | +j= ap® gD )

B (5.34) H”(°) u W3 — QyHKOUE HepeMeHHHIX {, P
Temeppr cmemaeM KaHOHHYECKYI0 3aMeHY DepeMEeHHBIX {, P —
~ g%, p* npum nomomn npomsBofAMmMel GyHKIAA

= (9, p*) +Wa(q, p¥). (5.35)

Hoad)d)mmen'ru d)OpMLI qe’rBepTon crenenn W, monpGepeM Tak, 4TOGH
B HOBHIX IePEMEHHHIX (*, p* WieHH 4YeTBepTO# CTelleHM B FAMHJIBTO-
HHaHe WMeIH HODMAJIbLHYIO d)opmy

*
@ . * ¥ 4G
.H ® = cao (¢"Wp*®)? + cozo ( + : ) + Covz ( : j;p ) +
@ @ ® 1 ,*@
+ €110 (*@p*®) (up—) + €101 (9*(1)17*(1)) (—'—'——q ;_ 2 ) +

2 2 2 2
i(2) i(2) *(3) 4(3)
+%u(q2ﬁpz)<“ s ). (5.36)
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B (5.36) Be:mumu ¢;j; — KOHCTAHTH, ABIAAKINEECH WHBAPHAHTAMH
HCXOofHOA Pyukmua [aMEIBTOHA OTHOCHTENBHO KAHOHAYECKAX Ipeol-
pasosanmit. Ilponenypa Haxoxpmenus ¢opmsr W, m kKoapdumuenTOB
¢;jx HopMaabHo#t popmsl (5.36) BecbMa crangaprHa (cM. npeoOpasoBa-
Hue Bupxroga B § 1 rmaBu 3), 1 IOTOMY MH 3[lech Ha Heil He OCTaHAB-
anBaemcsa. Qopmy W, Gymem HpencTaBiATh B BHNE TAKOA CYMMBI:

k1 ks ks ks K5 ke
* ¥ £
Wa = D Wk, ke, ks, ko, ks, AV PP Op @ g®p* @),

rie CyMMHUDOBaHHe IPOUCXONAT IO HEeJHM HEOTPUIATEIHHEIM GHCIAM
k;, cyMMa KOTODHIX paBHA deThHpeM. UMcioBiie 3HaueHEA KodHPumm-
eHT0B Popmbl W, Gruim monygeEs Ha IBM. JTH 3HaueHwsa cBemeHH B
rtaba. 22. HeBmmucasasie koapdmumenth ¢opmer W, paBHE HYIIO.
Koodpdunumenrsr c;jx, BXxogdmue B HOPMAIAbHYI0 dopmy (5.36) umeHoB
YeTBepPTOr0 MOPAAKA B HOBOH (yEKOum 'aMmiubTOHA, MMEIOT CiIefyIo-
e 9ACAOBEIE 3HAYCHUA:

ca0 = —1,92495045, copp = —1,94195756, copp = —1,28232557,
C110 = ""1.4,2446161, Cio1 — —11,8222486, _0011 = 3713444410.

C TOYHOCTHIO [0 BeJIMIUH TPETHETO MOPANKA MAJIOCTH CTaphie Iepe-
MeHHEIE {, P BRHIpasKaoTcsa depe3 HOBHE ¢*, p* coraacHo $opmymram

S0 ey W@ DY) 26 gy . OWa(a¥ p¥) L
q —q(’)f——alF(T-, D —P7+—aq,T (]—1,2,3).
(5.37)
3amena mepeMeHHbx, obparaas (5.37), ¢ To# jKe TOYHOCTHIO 3a/aeTCA
dopmyramn
q*(j) = -&(j) + BWA(Ei» f’)

by oG OWa(q,p .
PO po=p® TR ;g2

ap™
(5.38)
Taxum 06pasom, MbI HAIVIA BEIIECTBEHHOE KAHOHMYECKOE Ipeolbpa-
sopanme (, p — q*, p*, mpusoaamee ¢yurnmio Iammaprona (5.10),
ONMCHIBAIOMYIO [BUJKEHHe KOCMHYECKOT0 aNlapaTa OTHOCHTEILHO
Touku aubpannn L., K HopManbHO# dopMe, Comep:Kameidl BeJHEIHHEL
70 YeTBEpPTOTO MOPANKA MAJOCTH BKIOYHATENBHO OTHOCHTEIHHO
[g*|, | p* Jme. Dro mpeobGpasoBanme cxXeMaTHYECKM BEITJAMAT TaK:
1)q, p — q", p” (1uneitnoe mpeoGpasoBanue, IPABOAIIee K HOPMAIb-
Hoit $opMe KBaApPATHUHYI0 YACTh TaMIVIbTOHHAHA; CM. (QOPMYJIH
(5.21), " (5.22) m (5.24), (5.25)); 2) q", p" — q, p (ucwioueHme m3
$ysriumu ['aMuIbTOHA WIEHOB TPEThe# CTENeHH OTHOCATEABHO KOOP/H-
nat 1 mMoyascoB; cm. dopmyas (5.31), (5.32)); 3) @, p — g%, p*
(HOpMAIIA3AIMA COBOKYIHOCTH WICHOB 9YeTBEDPTOH CTemeHm; CM. $Op-
myast (5.37), (5.38)). Cornacmo ykazagHOR cXeMe, HCXOXHbIE BeTHIAHB
g®, p JerKo BHYUCIHAIOTCA IO H3BECTHHM 3HageHHAM ¢*(d, p*®
u HaoGopoT. :
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Ta6auna 22
Hunexc xoshdumn- | JACIOBOE sravenne || Funexc wooppumm- | THCIOBOE aHauenme
000400 2,46578791 200020 —4,14054944
001300 —6,22916787 110020 —17,76555006
002200 7,40002310 101020 3,31568348
003100 —1,75750231 100120 —2,22664160
004000 —0,854524547 020020 0
010300 2,83818588 011020 —4,86-55316
011200 —3,83448225 010120 23,8357405
012100 —0,666860651 002020 7,62697715
013000 2,19926340 001120 —6,47068885
020200 0 000220 2,99802101
021100 2,79546129 200011 4,25989016
022000 —2,03262786 110011 2,52974784
030100 —0,553699999 101011 1,79582387
031000, 0,626876590 100111 —7,29668759
040000 0,152090730 020011 —19,1640094
100300 —4,85997365 011011 —4,55249672
104200 0 010111 1,79533475
102100 —14,6378177 002011 7,31181418
103000 5,30365267 001111 —9,58863702
140200 —10,3586362 000211 —22,8099819
111100 16,7556303 200002 0,377834646
112000 —2,73595364 110002 —3,40772282
120100 —2,63136014 101002 0
121000 —16,5677667 100102 —1,14285015
130000 —0,150633933 020002 —0,337515709
200200 2,49039403 011002 —1,73401731
201100 —15,7981069 010102 —18,3902492
202000 0 002002 1,63710322
210100 8,92716071 001102 —3,88366484
241000 —10,8033415 000202 1,39515361
220000 2,96865583 000040 0,991848859
300100 —0,925745462 000031 —0,395325819
301000 3,89169338 000022 0
310000 —1,61978834 000013 0,880384132
400000 0,272267629 000004 0

5.5. O0mee pemenase BOPMAIH3OBAHHON cnc'reMM. Ycnosno-
nepuojnuecKHe JBWKeHAA. B IepeMeHHHIX q*, p* ¢ymxuua Ta-
MHJIBTOHA C TOYHOCTHIO [0 BEIHYAH UYETBEDPTOro HOpPARKA MAaJOCTH

oraocuTeibHO | q* |, | p* | m e Bammmerca B Bume

H* = Ay (q*<1)P*(l)) + Azpz + Aapa + €200 (¥ Wp*MW)2 + Cozopz +*
+ 000293 + €310 (g*¥Dp*D) Pz + €501 (g*Dp*®) Pa -+ Cou(%z%?g)

(g*® = V207 sin g;, p*® = V 2} cos ¢, (j = 2, 3).
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Ofmee pemenne CcOOTBETCTByOmel cHcTeMH Au@depeRTHATBHEIX
YPaBHEHUIT omnpenensercd QopMyIaMm

g0 = g;¥ exp o, p'® = py” exp(— 1), (5.40)
q‘(j) e VZP;) sin (p:‘, p'(j) = Vzp;, co0S (Pt (] =2, 3), (541)
(Pr=(°1(V—V0)1 ‘P:=w2(V—VO)+(P;m (P;= @g (v — Vo) ‘P;:)s

(5.42)

®1 = Ay 4 2¢500 (qé(”pB“)) + 01109:0 + 01019:0’

0y = A,y + 20020920 + 6'0119:?0 + €110 (QB(I)P:)(I)% (5.43)
Wy = As 4 26’0029:0 + c10105 P + CouP:o-

Yepes vy B (5.42) o0osHaueHO 3HAUeHWe MCTHHHON AHOMAJHWE vV B

o %k * *
HAYAJIbHEIX MOMEHT BpeMeRM ¢ = %,. BeamumHm ', p.,(l), p;om,

@ (j = 2, 3) WrpaoT poib NPOM3BONLHKHX IOCTOAHEKX HETerpH-
pOBaHHUA.

O6mee pemenme (5.40) — (5.42) Bmecre ¢ GopMyraMi HOpMAAH3Y-
fomux npeofpasoBaHEB ¥ KOOPHHHATHHX HEepPeXON0B IO3BOJAET AJIA
11060T0 MOMEHTa BPEMEHH HIOJY4YATH NPUOIM;KeHHHe 3HAYeHHS KOOp-
JAMHAT ¥ KOMIOHEHT BEKTOPA CKODOCTH KOCMHYECKOro ammapaTa B
aGCoMIOTHOR cmcTeMe KOODHEHAT.

JlBuxeHHe KOCMWYECKOTO ammapaTa B OKpecTHOCTH L,, B CHIY
CYIIEeCTBOBAHHA B O0IleM pelieHAN SKCIOHeHNUWAJBHO BOSPACTAIONIUX
¢yEKnEA Bpemenm, HeycroidumBo. Ho ecam mHavanpHHE yCa0BHA
BHOpaTh TaK, 4TOOH

%™ =p® =0, (5.44)

10, coraacuo (5.40), (5.41), nBM;KeHHe KOCMHIECKOTO anmapaTa BOMu3H
L, Gymer yCioBHO-IIEPHOAMYIECKEM (B paMKax PacCMOTPEHHOrO HpH-
6nmxennsn). Ecian jKe HavaJbHEE YCHOBAS TAKOBH, YTO BHIOJHAETCH
TOABKO ONHO H3 paBeHCTB (5.44):

am =, (5.45)

TO JBH;KeHME KOCMHYECKOro ammapaTa TaKKe Oyfer IPOHCXONHUTE
BOnmsm L,, a ¢ yBeamueHEeM ! OHO GyHeT ACHMITOTHYEeCKW HpHOIE-
JKATBCA K YCIOBHO-IEPHOAMYECKOMY ABHKEHHIO.

§ 6. Onenka TouYHOCTH NOCTpOeHHON Teopunm nemxenus KA

6.1. O6mme 3amevamms. Cpem Bcero MHOKECTBA TPaEKTOPHiA
nsmkenna KA B okpecrrHoctn L, HanGonsmuii IpaKTAYeCKAR MHTEPEC
IPeACTaBIAT YCAOBHO-Iepuogundeckue Tpaexkropun. HamGouxee cyme-
CTBEHHHIM JIOCTOEHCTBOM IPeIJI0KEeHHOI0 B HACTOANIEH IIaBe aHAJIHATH-
YeCKOTO MeTofla pacuera nBmxeHma HA aBiAeTcs BO3MOMKHOCTH
npubaKeHHOTO ONMCAHEA MHOr00GpasHs TaKAX TpaeKTopmi.
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‘Ho mockoxpKy pealn3oBaHHAA IPOLEAYpPa AHAIUTHYSCKOrO0 METONA
pacdeTa JHIIb NpuOIMKEeHHO OIHMCHBaeT ABM:KenHe I{A, To Tem caMeM
u MHOrooGpasme YCJIOBHO-NIEDHOAMYECKHX TPAEKTPPHIL ONmpeIeneHO
TaKKe NpmOameHHO. B wacrHOCTH, B TOYHOM pemieHME 3ajaum o
asmxenun KA, ompepensemoM HadaibHHIME JaHHHMEA, COOTBETCTBYIO-
IUME yCJIOBHO-IEPHOAMIECKOMY [BHKeHHI0 IpHOIMKeHHON 3ajavd,
Hen30exHO GyayT OPHCYTCTBOBATH 9KCIOHEHIMAIHHO BO3PACTAIOIHE
¢ynrnue Bpemenum. J[is OmMEHKA TOYHOCTH LPHGIMKEHHOTO METONA
Gb110 LpOBeeHo CpaBHeHWE C Pe3yJabTaTaMHE YHCIEHHOTO MHTETPHPO-
BaHOA CTPOTMX YpPaBHEHHN NBHKEHHSA B HEeKAPTOBHX KOODAWHATAX.
JTH pesyabTaTH PACCMATPHBAIACH KaK 3TaXOHHEE. Boobme rosops,
JLOCTATOYHO TOYHOE BEUHCAeHHMe Koopamuatr HA B oxpecrmocTm He-
YCTOHIHBOA 0COGO0H TOUKHM ¢ MOMOINBI0 YACICHHOIO HHTEIPAPOBAaHHUSA
TaKKe ABIAGTCA HEKOTOPOH Hpob6aeMoil, TAK KaK METONAIeCKAe Omus-
KM aOOPOKCHMAIAN U OMHOKA OKPYIJIeHUA SKCIOHEHIUWAJIHHO BO3-
pacraior. Omenkm NoKasadW, 9TO MX CyMMapHas LOTPemIHOCTh Ha
uutepBaie 10 cym me mpessimaer mpumepHo 10 x, wTo cymecTBeHHO
MeHbHIe OmUGOK NpuOAMKeHHOro MeTofa. 11oaToMy s Hammx memei
PesyJibTaTh YUCASHHOI'0 HHTOIPEPOBAHAA MOKHO IPHHATH 34 DTAJNOH.

'JTaJOHHKE PACYETH NPOBOSWIACH B ABYX BapHaHTaX.

1) {zmmenne KA OHpeeJIAeTCA pelieHrneM TOYHOH CHCTEMEI yPaBHe-

HUii OrpaHAYeHHOR 3afaud Tpex Tex (3emuas — Jlyna — KA). 1Bmxke-
mne JIyEHR danmnrTHgeckoe.
- +2) Iemxenne KA ompemensiercs pelmeHmeM TOYHOR CHCTEMB ypaB-
HeHHii 'orpaHnYeHHOR 3amaun gethipex tea (3emus — Jlyna — Coan-
ne — KA). TeonerTpuueckme KOOpAMHATEI M KOMIIOHEHTH BEKTOpA
cxopocra JIyHs r, (£), v, (f) ompeNeAOTCH 9UCICHHBIM HHTEIPHPOBA-
HEeM ypaBHeHmil 3afjaus Tpex Ten (3emua — Jlyra — Coanme).

TlepBriit ‘U3 BTHX BApPMAHTOB CIYIKUT /A BHABICHHUS BO3MOMKHBIX
rpy0HiX OmMHGOK aIrOPATMA M OLEHKH METOAMYECKUX OmMuOOK, CBA3AH-
HHIX ¢ 'y9eTOM B HpUGIMKeHHOH TeopuE IpeAmAymiero maparpada
WIeHOB JHMmb [J0 KOHEYHOro HOpAAKa Majoctd. Bropoit BapmanT
OHEHHBaeT CTelleHb MNPUrOJHOCTH HMOCTPOEHHOU B NIpeAHAYIieM Hapa-
rpade TeOpHH B Ciyuae dIIANTAYECKON 3aaTd TpeX Teld [JA OIHECA-
HAA PeajbHOro ABHKEHHA LOPH HAJWYKH COJHEYHHX BO3MYIIEHHH.
B o6omx Bapmantax cpaBHeHHe Pe3yJbTaTOB HPOBOMMIOCH HA Tpae-
KTOPAAX, COOTBETCTBYIOMUX IPUOIMKEHHO YyCIOBHO-NEPHOTTISCKAM
Tpaexropmam g3 = pe* = 0, KA PABIMIHEIX HAYANBHEIX 3HATE-
i gy, pa (i =2,3). ' :

6.2. PegynpTaThl YHCIEHHBIX SKCHEPHMEHTOB B DJUIHIITHYECKONH
-safjave. CpaBHeHHe Pe3yJbTaTOB, MONyYeHHKX OPHOIMKEHHEIM MeTO-
AO0M, C pe3yJbTATAMH 3STANOHHHIX PAacYeTOB IPOBORHIOCH JJIHA Tpex
TPAGKTODHiA, OUpe[leNAeMEX TAKAME HAYQJIbHEIMA NAHHHIMA TpH
P = tok:

grY = p*D) = 0, g*@) = p*@) = g*® = p*® — §,
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rae 8 = 0,005, 0,01 u 0,02. Itr 3HauenEa 8 coorBeTcTBYIOT Op6HTAM,
yAaueHHBM ot toukn L, npmmepuo Ha 2000, 4000 m 8000 xx.
O6Go3mauum wepes ' (¢t — &) H r, (t — f5) TeomeHTpHYECKEE
pafEych-BexTopst KA, BHUECIEHHEE COOTBETCTBEHHO B IPHOIMKEH-
HOM ¥ 3TajoHHOM pacyerax. OmuGKy NpHOIMKEHEHOT0 METOla pacyera
OymeM oIeHEBATL BeIWuYHHAMH KomuoHenT Az, Ay, Az BexTopa

Ar=1r (t — to) — Ty (t —_ to).
B pesyabrarte BEIUMCIeHHE ¢ PasNUYHHMA 3HATCHAAME 6 Opm momy-

YeHH 3aBHCHMOCTH KOMIOHEHT BEKTOpa Ar oT BpeMeHH. OTH 3aBHCu-
MOCTH IIpe/lCTaBleHE HA PHC. 45 cnuomHBME JEHEAME. Bmano, uro

Az, By, 8z, kM Az, 8y, 8z, kM iz
st @ ’ &=4005 ay/) 5w ’
4z ! 4z
!
/ 4z
7 T . Vi
SN S VA
AN ~/ (-1, com
\
-t Ay\\‘ \z ~500
(B AN
4z, 4y, Az,xm Az, 8y, dz,0m 1 az
7/ dz Ty
’ ;=402 » 7=0 a4z
i - /..
(t-Ly), cym " 4
. Ay ( 7- f”)yly//}
=500 1

Puc. 45. OmmOKH aHAIMTHIECKOH TEOPMH B clydae 3JIIANTHIECKOH OrpaHUYeH-
HOHA 3afauM Tpex Teu.

omubka mocrmraer BeamuuHbl 50 — 70 kx 3a Bpema 15, 10 m 5 cym
coorBercrBenno guag 6 = 0,005, 0,01 z 0,02. B nociaenyomue MOMEHTH
BpeMeHH OmHOKE pacTyT odYeHb Owicrpo m mpu ¢ — fp, = 20, 15 u
10, cym  coorBercTBeHHO nHpeBocxopAT 900 K. -

Ecnu B Tpex paccMOTpeHHBIX BapHaHTaX 3aUKCHPOBATH WHTEPBA
BpemeRn ¢t — ty = 7 cym (3T0 OpEMEpHO WOJOBHHA mepmopa nmbpa-
poun KA B okpectnoctm L, cucremsr 3emass — JlyHa), To MakcHMalib-
ure ommOKa cocrasar 0,9, 11 m 210 xx cooTBercTBenHO. M3-3a Bams-
HHA HeYYTeHHHX YIeHOB HOPMAaJN30BAHHOTO TaMHJIBLTOHHAHA MOMKHO
‘omupath omuOKy, nponopn@onaasayio 84 C arum npumepHo corxacy-
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eTCA 3ABHCHMOCTb M30XPOHHOH OMEGKH OT §, BEHIABIEHHAA B Pe3ylb-
TaTe NPOBENEHHEIX PaCYeTOB.

JlomoNHETeNBHEIR DPacUeT ¢ HAYANBHEME NAHHHMH, COOTBETCTBY-
IomEMa To9ke Aubpamun (6 = (), moKa3aia, 4TO B HTOM CIAyIae MAKCH-
ManpHAA ommGka 50 mm mocTHraercs Toabko wepes 20 cym (cM.
puc. 45, 2), a B KOHI|® CeMHECYTOYHOTO MHTepBaJa ommGKa He OpeBoC-
xoxut 60 M. :

Ha pmc. 45 myHKTHpHHMHA IMHHAMEA ITOKa3aHA 3aBACHMOCTD OIIH-
Gok OT BpeMeHH 1A CIIydas, KOIAa IPUOIMKEHHE® PACIETH BEIIOIHE-
HHl B paMKaxX JMHEHHOHE TEODHH, T. €. B yPAaBHeHUAX JABMKEHHA 0T6PO-
INeHEl HeJMHEHHEe YWIeHKH OTHOCHTeIBHO IepeMeHHHX ¢*(), p*G),

s pucynkor BmpHO, 9T0 B 3TOM CIyuae ¢ yBelmdeHHeM § BOBoe
M30XPOHHAA OMHOKA YyBEJIMIMBAETCA B dWeTHpe pasa. CpaBHeHHe
CIUIOIIHEIX ¥ HYHKTHPHHX KPHBHX IOKA3LBaeT, KaK M CJIEZ0BAJIO
OKHUIATH, CYMECTBEHHYI0 POIb HEJHHEHHHIX WICHOB.

6.3. OmmuGku Teopmi B ciyyae yuera CONHETHBIX BO3MYIIEeHUIA .
IlpoBepka TOUHOCTH IOCTDOEHHOH TeOPHH [BUKEHAS BOIU3M L, opu
yueTe CONHEYHHIX BO3MYIEHAH ObuIa OCYmECTBIeHA CJIeyIOMEM

dz, dy, 42, k1 dz, 4y, 4z, x4
L ) 4z o t
st 4 =gt 0
4z
4y
aJ ¢ q
‘4W(t—tﬂ) sy
=500
4z, 4y, 4z, 1+ Az, 4y, 4z, k1 4yl |4z
st 8 dz AN
b=q07
4z
J i 7 —
d L .
O/ tet)om i-ty), sy
/A 4y

Puc. 46. Omm6xy aHATHTHIECKOH TEODHM IIPH y9eTe COMHEUHHX BO3MYIIeHHH.

obpasom [40]: Bee HeoGXOAMMEBIe 1A pacdeTra KOODAWHATHEE HOPEXOMLI
§ 3 ocymecTBiANHACh HA OCHOBAHHYM PEAJIBHOTO [BHMKEHHA JIyHE
(xoTopoe 3agaBasoch TaGAMYHEIM COOCOGOM, HpUdYeM HYKHbe Tal-
JHOHE TOJYYaJHCh M3 YHCICHHOr0 WHTErPHPOBAHHA 3aMa9M YeTHPeX
rex 3emns — Jlypa — Coxane — KA), a Hopmanmsyomue upeobpa-
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30BAaHUA § 5 OCYINECTBAAIMCH HA OCHOBE DIJIMIOTAIECKOrO JBHKEHHA
Jlynu, opruem pua smementoB op6uThr JIyHE HPHHAMAJHECH HX OCKY-
JApyIOMAe 3HAYeHAsS HA HAYAJBHHIA MOMEHT BpeMeHH [lo. TakuMm
o6pasoM, BimsaAe COMHNA HA OTHOCHTeNLHOE [BHKEHHE HE YIUTH-
BaJIOCH.

Pacuertr mpoBofmimch s Tex ke HaUAJLHHX NAHHHX, YTO U B
OpefnaymemM naparpade. 3aBucamoctm Az, Ay, Az or BpeMeHH
npefcraBlIeRH Ha puc. 46 mua § = 0,005; 0,01; 0,02; 0. CpaBreHme
pHc. 45, 2 m 46, 2 moKaspiBaeT, YTO HeLOCTATOYHO IONHHIM ydYeT COJ-
HEUHHX BO3MYIEHMA NPUBOAMT K Goxee OGHICTPOMY HAPACTAHAIO
omubka. Pesaxoe napacranwe ommGKE B paccMaTpEBaeMOM BapHaHTe
0 = 0 npomcxonur mpuMepHO Ha ABEHAALATHE CYTKH (a He Ha ABajAma-
THIe CYTKH, KaK B JJUIANTHYECKOH 3amaue). )

W3 cpaBHeHEA pe3ynbTaTOB HPHOIHKEHHOTO DPEMICHHMA BIANITH-
9eCKOH 8ala9d TpeX TeJ U 3afa4d YeTHPeX TeJ IIPM DPasIudIHHX §
caenyer, uto npu § < 0,01 ocHoBHEIe OmMOKE 0GYCIOBIEHN HENOCTA-
TOYHO WOJAHBIM y9eTOM CoNHeuyHHX Boamymenmi. IIpm & > 0,01
ONpefelAIOMEMHA CTAHOBATCA HEJIWMHOHHNE WIGHH, HEYYTEHHbE B
npubamKeHHOM MeTOKe. B KOHIle CeMHACYTOYHOI0 MHTEPBAJa BpeMe-
HU ommGKa cocrasiaser 3,5, 30, 60 u 300 kx paa & = 0; 0,005; 0,01;
0,02 coorsercrenHo. '

Jli1s OmeHKE 3aBHCHMOCTM METORMYECKOH OMUOKH OT HAYAJbHOTO
nosoenns Jlyns u Connna Gria mpoBefeHa MONONHATENbHAA CePHA
pacueroB ¢ § = 0,01. Orasamnocs, 9To omubKa ciaabo 3aBHCAT OT ITHX
IapaMeTpoB ¥ B KOHIle CEMUCYTOYHOTO HHTEpBaJa A BCeX BaApHAHTOB
uamengerca B npefeaax 50—80 xm.

JamernM, 94TO AJA paccMATPUBAEeMOR METORMKH OYeHb CYIECTBEHHO
UCIOJIH30BAHHE B PACICTHHX (OPMyJIax HapaMeTpoOB PeanbHOro (a He
JIIMOTAYeCKOr0) ABmKends Jlymn. IlomeiTka anIpOKCHEMHPOBATH
nBWwKeHAe JIYHH HA CeMHCYTOYHOM HHTepBajie BpeMeHH QopMyinamu
3a/la4y ABYX TeJ HPHBOANT K omubGKaM ounpefieleHUs IeONeHTPUIeCKIX
roopamaat mopamka 1000—2000 xa.



OJOHNOJHEHUE

TOYKN JIUBPAIIMN B OKPECTHOCTH
BPA]]IA[OIIIEI‘OCH TPABUTUPY KCINETO 3JUINIICOUIA

§ 1.. YpaBuenusa nsm:keHnst

Kpome Touek ambpanum 3ajaum Tpex Tel, B He0ecHOH MexaHHKe
HM3BECTHH eIe TOYKA JHOpanud B OKPECTHOCTH BPAaIalMerocd rpaBu-
THpylomere sanmmcompa. Hx cymecrBoBaHHe OBJIO YCTaHOBIEHO
10. B, Barpaxosnim B pabore [6]. 9tn Toakm ambpanmn IPeJICTaBAAIT
co0oil WacTHEe pemeHHs AUQPepeHINAIbHEX YDPAaBHEHUE ABUKEHHS
Ma'repnanbﬁon TOYKH B OKDPECTHOCTH BpPAmAIOMErocs ¢ HOCTOSHHOHR
YIVIOBOH CKOPOCTBIO TPEXOCHOTO TPAaBHTHDYIOMero siimmcoumpga. Bo
Bpamapmeicd, CBA3AHHOM C BJUIMICOHMIOM, CHCTeMe KOODJAMHAT STH
9YAaCTHEIC PEaIeHAs TpPeNCTaBIAIT €o00H MHOJ0MeHHA PpaBHOBECHA.
Taknx paBHOBEeCHBIX HOJOKEHH MATePHAJBLHOE TOUYKH BCErO UeTHpe.
OBE pacHONOeHH Ha INpPORO/KeHHAX Oonpmro u Madoi oceit
HKBATOPHAJABHOIO CeYeHHA JIIMICOUAA CHMMETDHYHO OTHOCHTENIBLHO
ero IeHTpa Macc.

B cratse [1] B. K. AGanaxkun ucciaeqoBaj yCTOAYABOCTL YIOMA-
HYTHIX TOYeK AuOpanuu B JHHeHHOM DPUGIMKeHNE W yCTAHOBMI, YTO
ABe TOUKM AuOpAI|M, PACIONOKEHHHe HA HPOAOJIKeHHH GOoMbmIoH
[IOJYOCH -dKBATOPMAJIBHOrO CeYeHHA SJIMICOMAA, HEYCTOHYHMBEL IO
JlanyHOBY (BHIIOIHEHH JJOCTATOYHEE YCIOBHA HeycTonanocm), a fBe
ApYTHe TOUKH, DACHOIOKEHHLe Ha HpOAOLKEeHHH MaJoil moiayocH,
ycTORUMBH B HepBOM NPHGIMKeHNH (BHIOJHEHH HEOOXONUMEIe yCJIO0-
BHA YCTOAYMBOCTH).

JlanbEeiimee ucciefoBaHne yGTOH‘IEBOCTE Touek JuOpanum, pac-
TOJNIO’KeHHHX Ha LPONOKEHMH MAJOH HOJYyOCH SKBATOPHAILHOTO
CeueHMs DIIMICOMAA, mposefgeno B paborax C. I'. Hypasaesa [25,
184, 185]. Mcnonn3oBaB HeaBHEE Pe3YIHTATH T€OPHHA IaAMUMIBTOHOBEIX
CECTeM, H3JI0KeHHEe B TyiaBax 4 u 5 macrosameit kuuru, C. I'. JHypas-
JIeB HOJY9HI CTPOTHe BHBOAK 06 YCTOXYABOCTH dTHX TOYeK JUOpamuu.

Hmxe KpaTKO W3JaraloTcsa pesyibTaTH yOOMAHYTHX pabor
1I0. B. Batpakosa, B. K. A6anaxuna u C. I'. #lypasnesa, mocBamen-
HEIX TOYKaM JHOpan@M B OKPECTHOCTH BpAamialomerocd 3JJIHUIICOHAA.
CHavaja MONyYnM ypaBHeHHA ABWKeHAA. [[ycTh MaTepAaIbHAA TOUKA
ABHKETCHA B TOJie TATOTEHHsA BPAIIAIOIMErocs ¢ MOCTOSHHOH yIIoBOMR
CKODOCTBI0 @ TPEXOCHOTO I'PABHUTHPYIIIETO SJIAMICOMAa Macchi M.
BrfepeM npsaMoyronpHyio cucreMy KoopamHAT Oryz, CBA3AHHYIO C
snmancougoM. Hawano 9Toil cmcTeMH KOODAWHAT IOMECTHM B LEHTP
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mace O snauncompa; oca Oz, Oy 1 Oz coBHafilaloT ¢ IIaBHEIMH IEHT-
PATBHEIMA OCAMH WMHepIUH JJIHICOMAA, W HaIpaBleHHe YrioBOH
CKODOCTH BpAIIeHHs IMOCTE[HEr0 COBIajaeT ¢ Hampasiermem ocu Oz
(puc. 47).

Hudpdepernnanpuse ypaBHeHHs ABHKEHHA MaTePHAIbHOHA TOIKH
BO Bpamaomeiica cucreme KoopauaaT Oxyz Momuo (cum. [24]) 3ammcars

B BHJe
d*x dy 5 OV 2 S w
E T 20 — 0T =7, g
d2y dx 0, . OV
_dt2 —*—20)-&'—{— —E, ('1.1.)
d?z oV
2 9z !
THe V — noteHI@aa NPATAMKEHHA
BIIAAICOULA.

HyCTL SINIuNICcoOng HpencraBadAeT

€060l OLHOPONHOe T'PABUTHpPYIONIee . T

Te10, TOBEPXHOCTH KOTOPOTO Mom- LBC. 47. Toukm AHOpamuy B OX-
PeCTHOCTH BpamlalOIEerocsa TpaBH-

HO 3aIMCATH B BUJe yPaBHEHHA THPYIOEro  HILIMICORHA.

72 2 22

=+t Ft+t=z=1
IToTenmuaa TaKoro dJIMICOMAA HA BHEMHIOK TOYKY 3afaercs gopmy-
aoit Mupmxiae [24]

3 ¢ x2 y2 ds
v=2mli- 2~ _ )
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TAe / - 1 paBHTANMOHHAS HOCTOAHHAA, & U — TOJIORUTEIBHEIE KOPEeHb
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1. (1.3)

ITycrs sammcomy Mano oTa@HYaeTcss OT OZHOPOJHOIO .MIapa pagmyca
R u wmMmeer oObeM, paBHBI 00BemMy 3Toro mapa. Torga

=R+ o, b? =R+ B, c2=R?} o, (1.4)

e a’, B’ U ¢’ — maasie 10 cpaBHEHUIO C /{* BeIMUMHBI, KOTOpHIE B
CHIy PpaBeHCTBA O0BLEMOB JIJMICOMAA ¥ IHapa YMOBJIETBODAIT C
TOYHOCTBIO /10 MAJHX (0jiee BBICOKOTO HOPSAAKA COOTHOUIEHHIO o -+
+ B’ + ¢ = 0. Paznaras morennmumasr (1.2) B pajg Ho CTemeHsM o,
B’ ¥, moiyuaem BHIpaKelue A MOTEHITNAAA HPHUTAMKEHN S ILIMIICON -
73 B BHMe.
P A NP
SRR LR T (1.5)

P

BI[eCI) He BHIIACAHBI WICHK 00Jiee BBICOKOTO HopAgKa OTHOCHTEJBLHO
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o', ', o', a 9epes p 0603HAYEHO PACCTOAHHE OT MATEPHANLHOR TOYKE
RO LEHTPa Mace SIIIAICOHAA.

Jaa pansHeilimero yno6Hee paccMaTpUBATh YPAaBHEHHA [BHKEHAA
B GespasMepHEIX IepeMeEHHX. Iloxoxmm

T=ot, E=z-a, N=y-aq, {=zad,

rie apo? = fM. Bpemem eme BMecTO Tpex MaJmx Beawmuyus a’, f’,
o’ opue mapamerp & (0 <& <€ 1), cBA3aHHNWI C yOIOMAHYTHME BelIH-
YUHAME COOTHOIEHAAMHA

3 o 3

TO—-a—g-_—_E(l, 10 = g0. (1.6)

= &,

=
&lQ
| a

o=
(=}

B HOBHIX HepeMeHHHX ypaBHeHEA ABmxenuaA (1.1) sanmmyrca B BHAe

@ o dn 4
T %dr T ST TeE
don dt 1%
_—d‘r? —}—-2-—([1' -——-'r]::_—.—an ) (1.7)
a2y v
T =g
rne
- 2 2 2
I/=%+3_‘_‘_§+_5:}5+_°§+,,,, rP—B g (1.8)

§ 2. Touxn JmOpanaa

Haitpem nomxoskeHAA paBHoBecus cucTeMH (1.7), KoTopkie ompepe-
JAAIT KOOPRHHATH Touek nubpanuum P; (i = 1, 2, 3, 4) B oxpecTHOCTH
Bpamanmerecs rpaBUTHpYyomero sjumncomfa. Ma (1.7) moaygaem,
970 HOJOKEHHA PARHOBECHS MOJIKHH YHOBJIETBOPATH TAKOM CHCTeMe
YPaBHEHHI:

oV v v
-f—i—E:O, a—n+n=0, "5'i‘=0- (2.1)

Hcnonbsysa pasencrsa (1.8), mepemmmem 3Ty cHcTeMy B BHfe
g 2a aE? + fn? 4- o2
E——,s—-f"g[e('—,s —5——_“6:71 : )+...]=O,

n—;’l—+n[e(ﬁ—5W)+m]=0, - @2)

_%4_@[8(;7;"5%)—*_"'] = 0.

W3 mocaensero ypapHeHHA cHCTeMH (2.2) BHIHO, 9TO OPH JOCTATOYHO
MaJHX SHAYEHHAX € OHA MOKeT MMETh TOJBKO TaKde pemIeHAs, NJid
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KotopHX [ = 0. ITonomxus B (2.2) Beruauny { paBHOHA HyJI0, HOIYIHM
AIA HAXOKOEHHA KOOpRHHAT TOYeK JHMOpammm CHCTeMy JIBYX ypas-

HeHU#
20, a2 4 fn?
g{ 3 S[ = — ,]—*—}:0,
E,?+ n*) ER KR (2.3)
28 a?—kbﬂ”] }__0
3 e - T 7 cee e =V,
O f o i
KOTOpas TPH MAJHX & HMEET YeThpe PEeNIeHds, OIpPeNeNsIOMmHX Koop-
AEHATH derhipex Touek ambpamuu P;. Vmeem

Pi:&=1+4eax+ ..., o =0, Lo =0;
P;:§ =0, Mo =1+¢€p+ ..., Co=0;
3:8=—1—¢tx—.., n=0, &o = 0;
P,:% =0, N=—1—¢ep—..., G=0.
(2.4)

Touku nuGpamuy JeKaT HA NPOMAOJKeHMAX GONbIIOE B Mamoi momMy-
ocefi SKBATOPHAIBHOIO CEYCHHA DIIMNCOUJA CHMMETPHIHO OTHOCH-
TeJIBHO ero meHTpa Macc. CxeMaTHyeCKH OHE H300pakeHH Ha pmc. 47.

§ 3. Jluneiiapiii avaiM3 ycTONYMBOCTH TOYeK JmOpanmm

WccaenyeM yCTOW4mBOCTH TOJYYeHHHX Todek Jaumbpanum. Bau-
Ay CHMMETPHM MOKHO OTrPAaHHYATHCA pPACCMOTPeHHeM OfHOH M3
ToueK, maopamep P,. PaccMorpuMm cHavasa ycrod4mBOCTh B JIHHEH-
moM mpubamuxenud. [Tomosxum

E=E8 4+ g, M=1n+ g L= L+ ¢gs (3.1)

rae Eq, Mo, (o — KOOpAEHATH TOYKE iaubGpamum P,, ompepeirsemiie
dopmynamm (2.4). JluHeapusoBaHHEEe ypaBHeHWA ABMKEHHA 3alUITyT-
¢a B BUje

Lo 288 _3(1 4 2at...)q1 =0, (3.2)
fgzz +25 dql +2e@—B)+...1¢2=0, (3.3)
%+[1+28(a—0)+...]q3=0. (3.4)

XapaxrepucTuieckoe ypaBHeHHe cmcreMH (3.2) — (3.4) pacmagaercsa
Ha /(BAa YPaBHEHHA: OJHO YETBEPTOTO, a APYyroe BTOPOT0 HOPARXKOB:
M4 —2eR2a+p)+ ... JA2+6e(p—a)+ ...=0, (3.9)
A2+ 1+ 2e (¢ — o) +... = 0. (3.6)

U3 (3.5) u (3.6) momryuaem, uro ecnm a < f§, TO A KOCTaTOIHO MAIBIX
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*® XapaKTePUCTAYECKOe YPABHOHHE HMMEeT TPHM Laphl YHCTO MHAMEIX
HKOpHeH:
Mo =t ioy, hgq = + i0g, hgs = = iy, 3.7)

THe ®; —9aCTOTH MAJBX KolXe0aHWA MaTepHa bHOM TOUKK BOau3u P.:
i 1

o =14+ e(@—4B)+ ..., 02=V6e(B —a)+.., o=
=1+4+e(@—o0)+ ... (3.8

Ecam swe @ > f, To Opu focTaTouHO MAJBIX € OMH U3 KOPHeH Xapax-
TePUCTHYECKOT0 ypaBHeHWsA OyHeT BeNIeCTBEHHHM IOMOKATESbHEM
auncaom A = Y 6e (@ — p)+...

Takum o6pasoM, B cilydae BHIOONHEHHS HepaBeHCTBA o <B

{r. e. Touka ambpammm P, (a Taxke um Touka P;) pacmoiomena Ha

IPOROKEHNH MAJIOH MOJYOCH dKBa-

TOPHAIBHOI'0 CEICHHS JJLIAICOUA)

J@HeapusoBaHHAaA cucrema (3.2) —

(3.4) ycroiiumsa, a smagmr, mIA

TOONHOM HeIMHeHHON cucreMsl KEQ-

¢epeHIIaNBHEX ypaBHEHAH BO3MY-

Vi IMEeHHOT O IBHKEeHNAsA BEIIOJIHEHH He-

gf  0OXOAMMEIE YCAOBHA yCTORYIABOCTH.

B caygae me, korma a > B (1. e.

TouKa aubparnum P, (a TakKe U TOYKa

P;) pacmonoskena Ha NpOJOKeHAR

60aBIIOHA TMOMYOCH SKBATOPUATBHOTO

: cedeHHs 3JLIUOCOMAA), JAHeHHad cH-

Puc.. 48.; O6nacTi 'ycToHYMBOCTH  creMa (3.2) — (3,4) HeyCcToHYMBa, a

i HeyCTOHIUBOCTH TOUOK JMOPAIMH  yaye - meycrofiumBa mo JIAmyHOBY
‘TPEXOCHOI'O TI'DABHTAPYIOLIErO 3JI- .

aTComaa. ¥ NONHAA HeJlMHeAHas CHCTeMA YPaB-

: HeHHH BO3MYIIEHHOI'O [BW;KeHHA.

- Ha prc. 48 B nockocTn mapamerpos eo u ef mokaszansr o6xacts 7/,
T 'BHIIOIHEHE HeOGXOMUMEIE YCIOBHA yCTONIABOCTH TOUEK JaGpa-
nuu, u obaacts [/, B KOTOpOH TOUKH JuGpamuum HeyCTOHYUBH IO
JlanynoBy (ma pumc. 48 mpmusaTo |ea | < 0,4 m |ef | < 0,1).

K

§ 4. PeaynpraTel HeNMHEHHOTO MCCIENOBAHHA YCTOHYHBOCTH

C. I'. Hypasxessim B paGorax [25, 184, 185] nposeneno noxpoGaoe
HeJIMHeHHOe HCCIe[0BaHAE YCTOAYMBOCTH TO4YeK aubpammm P; mis
3llaveHUil MapamMeTpoB eo, &ff, mpumHamaesKkamux obmactm I pue. 48,
rie BHIOJIHAIOTCA HeOOXOMUMEE YCa0BAA ycroiumsoer. Henuneitnoe
HCC/Ie[0BaHNe NPENCTABIAeT BHAYATENbHEE TPYAHOCTH, IOTOMY UTO B
ob;1acta I, Kak HoKasaHno B ctatke [184], ramanbronman BoamymerHOro
ABIKeHMA He GyleT 3HAKOOIpeneNeHHON QyHKOHed. 3qech CATyAIAA
COBEPIIEHHO AHAJOTMYHA TOH, KOTOpasg HMeeT MeCTO B 3ajage 00
YCTOHYHBOCTH TPEYT'OMBHEIX TOYEK JAUOPALEA KPYTOBOR OrpaHUYeHHOR
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safiadm Tpex Tex (cm. riaeul 7 u 8 kamru). CoBceM He OCTAaHABIWBAACH
Ha OYeHb TPOMOBJIKAX BHUMCICHHAX, OpOBefleHHMX B paborax [25,
184, 185], npusemem TONBKO OKOHYATEJIBHEE DPEBYJIbTATHL.

Paccmorpum cHawana cayvail miockoi sajaud, T. €. CAOydai,
KOTla MaTepMalbHAaA TOYKA BO BCe BpeMsi [BHKEHH] He BHXONHT U3
INIOCKOCTH SKBATOPHAJILHOTO CeveHHA simncomia. B cratee [184}
HNOKa3aHo, 9T0 B obnacta / CYymMeCTBYIOT KpHBEE, HA KOTOPHX 9aCTOTHI
0, ®y YAOBIETBOPAKT PE3OHAHCHHM COOTHONICHHSM TPEThETO H
9OeTBEPTOro HOPANKOB (), = 2wy M ®; = 30p. ITH KpUBEE IpeACcTaB-
aens Ha puc. 48. Pacuers, npoBenennsie B [184, 185], mokazann, aro
AN 3HAYEHWH MApaMeTpoOB &, &£f, JeKAMHAX HA KPHBOE ) = 20z
H Ha YaCTH KpHUBOH , = 30, I7le BHIOJHAETCA HEPABEHCTBO
—0,0634 < ep << —0,0629, Toukm ambpammum HeyCTOMYMBHL IO
JlanysoBy. B ocransroit gacta obnacta  TouKku aubpanue yCTORINBES
mo JlauyHoBy (Kpome, GHTH MOMeET, ABYX TOYeK KpUBOH ®; = 3w,
B Koropux &ff = —0,0634 mam —0,0629; sTe nBe TOUKE Da3mENAIT
Ha KpHUBO# ©; = 3w, MHTEPBAJH YCTOMIABOCTH M HEyCTOAIABOCTH,
B HHUX BOHIpOC 00 yCTORYMBOCTH OCTaICA OTKPHTHM). OT™MeTEM, 4TO
IJIA MCCIHEMOBAHUA YCTOMYNBOCTH B HEPE3OHAHCHOM: CIydae B paGorax
[184, 185], kak m B raaBe 7 HAaCTOAMEA KHWTM, IPHUILIOCH YIeCTh B
PAa3iI0KeHNH FrAMAJIbTOHAAHA YICHH [0 MIeCTOr0 HOPANKA BRIIOIATEN b-
HO OTHOCHTEJBHO KOOPIAHHAT M MMIYJIHCOB BO3MYIEHHOIO IBHKOHUA.

B caywae mpocTpaHCTBeHHOH 3ajadd, T. €. KOT[a MaTepHalbHAS
TOYKAa B BO3MYIEHHOM JBUReHUH MO}KeT BEIXORMTH U3 IJIOCKOCTH
SKBATOPHAJBHOI'O CEUOHHUA ILIAICOHUAA, HEYCTOHUIMBOCTL HA KPHBOR
®; = 20y ¥ HA 9YaCTH DE3OHAHCHOM KPHBOH ®; == 3w;, KOHEYHO,
ocraerca. Ecam ke mapaMeTps €a, &f TaKOBH, 4TO DPE30OHAHCHBHIE
COOTHOMEHHA ©; = 2@y B ), = 30y He BHIOJHEHH, TO, KaK HOKa3a-
Ho B pabore [25], Toukn nubpanum, geKampe Ha OPOROIKEHIE MaJOR.
HOJYOCH YKBATOPHAJBHOTO CeYeHUsA IIadIcoupa, OyayT yCTOHYHBEL
A GoabmuHCTBA (B cMbICAe MepH JleGera) Ha4YaidbHEIX YCJIOBHIi.

B cratse [184] paccmoTpen Bompoc 06 ycToR4mBOCTA TOUEK JHOpa-
muu giA caydas 3emam. Durypa 3eMid aOmpoKCAMEHDPOBANACH IpH
HOMOIIA DJIUICOMAA, MAN0 OTIAYAIIIErocs or mapa. Ilapamerpst
8o ¥ £f OKa3alHWCh OYeHb MAJBKIMH M HE JeKAT Ha KPHBHX @3 = 20
u 0, = 30, IosToMy mua 3emim TOUYKH JHGpAIAH, PACIONOKEHHES
Ha OPOAOKEHHA MaNOH MONYyOCH DKBATOPHAJIHLHOTO CEYeHUA ANIPOK-—
CHMHUPYIOMEro 3JJAUWICOUfa, YCTOHYHEBH mo JIanyHoBY (B :HIOCKOHR
.3aflaue) MIH YCTONYHBH [JA GOJBIIMHCTBA . HAYAJBHEIX. YCJIOBHIL
(B. mpoCTpaHCTBEHHOH 3ajauge).
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